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Preface

This book is a revision of the original An Introduction to the Mathematics of
Finance by J.J. McCutcheon andW.F. Scott. The subject of financial mathematics
has expanded immensely since the publication of that first edition in the 1980s,
and the aim of this second edition is to update the content for the modern
audience. Despite the recent advances in stochastic models within financial
mathematics, the book remains concerned almost entirely with deterministic
approaches. The reason for this is twofold. Firstly, many readers will find a solid
understanding of deterministic methods within the classical theory of
compound interest entirely sufficient for their needs. This group of readers is
likely to include economists, accountants, and general business practitioners.
Secondly, readers intending to study towards an advanced understanding
of financial mathematics need to start with the fundamental concept of
compound interest. Such readers should treat this as an introductory text. Care
has been taken to point towards areas where stochastic concepts will likely be
developed in later studies; indeed, Chapters 10, 11, and 12 are intended as an
introduction to the fundamentals and application of modern financial math-
ematics in the broader sense.

The book is primarily aimed at readers who are preparing for university or
professional examinations. The material presented here now covers the entire
CT1 syllabus of the Institute and Faculty of Actuaries (as at 2013) and also some
material relevant to the CT8 and ST5 syllabuses. This combination of material
corresponds to the FM-Financial Mathematics syllabus of the Society of Actuaries.
Furthermore, students of the CFA Institute will find this book useful in support
of various aspects of their studies. With exam preparation in mind, this second
edition includes many past examination questions from the Institute and Faculty
of Actuaries and the CFA Institute, with worked solutions.

The book is necessarily mathematical, but I hope not too mathematical. It is
expected that readers have a solid understanding of calculus, linear algebra, and
probability, but to a level no higher than would be expected from a strong first
year undergraduate in a numerate subject. That is not to say the material is easy,
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rather the difficulty arises from the sheer breath of application and the perhaps
unfamiliar real-world contexts.

Where appropriate, additional material in this edition has been based on core
reading material from the Institute and Faculty of Actuaries, and I am grateful to
Dr. Trevor Watkins for permission to use this. I am also grateful to Laura Clarke
and Sally Calder of the Institute and Faculty of Actuaries for their help, not least in
sourcing relevant past examination questions from their archives. I am also
grateful to Kathleen Paoni and Dr. J. Scott Bentley of Elsevier for supporting me
in my first venture into the world of textbooks. I also wish to acknowledge the
entertaining company of my good friend and colleague Dr. Andrew McMullan
of the University of Leicester on the numerous coffee breaks between writing.

This edition has benefitted hugely from comments made by undergraduate and
postgraduate students enrolled on my modules An Introduction to Actuarial
Mathematics and Theory of Interest at the University of Leicester in 2012. Particular
mention should be given to the eagle eyes of Fern Dyer, George Hodgson-
Abbott, Hitesh Gohel, Prashray Khaire, Yueh-Chin Lin, Jian Li, and Jianjian
Shao, who pointed out numerous typos in previous drafts. Any errors that
remain are of course entirely my fault.

This list of acknowledgements would not be complete without special mention
of my wife, Yvette, who puts up with my constant working and occasional
grumpiness. Yvette is a constant supporter of everything I do, and I could not
have done this, or indeed much else, without her.

Dr. Stephen J. Garrett
Department of Mathematics, University of Leicester

January 2013
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CHAPTER 1

Introduction

1.1 THE CONCEPT OF INTEREST
Interest may be regarded as a reward paid by one person or organization (the
borrower) for the use of an asset, referred to as capital, belonging to
another person or organization (the lender). The precise conditions of any
transaction will be mutually agreed. For example, after a stated period of time,
the capital may be returned to the lender with the interest due. Alternatively,
several interest payments may be made before the borrower finally returns the
asset.

Capital and interest need not be measured in terms of the same commodity, but
throughout this book, which relates primarily to problems of a financial nature,
we shall assume that both aremeasured in themonetary units of a given currency.
When expressed in monetary terms, capital is also referred to as principal.

If there is some risk of default (i.e., loss of capital or non-payment of interest),
a lender would expect to be paid a higher rate of interest than would otherwise
be the case; this additional interest is known as the risk premium. The additional
interest in such a situation may be considered as a further reward for the
lender’s acceptance of the increased risk. For example, a person who uses his
money to finance the drilling for oil in a previously unexplored region would
expect a relatively high return on his investment if the drilling is successful, but
might have to accept the loss of his capital if no oil were to be found. A further
factor that may influence the rate of interest on any transaction is an allowance
for the possible depreciation or appreciation in the value of the currency in
which the transaction is carried out. This factor is obviously very important in
times of high inflation.

It is convenient to describe the operation of interest within the familiar context
of a savings account, held in a bank, building society, or other similar orga-
nization. An investor who had opened such an account some time ago with an
initial deposit of £100, and who had made no other payments to or from the
account, would expect to withdraw more than £100 if he were now to close the
account. Suppose, for example, that he receives £106 on closing his account.
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This sum may be regarded as consisting of £100 as the return of the initial
deposit and £6 as interest. The interest is a payment by the bank to the investor
for the use of his capital over the duration of the account.

The most elementary concept is that of simple interest. This naturally leads to
the idea of compound interest, which is much more commonly found in
practice in relation to all but short-term investments. Both concepts are easily
described within the framework of a savings account, as described in the
following sections.

1.2 SIMPLE INTEREST
Suppose that an investor opens a savings account, which pays simple interest at
the rate of 9% per annum, with a single deposit of £100. The account will be
credited with £9 of interest for each complete year the money remains on
deposit. If the account is closed after 1 year, the investor will receive £109; if the
account is closed after 2 years, he will receive £118, and so on. This may be
summarized more generally as follows.

If an amount C is deposited in an account that pays simple interest at the rate of
i per annum and the account is closed after n years (there being no intervening
payments to or from the account), then the amount paid to the investor when
the account is closed will be

Cð1þ niÞ (1.2.1)

This payment consists of a return of the initial deposit C, together with interest
of amount

niC (1.2.2)

In our discussion so far, we have implicitly assumed that, in each of these last
two expressions, n is an integer. However, the normal commercial practice in
relation to fractional periods of a year is to pay interest on a pro rata basis, so
that Eqs 1.2.1 and 1.2.2 may be considered as applying for all non-negative
values of n.

Note that if the annual rate of interest is 12%, then i¼ 0.12 per annum; if the
annual rate of interest is 9%, then i¼ 0.09 per annum; and so on.

Note that in the solution to Example 1.2.1, we have assumed that 6 months
and 10 months are periods of 1/2 and 10/12 of 1 year, respectively. For
accounts of duration less than 1 year, it is usual to allow for the actual
number of days an account is held, so, for example, two 6-month periods are
not necessarily regarded as being of equal length. In this case Eq. 1.2.1
becomes
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C

�
1þ mi

365

�
(1.2.3)

where m is the duration of the account, measured in days, and i is the annual
rate of interest.

The essential feature of simple interest, as expressed algebraically by Eq. 1.2.1,
is that interest, once credited to an account, does not itself earn further interest.
This leads to inconsistencies that are avoided by the application of compound
interest theory, as discussed in Section 1.3.

As a result of these inconsistencies, simple interest has limited practical use, and
this book will, necessarily, focus on compound interest. However, an impor-
tant commercial application of simple interest is simple discount, which is
commonly used for short-term loan transactions, i.e., up to 1 year. Under

EXAMPLE 1.2.1EXAMPLE 1.2.1EXAMPLE 1.2.1

Suppose that £860 is deposited in a savings account that
pays simple interest at the rate of 5:375% per annum.
Assuming that there are no subsequent payments to or
from the account, find the amount finally withdrawn if the
account is closed after

(a) 6 months,
(b) 10 months,
(c) 1 year.

Solution
The interest rate is given as a per annum value; therefore, n
must be measured in years. By letting n¼ 6/12, 10/12, and

1 in Eq. 1.2.1 with C¼ 860 and i¼ 0.05375, we obtain the
answers

(a) £883.11,
(b) £898.52,
(c) £906.23.

In each case we have given the answer to two decimal places
of one pound, rounded down. This is quite common in
commercial practice.

EXAMPLE 1.2.2EXAMPLE 1.2.2EXAMPLE 1.2.2

Calculate the price of a 30-day £2,000 treasury bill issued
by the government at a simple rate of discount of 5% per
annum.

Solution
By issuing the treasury bill, the government is borrowing an
amount equal to the price of the bill. In return, it pays £2,000
after 30 days. The price is given by

£2; 000
�
1� 30

365
� 0:05

�
¼ £1; 991:78

The investor has received interest of £8.22 under this
transaction.

31.2 Simple Interest



simple discount, the amount lent is determined by subtracting a discount from
the amount due at the later date. If a lender bases his short-term transactions on
a simple rate of discount d, then, in return for a repayment of X after a period t
(typically t< 1), he will lend X(1� td) at the start of the period. In this situa-
tion, d is also known as a rate of commercial discount.

1.3 COMPOUND INTEREST
Suppose now that a certain type of savings account pays simple interest at the
rate of i per annum. Suppose further that this rate is guaranteed to apply
throughout the next 2 years and that accounts may be opened and closed at any
time. Consider an investor who opens an account at the present time (t¼ 0)
with an initial deposit of C. The investor may close this account after 1 year
(t¼ 1), at which time he will withdraw C(1 þ i) (see Eq. 1.2.1). He may then
place this sum on deposit in a new account and close this second account after
one further year (t¼ 2). When this latter account is closed, the sum withdrawn
(again see Eq. 1.2.1) will be

½Cð1þ iÞ� � ð1þ iÞ ¼ Cð1þ iÞ2 ¼ Cð1þ 2iþ i2Þ
If, however, the investor chooses not to switch accounts after 1 year and leaves his
money in the original account, on closing this account after 2 years, he will receive
C(1 þ 2i). Therefore, simply by switching accounts in the middle of the 2-year
period, the investor will receive an additional amount i2C at the end of the
period. This extra payment is, of course, equal to i(iC) and arises as interest paid
(at t¼ 2) on the interest credited to the original account at the end of the first year.

From a practical viewpoint, it would be difficult to prevent an investor
switching accounts in the manner described here (or with even greater
frequency). Furthermore, the investor, having closed his second account after
1 year, could then deposit the entire amount withdrawn in yet another account.
Any bank would find it administratively very inconvenient to have to keep
opening and closing accounts in the manner just described. Moreover, on
closing one account, the investor might choose to deposit his money elsewhere.
Therefore, partly to encourage long-term investment and partly for other
practical reasons, it is common commercial practice (at least in relation to
investments of duration greater than 1 year) to pay compound interest on
savings accounts. Moreover, the concepts of compound interest are used in
the assessment and evaluation of investments as discussed throughout this
book.

The essential feature of compound interest is that interest itself earns interest. The
operation of compound interest may be described as follows: consider
a savings account, which pays compound interest at rate i per annum, into
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which is placed an initial deposit C at time t¼ 0. (We assume that there are no
further payments to or from the account.) If the account is closed after 1 year
(t¼ 1) the investor will receive C(1þ i). More generally, let An be the amount
that will be received by the investor if he closes the account after n years (t¼ n).
It is clear that A1¼ C(1þ i). By definition, the amount received by the investor
on closing the account at the end of any year is equal to the amount he would
have received if he had closed the account 1 year previously plus further interest
of i times this amount. The interest credited to the account up to the start of the
final year itself earns interest (at rate i per annum) over the final year. Expressed
algebraically, this definition becomes

Anþ1 ¼ An þ iAn

or

Anþ1 ¼ ð1þ iÞAn n � 1 (1.3.1)

Since, by definition, A1¼ C(1þ i), Eq.1.3.1 implies that, for n ¼ 1, 2, . . . ,

An ¼ Cð1þ iÞn (1.3.2)

Therefore, if the investor closes the account after n years, he will receive

Cð1þ iÞn (1.3.3)

This payment consists of a return of the initial deposit C, together with accu-
mulated interest (i.e., interest which, if n> 1, has itself earned further interest)
of amount

C½ð1þ iÞn � 1� (1.3.4)

In our discussion so far, we have assumed that in both these last expressions n is
an integer. However, in Chapter 2 we will widen the discussion and show that,
under very general conditions, Eqs 1.3.3 and 1.3.4 remain valid for all non-
negative values of n.

Since

½Cð1þ iÞt1 �ð1þ iÞt2 ¼ Cð1þ iÞt1þt2

an investor who is able to switch his money between two accounts, both of
which pay compound interest at the same rate, is not able to profit by such
action. This is in contrast with the somewhat anomalous situation, described at
the beginning of this section, which may occur if simple interest is paid.

Equations 1.3.3 and 1.3.4 should be compared with the corresponding
expressions under the operation of simple interest (i.e., Eqs 1.2.1 and 1.2.2). If
interest compounds (i.e., earns further interest), the effect on the accumulation of
an account can be very significant, especially if the duration of the account or
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the rate of interest is great. This is revisited mathematically in Section 2.1, but is
illustrated by Example 1.3.1.

Note that in Example 1.3.1, compound interest over 40 years at 8% per annum
accumulates to more than five times the amount of the corresponding account
with simple interest. The exponential growth of money under compound
interest and its linear growth under simple interest are illustrated in Figure 1.3.1
for the case when i¼ 0.08.

As we have already indicated, compound interest is used in the assessment and
evaluation of investments. In the final section of this chapter, we describe
briefly several kinds of situations that can typically arise in practice. The
analyses of these types of problems are among those discussed later in this
book.

1.4 SOME PRACTICAL ILLUSTRATIONS
As a simple illustration, consider an investor who is offered a contract with
a financial institution that provides £22,500 at the end of 10 years in return for
a single payment of £10,000 now. If the investor is willing to tie up this amount
of capital for 10 years, the decision as to whether or not he enters into the
contract will depend upon the alternative investments available. For example, if
the investor can obtain elsewhere a guaranteed compound rate of interest for
the next 10 years of 10% per annum, then he should not enter into the contract

EXAMPLE 1.3.1EXAMPLE 1.3.1

Suppose that £100 is deposited in a savings account.
Construct a table to show the accumulated amount of the
account after 5, 10, 20, and 40 years on the assumption
that compound interest is paid at the rate of

(a) 4% per annum,
(b) 8% per annum.

Give also the corresponding figures on the assumption that
only simple interest is paid at the same rate.

Solution
From Eqs 1.2.1 and 1.3.3 we obtain the following values. The
reader should verify the figures by direct calculation and also
by the use of standard compound interest tables.

Term
(Years)

Annual Rate of Interest 4% Annual Rate of Interest 8%

Simple Compound Simple Compound

5 £120 £121.67 £140 £146.93

10 £140 £148.02 £180 £215.89

20 £180 £219.11 £260 £466.10

40 £260 £480.10 £420 £2,172.45
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as, from Eq. 1.3.3, £10,000� (1 þ 10%)10¼ £25,937.42, which is greater than
£22,500.

However, if he can obtain this rate of interest with certainty only for the next 6
years, in deciding whether or not to enter into the contract, he will have tomake
a judgment about the rates of interest he is likely to be able to obtain over the
4-year period commencing 6 years from now. (Note that in these illustrations
we ignore further possible complications, such as the effect of taxation or the
reliability of the company offering the contract.)

Similar considerations would apply in relation to a contract which offered to
provide a specified lump sum at the end of a given period in return for the
payment of a series of premiumsof stated (and often constant) amount at regular
intervals throughout the period.Would an investor favorably consider a contract
that provides £3,500 tax free at the end of 10 years in return for ten annual
premiums, each of £200, payable at the start of each year? This question can be
answered by considering the growth of each individual premium to the end of

FIGURE 1.3.1
Accumulation of £100 with interest at 8% per annum
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the 10-year term under a particular rate of compound interest available to him
elsewhere and comparing the resulting value to £3,500.However, amore elegant
approach is related to the concept of annuities as introduced in Chapter 3.

As a further example, consider a business venture, requiring an initial outlay of
£500,000, which will provide a return of £550,000 after 5 years and £480,000
after a further 3 years (both these sums are paid free of tax). An investor with
£500,000 of spare cash might compare this opportunity with other available
investments of a similar term. An investor who had no spare cash might
consider financing the venture by borrowing the initial outlay from a bank.
Whether or not he should do so depends upon the rate of interest charged for
the loan. If the rate charged is more than a particular “critical” value, it will not
be profitable to finance the investment in this way.

Another practical illustration of compound interest is provided by mortgage
loans, i.e., loans that are made for the specific purpose of buying property which
then acts as security for the loan. Suppose, for example, that a person wishes to
borrow £200,000 for the purchase of a house with the intention of repaying the
loan by regular periodic payments of a fixed amount over 25 years. What
should be the amount of each regular repayment? Obviously, this amount will
depend on both the rate of interest charged by the lender and the precise
frequency of the repayments (monthly, half-yearly, annually, etc.). It should
also be noted that, under modern conditions in the UK, most lenders would be
unwilling to quote a fixed rate of interest for such a long period. During the
course of such a loan, the rate of interest might well be revised several times
(according to market conditions), and on each revision there would be a cor-
responding change in either the amount of the borrower’s regular repayment or
in the outstanding term of the loan. Compound interest techniques enable the
revised amount of the repayment or the new outstanding term to be found in
such cases. Loan repayments are considered in detail in Chapter 5.

One of the most important applications of compound interest lies in the
analysis and evaluation of investments, particularly fixed-interest securities. For
example, assume that any one of the following series of payments may be
purchased for £1,000 by an investor who is not liable to tax:

(i) Income of £120 per annum payable in arrears at yearly intervals for
8 years, together with a payment of £1,000 at the end of 8 years;

(ii) Income of £90 per annum payable in arrears at yearly intervals for 8 years,
together with a payment of £1,300 at the end of 8 years;

(iii) A series of eight payments, each of amount £180, payable annually in
arrears.

The first two of the preceding may be considered as typical fixed-interest
securities. The third is generally known as a level annuity (or, more precisely,
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a level annuity certain, as the payment timings and amounts are known in
advance), payable for 8 years, in this case. In an obvious sense, the yield (or
return) on the first investment is 12% per annum. Each year the investor
receives an income of 12% of his outlay until such time as this outlay is repaid.
However, it is less clear what is meant by the yield on the second or third
investments. For the second investment, the annual income is 9% of the
purchase price, but the final payment after 8 years exceeds the purchase price.
Intuitively, therefore, one would consider the second investment as providing
a yield greater than 9% per annum. How much greater? Does the yield on the
second investment exceed that on the first? Furthermore, what is the yield on
the third investment? Is the investment with the highest yield likely to be the
most profitable? The appraisal of investment and project opportunities is
considered in Chapter 6 and fixed-interest investments in particular are
considered in detail in Chapters 7 and 8.

In addition to considering the theoretical analysis and numerous practical
applications of compound interest, this book provides an introduction to
derivative pricing in Chapters 10 and 11. In particular, we will demonstrate that
compound interest plays a crucial role at the very heart of modern financial
mathematics. Furthermore, despite this book having a clear focus on deter-
ministic techniques, we end with a description of stochasticmodeling techniques
in Chapter 12.

SUMMARY
n Interest is the reward paid by the borrower for the use of money, referred to

as capital or principal, belonging to the lender.
n Under the action of simple interest, interest is paid only on the principal

amount and previously earned interest does not earn interest itself. A
principal amount of C invested under simple interest at a rate of i per
annum for n years will accumulate to

Cð1þ inÞ
n Under the action of compound interest, interest is paid on previously earned

interest. A principal amount of C invested under compound interest at a rate
of i per annum for years will accumulate to

Cð1þ iÞn

n Compound interest is used in practice for all but very short-term
investments.
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CHAPTER 2

Theory of Interest Rates

In this chapter we introduce the standard notation and concepts used in the
study of compound interest problems throughout this book. We discuss the
fundamental concepts of accumulation, discount, and present values in the context
of discrete and continuous cash flows. Much of the material presented here will
be considered in more detail in later chapters of this book; this chapter should
therefore be considered as fundamental to all that follows.

2.1 THE RATE OF INTEREST
We begin by considering investments in which capital and interest are paid at
the end of a fixed term, there being no intermediate interest or capital
payments. This is the simplest form of a cash flow. An example of this kind of
investment is a short-term deposit in which the lender invests £1,000 and
receives a return of £1,035 6 months later; £1,000 may be considered to be
a repayment of capital and £35 a payment of interest, i.e., the reward for the use
of the capital for 6 months.

It is essential in any compound interest problem to define the unit of time. This
may be, for example, a month or a year, the latter period being frequently used
in practice. In certain situations, however, it is more appropriate to choose
a different period (e.g., 6 months) as the basic time unit. As we shall see, the
choice of time scale often arises naturally from the information one has.

Consider a unit investment (i.e., of 1) for a period of 1 time unit, commencing
at time t, and suppose that 1þ iðtÞ is returned at time t þ 1. We call iðtÞ the rate
of interest for the period t to t þ 1. One sometimes refers to iðtÞ as the effective
rate of interest for the period, to distinguish it from nominal and flat rates of
interest, which will be discussed later. If it is assumed that the rate of interest
does not depend on the amount invested, the cash returned at time t þ 1 from
an investment of C at time t is C½1þ iðtÞ�. (Note that in practice a higher rate of
interest may be obtained from a large investment than from a small one, but we
ignore this point here and throughout this book.)
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Recall from Chapter 1 that the defining feature of compound interest is that it is
earned on previously earned interest; with this in mind, the accumulation of
C from time t ¼ 0 to time t ¼ n (where n is some positive integer) is

C½1þ ið0Þ�½1þ ið1Þ�/½1þ iðn� 1Þ� (2.1.1)

This is true since proceeds C½1þ ið0Þ� at time 1 may be invested at this time to
produce C½1þ ið0Þ�½1þ ið1Þ� at time 2, and so on.

Rates of interest are often quoted as percentages. For example, we may speak of
an effective rate of interest (for a given period) of 12.75%. This means that the
effective rate of interest for the period is 0.1275. As an example, £100 invested
at 12.75% per annum will accumulate to £100� ð1þ 0:1275Þ ¼ £112:75
after 1 year. Alternatively, £100 invested at 12.75% per 2-year period would
have accumulated to £112.75 after 2 years. Computing the equivalent rate of
return over different units of time is an essential skill that we will return to later
in this chapter.

If the rate of interest per period does not depend on the time t at which the
investment is made, we write iðtÞ ¼ i for all t. In this case the accumulation of
an investment of C for any period of length n time units is, by Eq. 2.1.1,

Cð1þ iÞn (2.1.2)

This formula, which will be shown later to hold (under particular assumptions)
even when n is not an integer, is referred to as the accumulation of C for n time
units under compound interest at rate i per time unit.

The corresponding accumulation under simple interest at rate i per time unit is
defined, as in Chapter 1, as

Cð1þ inÞ (2.1.3)

This last formula may also be considered to hold for any positive n, not
necessarily an integer.

It is interesting to note the connection between the Taylor expansion of
the formula for an n-year accumulation of a unit investment under
compound interest, Eq. 2.1.2, and that for an accumulation under simple
interest, Eq. 2.1.3

Cð1þ iÞn ¼ C
�
1þ inþO

�
i2
��

In particular, we see that, for small compound interest rates, the higher order
terms are negligible and the two expressions are approximately equal. This
reflects that for small interest rates the interest earned on interest would be
negligible. A comparison of the accumulations under simple and compound
interest was given in Example 1.3.1.
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The approach taken in Example 2.1.2 is standard practice where interest rates
are fixed within two or more subintervals within the period of the investment.
It is an application of the principle of consistency, introduced in Section 2.3.

2.2 NOMINAL RATES OF INTEREST
Now consider transactions for a term of length h time units, where h> 0 and
need not be an integer. We define ih(t), the nominal rate of interest per unit time
on transactions of term h beginning at time t, to be such that the effective rate of
interest for the period of length h beginning at time t is hih(t). Therefore, if the
sum of C is invested at time t for a term h, the sum to be received at time tþ h is,
by definition,

C½1þ hihðtÞ� (2.2.1)

If h ¼ 1, the nominal rate of interest coincides with the effective rate of interest
for the period to t ¼ 1, so

i1ðtÞ ¼ iðtÞ (2.2.2)

In many practical applications, ihðtÞ does not depend on t, in which case we
may write

ihðtÞ ¼ ih for all t (2.2.3)

EXAMPLE 2.1.1EXAMPLE 2.1.1

The rate of compound interest on a certain bank deposit
account is 4.5% per annum effective. Find the accumulation
of £5,000 after 7 years in this account.

Solution
The interest rate is fixed for the period. By Eq. 2.1.2, the
accumulation is

5;000ð1:045Þ7 ¼ 5; 000� 1:36086 ¼ £6;804:31

EXAMPLE 2.1.2EXAMPLE 2.1.2

The effective compounding rate of interest per annum on
a certain building society account is currently 7%, but in
2 years’ time it will be reduced to 6%. Find the accumulation
in 5 years’ time of an investment of £4,000 in this account.

Solution
The interest rate is fixed at 7% per annum for the first 2 years
and then fixed at 6% per annum for the following 3 years. It is

necessary to consider accumulations over these two periods
separately, and, by Eq. 2.1.1, the total accumulation is

4;000ð1:07Þ2ð1:06Þ3 ¼ £5;454:38
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If, in this case, we also have h ¼ 1=p, where p is a positive integer (i.e., h is
a simple fraction of a time unit), it is more usual to write iðpÞ rather than i1=p.
We therefore have

iðpÞ ¼ i1=p (2.2.4)

It follows that a unit investment for a period of length 1=p will produce
a return of

1þ iðpÞ

p
(2.2.5)

Note that iðpÞ is often referred to as a nominal rate of interest per unit time
payable pthly, or convertible pthly, or with pthly rests. In Example 2.2.1, i1=12 ¼
ið12Þ ¼ 12% is the yearly rate of nominal interest converted monthly, such that the

effective rate of interest is i ¼ 12%
12

¼ 1% per month. See Chapter 4 for a fuller

discussion of this topic.

Nominal rates of interest are often quoted in practice; however, it is important
to realize that these need to be converted to effective rates to be used in
calculations, as was done in Examples 2.2.1 and 2.2.2. This is further demon-
strated in Example 2.2.3.

EXAMPLE 2.2.2EXAMPLE 2.2.2

If the nominal rate of interest is 12% per annum on
transactions of term 2 years, calculate the accumulation of
£100 invested at this rate over 2 years.

Solution
We have h ¼ 2 and i2ðtÞ ¼ 12% per annum. The effective
rate of interest over a 2-year period is therefore 24%, and
the accumulation of £100 invested over 2 years is then
£100ð1þ 24%Þ ¼ £124.

EXAMPLE 2.2.1EXAMPLE 2.2.1

If the nominal rate of interest is 12% per annum on transac-
tions of term a month, calculate the accumulation of £100
invested at this rate after 1 month.

Solution
We have h ¼ 1=12 and i1=12ðtÞ ¼ 12% per annum.
The effective monthly rate is therefore 1%, and the

accumulation of £100 invested over 1 month is then
£100ð1þ 1%Þ ¼ £101.
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Note that the nominal rates of interest for different terms (as illustrated by
Example 2.2.3) are liable to vary from day to day: they should not be assumed to
be fixed. If they were constant with time and equal to the above values,
an investment of £1,000,000 for two successive 1-day periods would

accumulate to £1; 000; 000�
�
1þ 0:1175� 1

365

�2
¼ £1; 000; 644, whereas an

investment for a single 2-day term would give £1; 000; 000��
1þ 0:11625� 2

365

�
¼ £1; 000; 637. This apparent inconsistency may be

explained (partly) by the fact that the market expects interest rates to change in
the future. These ideas are related to the term structure of interest rates,which will
be discussed in detail in Chapter 9. We return to nominal rates of interest in
Chapter 4.

2.3 ACCUMULATION FACTORS
As has been implied so far, investments are made in order to exploit the growth
of money under the action of compound interest as time goes forward. In order
to quantify this growth, we introduce the concept of accumulation factors.

Let time be measured in suitable units (e.g., years); for t1 � t2 we define Aðt1; t2Þ
to be the accumulation at time t2 of a unit investment made at time t1 for a term

EXAMPLE 2.2.3EXAMPLE 2.2.3

The nominal rates of interest per annum quoted in the finan-
cial press for local authority deposits on a particular day are
as follows:

(Investments of term 1 day are often referred to as overnight
money.) Find the accumulation of an investment at this time
of £1,000 for

(a) 1 week,
(b) 1 month.

Solution
To express the preceding information in terms of our nota-
tion, we draw up the following table in which the unit of
time is 1 year and the particular time is taken as t0:

By Eq. 2.2.1, the accumulations are 1; 000½1þ hihðt0Þ� where
a) h ¼ 7=365 and b) h ¼ 1=12. This gives the answers

(a) 1;000
�
1þ 7

365
� 0:115

�
¼ £1;002:21;

(b) 1;000
�
1þ 1

12
� 0:11375

�
¼ £1;009:48:

Term h 1/365 2/365 7/365 1/12 1/4

ihðt0Þ 0.1175 0.11625 0.115 0.11375 0.1125

Term Nominal Rate of Interest (%)

1 day 11.75

2 days 11.625

7 days 11.5

1 month 11.375

3 months 11.25
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of ðt2 � t1Þ. It follows by the definition of ihðtÞ that, for all t and for all h > 0,
the accumulation over a time unit of length h is

Aðt; t þ hÞ ¼ 1þ hihðtÞ (2.3.1)

and hence that

ihðtÞ ¼ Aðt; t þ hÞ � 1
h

h > 0 (2.3.2)

The quantity A(t1, t2) is often called an accumulation factor, since the accumu-
lation at time t2 of an investment of the sum C at time t1 is

CAðt1; t2Þ (2.3.3)

We define A(t, t)¼ 1 for all t, reflecting that the accumulation factor must be
unity over zero time.

In relation to the past, i.e., when the present moment is taken as time 0 and
t and t þ h are both less than or equal to 0, the factors A(t, t þ h) and the
nominal rates of interest ih(t) are a matter of recorded fact in respect of any
given transaction. As for their values in the future, estimates must be made
(unless one invests in fixed-interest securities with guaranteed rates of interest
applying both now and in the future).

Now let t0� t1� t2 and consider an investment of 1 at time t0. The proceeds at
time t2 will be A(t0,t2) if one invests at time t0 for term t2� t0, or
Aðt0; t1Þ � Aðt1; t2Þ if one invests at time t0 for term t1 � t0 and then, at time t1,
reinvests the proceeds for term t2�t1. In a consistent market, these proceeds
should not depend on the course of action taken by the investor. Accordingly,
we say that under the principle of consistency

Aðt0; t2Þ ¼ Aðt0; t1ÞAðt1; t2Þ (2.3.4)

for all t0 � t1 � t2. It follows easily by induction that, if the principle of
consistency holds,

Aðt0; tnÞ ¼ Aðt0; t1ÞAðt1; t2Þ/Aðtn�1; tnÞ (2.3.5)

for any n and any increasing set of numbers t0; t1;.; tn.

Unless it is stated otherwise, one should assume that the principle of
consistency holds. In practice, however, it is unlikely to be realized exactly
because of dealing expenses, taxation, and other factors. Moreover, it is
sometimes true that the accumulation factors implied by certain mathe-
matical models do not in general satisfy the principle of consistency. It will
be shown in Section 2.4 that, under very general conditions, accumulation
factors satisfying the principle of consistency must have a particular form
(see Eq. 2.4.3).
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2.4 THE FORCE OF INTEREST
Equation 2.3.2 indicates how ihðtÞ is defined in terms of the accumulation
factor Aðt; t þ hÞ. In Example 2.2.3 we gave (in relation to a particular time t0)
the values of ihðt0Þ for a series of values of h, varying from 1/4 (i.e., 3 months)
to 1/365 (i.e., 1 day). The trend of these values should be noted. In practical
situations, it is not unreasonable to assume that, as h becomes smaller and
smaller, ihðtÞ tends to a limiting value. In general, of course, this limiting value
will depend on t. We therefore assume that for each value of t there is a number
dðtÞ such that

lim
h/0þ

ihðtÞ ¼ dðtÞ (2.4.1)

The notation h/0þ indicates that the limit is considered as h tends to zero
“from above”, i.e., through positive values. This is, of course, always true in the
limit of a time interval tending to zero.

It is usual to call dðtÞ the force of interest per unit time at time t. In view of
Eq. 2.4.1, dðtÞ is sometimes called the nominal rate of interest per unit time at
time t convertible momently. Although it is a mathematical idealization of
reality, the force of interest plays a crucial role in compound interest theory.
Note that by combining Eqs 2.3.2 and 2.4.1, we may define dðtÞ directly in
terms of the accumulation factor as

dðtÞ ¼ lim
h/0þ

�
Aðt; t þ hÞ � 1

h

�
(2.4.2)

EXAMPLE 2.3.1EXAMPLE 2.3.1

Let time be measured in years, and suppose that, for all t1 � t2,

Aðt1; t2Þ ¼ exp½0:05ðt2 � t1Þ�

Verify that the principle of consistency holds and find the
accumulation 15 years later of an investment of £600 made
at any time.

Solution
Consider t1 � s � t2; from the principle of consistency,
we expect

Aðt1; t2Þ ¼ Aðt1; sÞ � Aðs; t2Þ

The right side of this expression can be written as

exp½0:05ðs � t1Þ� � exp½0:05ðt2 � sÞ� ¼ exp½0:05ðt2 � t1Þ�
¼ Aðt1; t2Þ

which equals the left side, as required.

By Eq. 2.3.3, the accumulation is 600e0:05�15 ¼ £1;270:20
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The force of interest function dðtÞ is defined in terms of the accumulation
function Aðt1; t2Þ, but when the principle of consistency holds, it is possible,
under very general conditions, to express the accumulation factor in terms of
the force of interest. This result is contained in Theorem 2.4.1.

Equation 2.4.3 indicates the vital importance of the force of interest. As soon as
dðtÞ, the force of interest per unit time, is specified, the accumulation factors
Aðt1; t2Þ can be determined by Eq. 2.4.3. Wemay also find ihðtÞ by Eqs 2.4.3 and
2.3.2, and so

ihðtÞ ¼
exp
h Rtþh

t
dðsÞds

i
� 1

h
(2.4.4)

The following examples illustrate the preceding discussion.

THEOREM 2.4.1

If dðtÞ and Aðt0; tÞ are continuous functions of t for t � t0, and
the principle of consistency holds, then, for t0 � t1 � t2

Aðt1; t2Þ ¼ exp
� Zt2
t1

dðtÞdt
�

(2.4.3)

The proof of this theorem is given in Appendix 1, but essentially
relies on the fact that Eq. 2.4.2 is the derivative of A with
respect to time.

EXAMPLE 2.4.1EXAMPLE 2.4.1

Assume that dðtÞ, the force of interest per unit time at time
t, is given by

(a) dðtÞ ¼ d (where d is some constant),
(b) dðtÞ ¼ aþ bt (where a and b are some constants).

Find formulae for the accumulation of a unit investment from
time t1 to time t2 in each case.

Solution
In case (a), Eq. 2.4.3 gives

Aðt1; t2Þ ¼ exp½d� ðt2 � t1Þ�

and in case (b), we have

A
�
t1; t2

	
¼ exp

"Zt2
t1

ðaþ btÞdt
#

¼ exp
��

at2 þ 1
2 bt

2
2

�
�
�
at1 þ 1

2 bt
2
1

��

¼ exp
�
aðt2 � t1Þ þ b

2

�
t 22 � t 21

	�
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The particular case that dðtÞ ¼ d for all t is of significant practical importance. It
is clear that in this case

A
�
t0; t0 þ n

� ¼ edn (2.4.5)

for all t0 and n � 0. By Eq. 2.4.4, the effective rate of interest per time unit is

i ¼ ed � 1 (2.4.6)

and hence

ed ¼ 1þ i (2.4.7)

The accumulation factor Aðt0; t0 þ nÞ may therefore be expressed in the alter-
native form

Aðt0; t0 þ nÞ ¼ ð1þ iÞn (2.4.8)

We therefore have a generalization of Eq. 2.1.2 to all n � 0, not merely the
positive integers. Notation and theory may be simplified when dðtÞ ¼ d for
all t. This case will be considered in detail in Chapter 3.

Let us now define

FðtÞ ¼ Aðt0; tÞ (2.4.9)

where t0 is fixed and t0 � t. Therefore, FðtÞ is the accumulation at time t of a unit
investment at time t0. By Eq. 2.4.3,

ln FðtÞ ¼
Z t
t0

dðsÞds (2.4.10)

and hence we can express the force of interest in terms of the derivative of the
accumulation factor, for t > t0,

dðtÞ ¼ d
dt

ln FðtÞ ¼ F0ðtÞ
FðtÞ (2.4.11)

EXAMPLE 2.4.2

The force of interest per unit time, dðtÞ ¼ 0:12 per annum for
all t. Find the nominal rate of interest per annum on deposits
of term (a) 7 days, (b) 1 month, and (c) 6 months.

Solution
Note that the natural time scale here is a year. Using Eq. 2.4.4
with dðtÞ ¼ 0:12 for all t, we obtain, for all t,

ih ¼ ihðtÞ ¼ expð0:12hÞ � 1
h

Substituting (a) h ¼ 7
365

, (b) h ¼ 1
12
, and (c) h ¼ 6

12
, we

obtain the nominal rates of interest (a) 12.01%, (b) 12.06%,
and (c) 12.37% per annum.
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Although we have assumed so far that dðtÞ is a continuous function of time t, in
certain practical problems we may wish to consider rather more general func-
tions. In particular, we sometimes consider dðtÞ to be piecewise. In such cases,
Theorem 2.4.1 and other results are still valid. They may be established by
considering dðtÞ to be the limit, in a certain sense, of a sequence of continuous
functions.

2.5 PRESENT VALUES
In Section 2.3, accumulation factors were introduced to quantify the growth of
an initial investment as time moves forward. However, one can consider the
situation in the opposite direction. For example, if one has a future liability of
known amount at a known future time, how much should one invest now
(at known interest rate) to cover this liability when it falls due? This leads us to
the concept of present values.

Let t1 � t2. It follows by Eq. 2.3.3 that an investment of
C

Aðt1; t2Þ; i:e:;C expð� R t2t1 dðtÞdtÞ, at time t1 will produce a return of C at time

t2. We therefore say that the discounted value at time t1 of C due at time t2 is

C exp
�
�
Zt2
t1

dðtÞdt
�

(2.5.1)

This is the sum of money which, if invested at time t1, will give C at time t2
under the action of the known force of interest, dðtÞ. In particular, the dis-
counted value at time 0 of C due at time t � 0 is called its discounted present
value (or, more briefly, its present value); it is equal to

C exp
�
�
Z t
0

dðsÞds
�

(2.5.2)

EXAMPLE 2.4.3EXAMPLE 2.4.3

Measuring time in years, the force of interest paid on deposits
to a particular bank are assumed to be

dðtÞ ¼

8>><
>>:

0:06 for t < 5

0:05 for 5 � t < 10

0:03 for t � 10

Calculate the accumulated value after 12 years of an initial
deposit of £1,000.

Solution
Using Eq. 2.4.3 and the principle of consistency, we can
divide the investment term into subintervals defined by
periods of constant interest. The accumulation is then
considered as resulting from 5 years at 6%, 5 years at 5%,
and 2 years at 3%, and we compute

£1;000e0:06�5e0:05�5e0:03�2 ¼ £1;840:43
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We now define the function

vðtÞ ¼ exp
�
�
Z t
0

dðsÞds
�

(2.5.3)

When t � 0, yðtÞ is the (discounted) present value of 1 due at time t. When t < 0,
the convention

R t
0 dðsÞds ¼ � R 0t dðsÞds shows that yðtÞ is the accumulation of

1 from time t to time 0. It follows by Eqs 2.5.2 and 2.5.3 that the discounted
present value of C due at a non-negative time t is

CvðtÞ (2.5.4)

In the important practical case in which dðtÞ ¼ d for all t, we may write

vðtÞ ¼ vt for all t (2.5.5)

where v ¼ vð1Þ ¼ e�d. Expressions for y can be easily related back to the
interest rate quantities i and iðpÞ; this is further discussed in Chapter 3. The
values of ytðt ¼ 1; 2; 3;.Þ at various interest rates are included in standard
compound interest tables, including those at the end of this book.

EXAMPLE 2.5.1EXAMPLE 2.5.1EXAMPLE 2.5.1EXAMPLE 2.5.1EXAMPLE 2.5.1EXAMPLE 2.5.1EXAMPLE 2.5.1

What is the present value of £1,000 due in 10 years’ time if the
effective interest rate is 5% per annum?

Solution
Using Eq. 2.5.4 and that ed ¼ 1þ i, the present value is

£1;000� y10 ¼ 1;000� ð1:05Þ�10 ¼ £613:91

EXAMPLE 2.5.2

Measuring time in years from the present, suppose that
dðtÞ ¼ 0:06� ð0:9Þt for all t. Find a simple expression for
yðtÞ, and hence find the discounted present value of £100
due in 3.5 years’ time.

Solution
By Eq. 2.5.3,

v
�
t
	

¼ exp
h
�
Zt
0

0:06ð0:9Þsds
�

¼ exp

� 0:06

�
0:9t � 1

�
=ln
�
0:9
��

Hence, the present value of £100 due in 3.5 years’ time is, by
Eq. 2.5.4,

100exp
h
� 0:06ð0:93:5 � 1

	
=ln
�
0:9
	i

¼ £83:89
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2.6 PRESENT VALUES OF CASH FLOWS
In many compound interest problems, one is required to find the discounted
present value of cash payments (or, as they are often called, cash flows) due in the
future. It is important to distinguish between discrete and continuous payments.

Discrete Cash Flows
The present value of the sums Ct1 ;Ct2 ;.;Ctn due at times t1; t2;.; tn (where
0 � t1 < t2 < . < tn) is, by Eq. 2.5.4,

ct1vðt1Þ þ ct2vðt2Þ þ/þ ctnvðtnÞ ¼
Xn
j¼ 1

ctj vðtjÞ (2.6.1)

If the number of payments is infinite, the present value is defined to be

XN
j¼ 1

ctj vðtjÞ (2.6.2)

provided that this series converges, which it usually will, in practical problems.

The process of finding discounted present values may be illustrated as in
Figure 2.6.1. The discounting factors yðt1Þ; yðt2Þ; and yðt3Þ are applied to bring
each cash payment “back to the present time”.

Continuously Payable Cash Flows (Payment Streams)
The concept of a continuously payable cash flow, although essentially theo-
retical, is important. For example, for many practical purposes, a pension that is
payable weekly may be considered as payable continuously over an extended
time period. Suppose that T > 0 and that between times 0 and T an investor

EXAMPLE 2.5.3

Suppose that

dðtÞ ¼

8>>><
>>>:

0:09 for 0 � t < 5

0:08 for 5 � t < 10

0:07 for t � 10

Find simple expressions for yðtÞ when t � 0.

Solution
The piecewise function for dðtÞmeans that yðtÞ is also piece-
wise. Note that for 5 � t < 10, we may evaluate

R t
0 dðsÞds as

h R 5
0 dðsÞds þ R t5 dðsÞdsi and that for t � 10 we may use the

form
h R 10

0 dðsÞds þ R t10 dðsÞdsi; with the appropriate formula

for dðsÞ in each case. This immediately gives

vðtÞ ¼

8>>><
>>>:

expð� 0:09tÞ for 0 � t < 5

expð� 0:05� 0:08tÞ for 5 � t < 10

expð� 0:15� 0:07tÞ for t � 10
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will be paid money continuously, the rate of payment at time t being £rðtÞ per
unit time. What is the present value of this cash flow?

In order to answer this question, one needs to understand what is meant by the
rate of payment of the cash flow at time t. If MðtÞ denotes the total payment
made between time 0 and time t, then, by definition,

rðtÞ ¼ M0ðtÞ for all t (2.6.3)

where the prime denotes differentiation with respect to time. Then, if 0� a < b

� T, the total payment received between time a and time b is

M
�
b
	
�M

�
a
	

¼
Zb
a

M0
�
t
	
dt

¼
Zb
a

rðtÞdt
(2.6.4)

The rate of payment at any time is therefore simply the derivative of the total
amount paid up to that time, and the total amount paid between any two times
is the integral of the rate of payment over the appropriate time interval.

Between times t and t þ dt, the total payment received isMðt þ dtÞ�MðtÞ. If dt is
very small, this is approximately M’ðtÞdt or rðtÞdt. Theoretically, therefore,
we may consider the present value of the money received between times t and
t þ dt as vðtÞrðtÞdt. The present value of the entire cash flow is then obtained by
integration as

ZT
0

vðtÞrðtÞdt (2.6.5)

A rigorous proof of this result is given in textbooks on elementary analysis but
is not necessary here; rðtÞ will be assumed to satisfy an appropriate condition
(e.g., that it is piecewise continuous).

FIGURE 2.6.1
Discounted cash flow
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If T is infinite, we obtain, by a similar argument, the present value

ZN
0

vðtÞrðtÞdt (2.6.6)

We may regard Eq. 2.6.5 as a special case of Eq. 2.6.6 when rðtÞ ¼ 0 for t > T.

By combining the results for discrete and continuous cash flows, we obtain the
formula X

ctvðtÞ þ
ZN
0

vðtÞrðtÞdt (2.6.7)

for the present value of a general cash flow (the summation being over those
values of t for which Ct, the discrete cash flow at time t, is non-zero).

So far we have assumed that all payments, whether discrete or continuous,
are positive. If one has a series of incoming payments (which may be
regarded as positive) and a series of outgoings (which may be regarded as
negative), their net present value is defined as the difference between the value
of the positive cash flow and the value of the negative cash flow. These ideas
are further developed in the particular case that dðtÞ is constant in later
chapters.

EXAMPLE 2.6.1EXAMPLE 2.6.1

Assume that time is measured in years, and that

dðtÞ ¼
8<
: 0:04 for t < 10

0:03 for t � 10

Find yðtÞ for all t, and hence find the present value of a contin-
uous payment stream at the rate of 1 per annum for 15 years,
beginning at time 0.

Solution
By Eq. 2.5.3,

vðtÞ ¼

8>>>>>>>><
>>>>>>>>:

exp

 
�
Zt
0

0:04ds

!
for t < 10

exp

 
�
Z10
0

0:04ds �
Zt
10

0:03ds

!
for t � 10

i.e.,

vðtÞ ¼
(
expð� 0:04tÞ for t < 10

expð� 0:1� 0:03tÞ for t � 10

The present value of the payment stream is, by Eq. 2.6.5 with
rðtÞ ¼ 1,

Z15
0

1� vðtÞdt ¼
Z10
0

expð� 0:04tÞdt þ
Z15
10

expð� 0:1� 0:03tÞdt

¼ 1� expð� 0:4Þ
0:04

þ expð� 0:1Þ

� expð� 0:3Þ � expð� 0:45Þ
0:03

¼ £11:35
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2.7 VALUING CASH FLOWS
Consider times t1 and t2, where t2 is not necessarily greater than t1. The value at
time t1 of the sum C due at time t2 is defined as follows.

(a) if t1 � t2, the accumulation of C from time t2 until time t1, or
(b) if t1 < t2, the discounted value at time t1 of C due at time t2.

It follows by Eqs 2.4.3 and 2.5.1 that in both cases the value at time t1 of C due
at time t2 is

C exp
�
�
Zt2
t1

dðtÞdt
�

(2.7.1)

Note the convention that, if t1 > t2;
R t2
t1
dðtÞdt ¼ � R t1t2 dðtÞdt:

Since Zt2
t1

dðtÞdt ¼
Zt2
0

dðtÞdt �
Zt1
0

dðtÞdt

it follows immediately from Eqs 2.5.3 and 2.7.1 that the value at time t1 of
C due at time t2 is

C
vðt2Þ
vðt1Þ (2.7.2)

The value at a general time t1, of a discrete cash flow of ct at time t (for various
values of t) and a continuous payment stream at rate rðtÞ per time unit, may
now be found, by the methods given in Section 2.6, as

X
ct
vðtÞ
vðt1Þ þ

ZN
�N

rðtÞ vðtÞ
vðt1Þdt (2.7.3)

where the summation is over those values of t for which cts0. We note that in
the special case when t1 ¼ 0 (the present time), the value of the cash flow is

X
ctvðtÞ þ

ZN
�N

rðtÞvðtÞdt (2.7.4)

where the summation is over those values of t for which cts0. This is a gener-
alization of Eq. 2.6.7 to cover past, as well as present or future, payments.

If there are incoming and outgoing payments, the corresponding net value may
be defined, as in Section 2.6, as the difference between the value of the positive
and the negative cash flows. If all the payments are due at or after time t1, their
value at time t1 may also be called their discounted value, and if they are due at or
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before time t1, their value may be referred to as their accumulation. It follows
that any value may be expressed as the sum of a discounted value and an
accumulation; this fact is helpful in certain problems. Also, if t1 ¼ 0, and all
the payments are due at or after the present time, their value may also be
described as their (discounted) present value, as defined by Eq. 2.6.7.

It follows from Eq. 2.7.3 that the value at any time t1 of a cash flow may be

obtained from its value at another time t2 by applying the factor
vðt2Þ
vðt1Þ, i.e.,�

value at time t1
of cash flow

�
¼
�
value at time t2
of cash flow

��
vðt2Þ
vðt1Þ

�
(2.7.5)

or �
value at time t1
of cash flow

�h
vðt1Þ

i
¼
�
value at time t2
of cash flow

�h
vðt2Þ

i
(2.7.6)

Each side of Eq. 2.7.6 is the value of the cash flow at the present time
(time t ¼ 0).

In particular, by choosing time t2 as the present time and letting t1 ¼ t, we
obtain the result�

value at time t
of cash flow

�
¼
�
value at the present
time of cash flow

��
1
vðtÞ
�

(2.7.7)

As we shall see later in this book, these results are extremely useful in practical
examples.

EXAMPLE 2.7.1EXAMPLE 2.7.1

A businessman is owed the following amounts: £1,000 on
1 January 2013, £2,500 on 1 January 2014, and £3,000 on
1 July 2014. Assuming a constant force of interest of 0.06
per annum, find the value of these payments on

(a) 1 January 2011,
(b) 1 March 2012.

Solution
(a) Let time be measured in years from 1 January 2011. The

value of the debts at that date is, by Eq. 2.7.1,

1;000vð2Þ þ 2;500vð3Þ þ 3;000vð3:5Þ
¼ 1;000expð� 0:12Þ þ 2;500expð� 0:18Þ
þ 3;000expð� 0:21Þ ¼ £5;406:85

(b) The value of the same debts at 1 March 2012 is found by
advancing the present value forwards by 14 months, by
Eq. 2.7.7,

5;406:85 exp
�
0:06� 14

12

�
¼ £5;798:89
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Note that the approach taken in Example 2.7.1 (b) is quicker than performing
the calculation at 1 March 2012 from first principles.

2.8 INTEREST INCOME
Consider now an investor who wishes not to accumulate money but to receive
an income while keeping his capital fixed at C. If the rate of interest is fixed at i
per time unit, and if the investor wishes to receive his income at the end of each
time unit, it is clear that his income will be iC per time unit, payable in arrears,
until such time as he withdraws his capital.

More generally, suppose that t > t0 and that an investor wishes to deposit C at
time t0 for withdrawal at time t. Suppose further that n > 1 and that the
investor wishes to receive interest on his deposit at the n equally spaced times

EXAMPLE 2.7.2EXAMPLE 2.7.2EXAMPLE 2.7.2

The force of interest at any time t, measured in years, is given
by

dðtÞ ¼

8>><
>>:

0:04þ 0:005t for 0 � t < 6

0:16� 0:015t

0:04

for 6 � t < 8

for t � 8

(a) Calculate the value at time 0 of £100 due at time t ¼ 8.
(b) Calculate the accumulated value at time t ¼ 10 of

a payment stream of rate rðtÞ ¼ 16� 1:5t paid
continuously between times t ¼ 6 and t ¼ 8.

Solution
(a) We need the present value of £100 at time 8,

i.e., 100=Að0; 8Þ with the accumulation factor

Að0; 8Þ ¼ Að0; 6Þ � Að6; 8Þ

¼ exp

 Z6
0

0:04þ 0:005t dt

!

� exp

 Z8
6

0:16� 0:015t dt

!

¼ expð0:44Þ

leading to the present value of £100=e0:44 ¼ £64:40

(b) The accumulated value is given by the accumulation of
each payment element rðtÞdt from time t to 10

Z8
6

Aðt ; 10Þ:rðtÞdt

Using the principle of consistency, we can express the accu-
mulation factor as easily found quantities, Að0; 10Þ and
Að0; tÞ as

Aðt ; 10Þ ¼ Að0; 10Þ
Að0; tÞ ¼ e0:88�0:16tþ0:0075t2

for 6 � t � 8. The required present value is then obtained via
integration by parts as £12.60.
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t0 þ h; t0 þ 2h, . . . , t0 þ nh, where h ¼ ðt � t0Þ=n. The interest payable at time
t0 þ ðjþ 1Þh, for the period t0 þ jh to t0 þ ðjþ 1Þh, will be

Chihðt0 þ jhÞ
where ihðtÞ is the nominal rate over the period h starting at time t. The total
interest income payable between times t0 and t will then be

C
Xn�1

j¼ 0

hihðt0 þ jhÞ (2.8.1)

Since, by assumption, ihðtÞ tends to dðtÞ as h tends to 0, it is fairly easily shown
(provided that dðtÞ is continuous) that as n increases (so that h tends to 0) the
total interest received between times t0 and t converges to

IðtÞ ¼ C
Z t
t0

dðsÞds (2.8.2)

Hence, in the limit, the rate of payment of interest income per unit time at time t,
I’ðtÞ, equals

CdðtÞ (2.8.3)

The position is illustrated in Figure 2.8.1. The cash C in the “tank” remains
constant at C, while interest income is decanted continuously at the instan-
taneous rate CdðtÞ per unit time at time t. If interest is paid very frequently
from a variable-interest deposit account, the position may be idealized to that

FIGURE 2.8.1 Interest income flow
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shown in the figure, which depicts a continuous flow of interest income. Of
course, if dðtÞ ¼ d for all t, interest is received at the constant rate Cd per time
unit.

If the investor withdraws his capital at time T, the present values of his income
and capital are, by Eqs 2.5.4 and 2.6.5,

C
ZT
0

dðtÞvðtÞdt (2.8.4)

and

CvðTÞ (2.8.5)

Since

ZT
0

dðtÞvðtÞdt ¼
ZT
0

dðtÞexp
�
�
Z t
0

dðsÞds
�
dt

¼
"
� exp

�
�
Z t
0

dðsÞds
�#T

0¼ 1� vðTÞ
we obtain

C ¼ C
ZT
0

dðtÞvðtÞdt þ CvðTÞ (2.8.6)

as one would expect by general reasoning. In the case when T ¼ N (in
which the investor never withdraws his capital), a similar argument gives the
result that

C ¼ C
ZN
0

dðtÞvðtÞdt (2.8.7)

where the expression on the right side is the present value of the interest
income. The case when dðtÞ ¼ d for all t is discussed further in Chapter 3.

2.9 CAPITAL GAINS AND LOSSES, AND TAXATION
So far we have described the difference betweenmoney returned at the end of the
term and the cash originally invested as “interest”. In practice, however,
this quantitymay be divided into interest income and capital gains (the term capital
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loss being used for a negative capital gain). Some investments, known as
zero-coupon bonds, bear no interest income. Many other securities provide both
interest income and capital gains; these will be considered later in this book.
Since the basis of taxation of capital gains is usually different from that of interest
income, the distinction between interest income and capital gains is of impor-
tance for tax-paying investors.

The theory developed in the preceding sections is unaltered if we
replace the term interest by interest and capital gains less any income and capital
gains taxes. The force of interest (which, to avoid any confusion of termi-
nology, should perhaps be called the force of growth) will include an allow-
ance for capital appreciation or depreciation, as well as interest income, and
will also allow for the incidence of income and capital gains taxes on the
investor.

Both income and capital gains tax are consideredmore fully in Chapters 7 and 8.

SUMMARY
n The accumulation factor, Aðt; TÞ, gives the value, at time T, of a unit

investment made at time t < T. If the investment is subject to an effective
rate of compound interest i, then

Aðt; TÞ ¼ ð1þ iÞT�t

n The discount factor, vt , gives the present value at time zero of an investment
that has unit value at time t > 0.

vt ¼ ð1þ iÞ�t ¼ Að0; tÞ�1 ¼ Aðt; 0Þ

n The principle of consistency states that
Aðt0; tnÞ ¼ Aðt0; t1ÞAðt1; t2Þ.Aðtn�1; tnÞ for all t0 < t1 < . < tn�1 < tn. It is
a common assumption on consistent markets.

n The nominal rate of interest converted pthly, iðpÞ, is defined such that the
effective rate of interest is i ¼ iðpÞ=p per period of length 1=p.

n The force of interest at time t can be defined by the expression
dðtÞ ¼ lim

p/N
iðpÞðtÞ, i.e., is the nominal rate converted momentarily.

n The accumulation factor under the action of a force of interest between
times t1 and t2 is

Aðt1; t2Þ ¼ e

Rt2
t1

dðtÞdt

n The present value at t ¼ 0 of a cash flow consisting of discrete payments Cti
made at times ti and a continuous payment stream of rate rðtÞ is given by

30 CHAPTER 2: Theory of Interest Rates



X
CtivðtiÞ þ

ZN
0

vðtÞrðtÞdt

n The value of a cash flow at times t1 and t2 are connected by

�
value at time t1
of cash flow

�
½vðt1Þ� ¼

�
value at time t2
of cash flow

�
½vðt2Þ�

EXERCISES
2.1 Calculate the time in days for £1,500 to accumulate to £1,550 at

(a) Simple rate of interest of 5% per annum,
(b) A force of interest of 5% per annum.

2.2 The force of interest dðtÞ is a function of time and at any time t, measured
in years, is given by the formula

dðtÞ ¼

8>><
>>:

0:04 0 < t � 5

0:008t 5 < t � 10

0:005t þ 0:0003t2 10 < t

(a) Calculate the present value of a unit sum ofmoney due at time t¼ 12.
(b) Calculate the effective annual rate of interest over the 12 years.
(c) Calculate the present value at time t¼ 0 of a continuous payment

stream that is paid at the rate of e�0:05t per unit time between time
t¼ 2 and time t¼ 5.

2.3 Over a given year the force of interest per annum is a linear function of
time, falling from 0.15 at the start of the year to 0.12 at the end of the year.
Find the value at the start of the year of the nominal rate of interest per
annum on transactions of term
(a) 3 months,
(b) 1 month,
(c) 1 day.
Find also the corresponding values midway through the year. (Note how
these values tend to the force of interest at the appropriate time.)

2.4 A bank credits interest on deposits using a variable force of interest. At the
start of a given year, an investor deposited £20,000 with the bank. The
accumulated amount of the investor’s account was £20,596.21 midway
through the year and £21,183.70 at the end of the year. Measuring time in
years from the start of the givenyear and assuming that over the year the force
of interest per annumwas a linear function of time, derive an expression for
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the forceof interestper annumat time tð0� t � 1Þ and find the accumulated
amount of the account three-quarters of the way through the year.

2.5 A borrower is under an obligation to repay a bank £6,280 in 4 years’ time,
£8,460 in 7 years’ time, and £7,350 in 13 years’ time. As part of a review of
his future commitments the borrower now offers either
(a) To discharge his liability for these three debts by making an

appropriate single payment 5 years from now, or
(b) To repay the total amount owed (i.e., £22,090) in a single payment at

an appropriate future time.
On the basis of a constant force of interest per annum of d ¼ ln 1:08, find
the appropriate single payment if offer (a) is accepted by the bank, and the
appropriate time to repay the entire indebtedness if offer (b) is accepted.

2.6 Assume that d(t), the force of interest per annum at time t (years), is given
by the formula

dðtÞ

8><
>:

0:08 for 0 � t < 5

0:06 for 5 � t < 10

0:04 for t � 10

(a) Derive expressions for v(t), the present value of 1 due at time t.
(b) An investor effects a contract under which he will pay 15 premiums

annually in advance into an account which will accumulate according
to the above force of interest. Each premium will be of amount £600,
and the first premium will be paid at time 0. In return, the investor
will receive either
(i) The accumulated amount of the account 1 year after the final

premium is paid; or
(ii) A level annuity payable annually for 8 years, the first payment

being made 1 year after the final premium is paid.
Find the lump sum payment under option (i) and the amount of the
annual annuity under option (ii).

2.7 Suppose that the force of interest per annum at time t years is

dðtÞ ¼ ae�bt

(a) Show that the present value of 1 due at time t is

vðtÞ ¼ exp
ha
b

�
e�bt � 1

	i
(b) (i) Assuming that the force of interest per annum is as given above

and that it will fall by 50% over 10 years from the value 0.10 at
time 0, find the present value of a series of four annual
payments, each of amount £1,000, the first payment being made
at time 1.
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(ii) At what constant force of interest per annum does this series of
payments have the same present value as that found in (i)?

2.8 Suppose that the force of interest per annum at time t years is

d
�
t
� ¼ r þ se�rt

(a) Show that the present value of 1 due at time t is

vðtÞ ¼ exp
��s

r

�
expð� rtÞexp

�s
r
e�rt

	

(b) (i) Hence, show that the present value of an n-year continuous
payment stream at a constant rate of £1,000 per annum is

1; 000
s

(
1� exp

hs
r

�
e�rn � 1

	i)

(ii) Evaluate the last expression when n¼ 50, r¼ ln 1.01, and
s¼ 0.03.
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CHAPTER 3

The Basic Compound Interest Functions

In this chapter we consider the particular case that the force of interest and
therefore other interest rate quantities are independent of time. We define
standard actuarial notation for the present values of simple payment streams
called annuities, which can be used to construct more complicated payment
streams in practical applications. Closed-form expressions to evaluate the
present values and accumulations of various types of annuity are derived. The
concept of an equation of value is discussed, which is of fundamental importance
to the analysis of cash flows in various applications throughout the remainder
of this book. Finally, we briefly discuss approaches to incorporating uncertainty
into the analysis of cash flow streams.

3.1 INTEREST RATE QUANTITIES
The particular case in which d(t), the force of interest per unit time at time t,
does not depend on t is of special importance. In this situation we assume that,
for all values of t,

dðtÞ ¼ d (3.1.1)

where d is some constant. Throughout this chapter, we shall assume that Eq.
3.1.1 is valid, unless otherwise stated.

The value at time s of 1 due at time s þ t is (see Eq. 2.7.1)

exp
h
� Rsþt

s
dðrÞdr

i
¼ exp

�
� Rsþt

s
ddr

�
¼ expð�dtÞ

which does not depend on s, only the time interval t. Therefore, the value at any
given time of a unit amount due after a further period t is

v
�
t
� ¼ e�dt (3.1.2)

¼ vt (3.1.3)

¼ ð1� dÞt (3.1.4)

An Introduction to the Mathematics of Finance. http://dx.doi.org/10.1016/B978-0-08-098240-3.00003-5

� 2013 Institute and Faculty of Actuaries (RC000243). Published by Elsevier Ltd. All rights reserved.

For End-of-chapter Questions: � 2013. CFA Institute, Reproduced and republished with permission from the CFA Institute. All rights reserved.

35

CONTENTS

3.1 Interest Rate
Quantities....35

3.2 The Equation
of Value .......38

3.3 Annuities-
certain:
Present Values
and
Accumulations
......................44

3.4 Deferred
Annuities.....49

3.5 Continuously
Payable
Annuities.....50

3.6 Varying
Annuities.....52

3.7 Uncertain
Payments.....56

Summary ............58

Exercises............58

http://dx.doi.org/10.1016/B978-0-08-098240-3.00003-5


where v and d are defined in terms of d by the equations

v ¼ e�d (3.1.5)

and

1� d ¼ e�d (3.1.6)

Then, in return for a repayment of a unit amount at time 1, an investor will lend
an amount (1e d) at time 0. The sum of (1e d) may be considered as a loan of
1 (to be repaid after 1 unit of time) on which interest of amount d is payable in
advance. For this reason, d is called the rate of discount per unit time. Some-
times, in order to avoid confusion with nominal rates of discount (see Chapter
4), d is called the effective rate of discount per unit time.

Similarly, it follows immediately from Eq. 2.4.9 that the accumulated amount
at time s þ t of 1 invested at time s does not depend on s and is given by

F
�
t
� ¼ edt (3.1.7)

¼ ð1þ iÞt (3.1.8)

where i is defined by the equation

1þ i ¼ ed (3.1.9)

Therefore, an investor will lend a unit amount at time t ¼ 0 in return for
a repayment of (1 þ i) at time t ¼ 1. Accordingly, i is called the rate of interest
(or the effective rate of interest) per unit time.

Although we have chosen to define i, v, and d in terms of the force of interest d,
any three of i, v, d, and d are uniquely determined by the fourth. For example, if
we choose to regard i as the basic parameter, then it follows from Eq. 3.1.9 that

d ¼ lnð1þ iÞ
In addition, Eqs 3.1.5 and 3.1.9 imply that

v ¼ ð1þ iÞ�1

while Eqs 3.1.6 and 3.1.9 imply that

d ¼ 1� ð1þ iÞ�1

¼ i
1þ i

These last three equations define d, v, and d in terms of i.

The last equation may be written as

d ¼ iv
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which confirms that an interest payment of i at time t¼ 1 has the same value as
a payment of d at time t¼ 0. But what sum paid continuously (at a constant rate)
over the time interval [0, 1] has the same value as either of these payments?
Let the required amount be s such that the amount paid in time increment dt is
sdt. Then, taking values at time 0, we have

d ¼ R1
0
se�dtdt

¼ s

�
1� e�d

d

�
ðif ds0Þ

¼ s

�
d
d

�
(by Eq. 3.1.6)

Hence s ¼ d. This result is also true, of course, when d ¼ 0. This establishes the
important fact that a payment of dmade continuously over the period [0,1] has
the same value as a payment of d at time 0 or a payment of i at time 1. Each of
the three payments may be regarded as alternative methods of paying interest
on a unit loan over the period.

In certain situations, it may be natural to regard the force of interest as the basic
parameter, with implied values for i, v, and d. In other cases, it may be pref-
erable to assume a certain value for i (or d or v) and to calculate, if necessary, the
values implied for the other three parameters. Note that standard compound
interest tables (e.g., those given in this book) give the values of d, n, and d for
given values of i. It is left as a simple, but important, exercise for the reader to
verify the relationships summarized here.

Value Of d i v d

In Terms Of

d ed � 1 e�d 1� e�d

i ln ð1þ iÞ ð1þ iÞ�1 i ð1þ iÞ�1

v �ln v v�1 � 1 1� v

d �ln ð1� dÞ ð1� dÞ�1 � 1 1� d

EXAMPLE 3.1.1

Calculate the values of i,v, and d that are implied by d¼ 6%
per annum.

Solution
Using the expressions summarized previously, we have

i ¼ ed � 1 ¼ e0:06 � 1 ¼ 6:184%
v ¼ e�d ¼ e�0:06 ¼ 0:9418
d ¼ 1� e�d ¼ 5:824%
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When i is small, approximate formulae for d and d in terms of i may be
obtained from well-known series by neglecting the remainder after a small
number of terms. For example, since

d ¼ ln ð1þ iÞ
¼ i� 1

2i
2 þ 1

3i
3 � 1

4i
4 þ/ ðif jij < 1Þ

it follows that, for small values of i,

dzi� 1
2
i2

Similarly
d ¼ ið1þ iÞ�1

¼ i
�
1� iþ i2 � i3 þ/

� �
if
��i�� < 1

�
¼ i� i2 þ i3 � i4 þ/

so, if i is small,
d z i� i2

We note that if i is small, then i, d, and d are all of the same order of magnitude.
Similar expressions can be derived, which give approximate relations between
any of combination of d, d, and i.

3.2 THE EQUATION OF VALUE
Consider a transaction under which, in return for outlays of amount
at1 ; at2 ;.; atn at times t1; t2;.; tn; an investor will receive payments of
bt1 ; bt2 ;.; btn at these times, respectively. (In most situations, only one of atr and
btr will be non-zero.) At what force or rate of interest does the series of outlays
have the same present value as the series of receipts?

At force of interest d, the two series are of equal present value if and only if

Xn
r¼1

atre
�dtr ¼

Xn
r¼1

btre
�dtr (3.2.1)

This equation may be written as

Xn
r¼1

ctre
�dtr ¼ 0 (3.2.2)

where
ctr ¼ btr � atr

is the amount of the net cash flow at time tr. Note that we adopted the standard
convention that a negative cash flow corresponds to a payment by the investor
and a positive cash flow represents a payment to him.
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Equation 3.2.2 expresses algebraically the condition that, at force of interest d,
the total value of the net cash flows is 0; it is called the equation of value for the
force of interest implied by the transaction. If we let ed ¼ 1þ i, the equation
may be written as Xn

r¼1

ctr ð1þ iÞ�tr ¼ 0 (3.2.3)

The latter form is known as the equation of value for the rate of interest or the yield
equation. Alternatively, the equation may be written as

Xn
r¼1

ctr v
tr ¼ 0

Note that in the preceding equations n may be infinite.

In relation to continuous payment streams, if we let r1ðtÞ and r2ðtÞ be the
rates of paying and receiving money at time t, respectively, we call
rðtÞ ¼ r2ðtÞ � r1ðtÞ the net rate of cash flow at time t. The equation of value,
corresponding to Eq. 3.2.2, for the force of interest is

ZN

0

rðtÞe�dtdt ¼ 0 (3.2.4)

When both discrete and continuous cash flows are present, the equation of
value is

Xn
r¼1

ctre
�dtr þ

ZN

0

r
�
t
�
e�dtdt ¼ 0 (3.2.5)

and the equivalent yield equation is

Xn
r¼1

ctr ð1þ iÞ�tr þ
ZN

0

rðtÞð1þ iÞ�tdt ¼ 0 (3.2.6)

For any given transaction, Eq. 3.2.5 may have no roots, a unique root, or several
roots in d. We consider only real roots as d has a physical meaning. If there is
a unique root, d0 say, it is known as the force of interest implied by the transaction,
and the corresponding rate of interest i0 ¼ ed0 � 1 is called the yield per unit
time. Alternative terms for the yield are the internal rate of return and the money-
weighted rate of return for the transaction, as discussed in Chapter 6.

Although for certain investments the yield does not exist (since the equation of
value 3.2.2 has no roots or more than one root), there is one important class of
transaction for which the yield always exists. This is described in Theorem 3.2.1.
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The proof of Theorem 3.2.1 is given in Appendix 1.

Although the yield is defined only when Eq. 3.2.3 has a unique root greater
than e1 (so that ed > 0, by Eq. 3.1.9), it is sometimes of interest to consider
transactions in which the yield equation has a unique positive root (even though
there may also be negative roots). There is one easily described class of trans-
action for which the yield equation always has precisely one positive root, and
this is described in Theorem 3.2.2.

It should be noted that Theorem 3.2.2 gives no information on the existence of
negative roots. We omit the proof of the theorem as it is beyond the scope of
the book.

One particular example of this situation is provided by a transaction in which
all the investor’s outlays precede all his receipts and the total amount received
exceeds the total outlays. The existence of the yield for this type of transaction
has been established by Theorem 3.2.1, the proof of which shows that the yield
is positive.

The analysis of the equation of value for a given transaction may be somewhat
complex. (See Appendix 2 for possible methods of solution.) However, when
the equation f ( i )¼ 0 is such that f is a monotonic function, its analysis is
particularly simple. The equation has a root if and only if we can find i1 and i2
with f (i1) and f (i2) of opposite sign. In this case, the root is unique and lies
between i1 and i2. By choosing i1 and i2 sufficiently close to each other, we may
determine the yield to any desired degree of accuracy(see Figure 3.2.1).

THEOREM 3.2.1

For any transaction in which all the negative net cash flows
precede all the positive net cash flows (or vice versa), the yield
is well defined.

THEOREM 3.2.2

Suppose that t0< t1<.< tn and consider a transaction for
which the investor’s net cash flow at time ti is of amount cti .
(Some of the fcti gwill be positive and some negative, according
to the convention described previously.) For i ¼ 0, 1, . n, let
Ai ¼

Pi
r¼0ctr ; so that Ai denotes the cumulative total amount

received by the investor after the cash flow at time ti has
occurred. Suppose that A0 and An are both non-zero and
that, when any zero values are excluded, the sequence {A0,
A1, . , An} contains precisely one change of sign. Then the
yield equation has exactly one positive root.

40 CHAPTER 3: The Basic Compound Interest Functions



EXAMPLE 3.2.1EXAMPLE 3.2.1

An investor is able to receive returns of 1, 8, and 4 at times 1,
3, and 4, respectively, in return for payment amounts 5 and 3
at times 0 and 2, respectively. Demonstrate that a unique
positive yield exists for this transaction and verify that it is
22.107%.

Solution
Net cash flows are given chronologically by the sequence

fct1g ¼ f� 5; 1; �3; 8; 4g

and the cumulative total cash flows (in chronological order)
by the sequence

fAig ¼ f � 5; �4; �7; 1; 5g

Since the latter sequence contains only one sign change (in
this case from negative to positive), the yield equation has
only one positive root by Theorem 3.2.2.

The equation of value for the transaction is

f ðiÞ ¼ � 5þ 1ð1þ iÞ�1 � 3ð1þ iÞ�2 þ 8ð1þ iÞ�3

þ 4ð1þ iÞ�4

and we note that f ( 0.22107 ) ¼ 0.

FIGURE 3.2.1
Equation of value
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It should be noted that, after multiplication by ð1þ iÞt0 , Eq. 3.2.3 takes the
equivalent form

Xn
r¼1

ctr ð1þ iÞt0�tr ¼ 0 (3.2.7)

This slightly more general formmay be called the equation of value at time t0. It is,
of course, directly equivalent to the original equation (which is now seen to be
the equation of value at time 0), as expected from Eq. 2.7.7.

EXAMPLE 3.2.2EXAMPLE 3.2.2

In return for an immediate payment of £500 and a further
payment of £200 2 years from now, an investor will receive
£1,000 after 5 years. Find the yield for the transaction.

Solution
Choose 1 year as the unit of time. The equation of value at
time 0 is

f ðiÞ ¼ �500� 200ð1þ iÞ�2 þ 1;000ð1þ iÞ�5 ¼ 0

Our earlier discussion indicates that there is a unique root by
Theorem 3.2.2.

Since f (0.08) ¼ 9.115 and f (0.09) ¼ e18.405, the yield is
between 8% and 9% per annum. A first approximation for
the yield, obtained by linear interpolation, is

0:08þ ð0:09� 0:08Þ 9:115� 0
9:115� ð�18:405Þ ¼ 0:0833

i.e., iz 8.33% per annum.

If the yield were required to a greater degree of accuracy, one
might evaluate f (0.085) and interpolate between this and
f (0.08). The yield to four decimal places is, in fact, 8.3248%
per annum.

EXAMPLE 3.2.3EXAMPLE 3.2.3

In return for a loan of £100, a borrower agrees to repay £110
after 7 months. Calculate

(a) The rate of interest per annum,
(b) The rate of discount per annum,
(c) The force of interest per annum for the transaction.

Solution
(a) The rate of interest per annum is given by the equation

100ð1þ iÞ7=12 ¼ 110

from which it follows that i ¼ 0.17749 or 17.749% per
annum.

(b) The rate of discount per annum d is given by the
equation

100 ¼ 110ð1� dÞ7=12

from which we obtain d ¼ 0.15074 or 15.074% per
annum.

(c) The force of interest per annum d is given by the
equation

100eð7=12Þd ¼ 110

so that d ¼ 0.16339 or 16.339% per annum.

Note that, for illustrative purposes, we have found each of i, d,
and d from first principles. It would also be possible find just
one value, say i, and compute the other values from Eq. 3.1.9,
etc.
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The interpretation of the yield in Example 3.2.2 is simple: if the outlays of £500
and £200 were to be deposited in an account on which interest is payable at the
rate of 8.3248% per annum, at the end of 5 years the accumulated amount of
the account would be £1,000. If the investor expects to be able to make deposits
over the next 5 years at a greater rate of interest than 8.3248% per annum, he
will not choose the investment.

Note that an equivalent approach to Example 3.2.2 would be to work with the
equation of value at time 5. This is

�500ð1þ iÞ5 � 200ð1þ iÞ3 þ 1;000 ¼ 0

which is, of course, also solved by i¼ 8.3248% per annum.

An alternative approach to finding the value of X in Example 3.2.4 is provided
by noting that the borrower wishes to replace the originally agreed payment of
£110 by a payment of £50; i.e., he wishes to defer a payment of £60 due on the
original repayment date by a period of 6 months. The deferred payment (of

EXAMPLE 3.2.4EXAMPLE 3.2.4

Shortly after receiving the loan in Example 3.2.3, the borrower
requests that he be allowed to repay the loan by a payment of
£50 on the original settlement date and a second payment
6 months after this date. Assuming that the lender agrees
to the request, and that the calculation is made on the orig-
inal interest basis, find the amount of the second payment
under the revised transaction.

Solution
Let the amount of the second payment required under the
revised transaction be £X. Then, applying the equation of

value at the final repayment date (which is 13 months after
the loan was made), we obtain

100e
13
12 d � 50e

1
2 d � X ¼ 0

so that

X ¼ 100e
13
12 d � 50e

1
2 d

Since it is assumed that the original basis applies, d¼ 0.16339
(as found above) and X ¼ £65.11.

EXAMPLE 3.2.5EXAMPLE 3.2.5

A lender bases his short-term transactions on a rate of
commercial discount D, where 0 < D < 1. This means that,
if 0 < t � 1, in return for a repayment of X after a period t,
he will lend X (1 e Dt) at the start of the period. For such
a transaction over an interval of length t (0 <t � 1), derive
an expression in terms of D and t for d, the effective rate of
discount per unit time.

Solution
Using the definition of the rate of commercial discount from
Section 1.2, we may write the equation of value for the trans-
action at the time the loan is made in the form ( 1� d )t ¼
1 � Dt, and so

d ¼ 1� ð1� DtÞ1t
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amount £X) must have the same value as the £60 it replaces. Equating these
values at the final repayment date, we obtain

X ¼ 60e
1
2 d

from which X ¼ £65.11, as before. Loan repayments are considered in detail in
Chapter 5.

3.3 ANNUITIES-CERTAIN: PRESENT VALUES
AND ACCUMULATIONS
Consider a series of n payments, each of amount 1, to be made at time intervals of
one unit, the first payment beingmade at time tþ 1. Such a sequence of payments
is illustrated in Figure 3.3.1, in which the rth payment is made at time t þ r.

The present value of this series of payments one unit of time before the first
payment is made is denoted by an . For the series of payments illustrated in Figure
3.3.1, the value relates to time t. Clearly, if i ¼ 0, then an ¼ n; otherwise,

an ¼ v þ v2 þ v3 þ.þ vn

¼ vð1� vnÞ
1� v

¼ 1� vn

v�1 � 1

¼ 1� vn

i

(3.3.1)

If n ¼ 0, an is defined to be zero, as no payments will be made.

In general, the quantity an is the present value at the start of any period of
length n of a series of n payments, each of unit amount, to be made in arrears at
unit time intervals over the period. It is common to refer to such a series of

EXAMPLE 3.2.6EXAMPLE 3.2.6

An investor takes a loan at a commercial rate of discount of
18% per annum that is settled with a payment of £1,000 after

(a) 3 months,
(b) 9 months.

Calculate the annual rate of discount and the effective rate of
interest implied in each case.

Solution
(a) �1�1 ¼ 20.223% per annum.
(b) 9/12. i.e., d ¼ 17.582% per annum and i ¼ 21.333% per

annum.

(c) The initial loan was 1,000
�
1� 1

4
� 0:18

�
¼ £955; and

the annual rate of discount is therefore given from 955 ¼
1;000ð1� dÞ1

=

4 i.e. d ¼ 16.821% per annum. We than

have i ¼ ð1� dÞ�1 � 1 ¼ 20:223% per annum.

(d) The initial loan was 1,000
�
1� 3

4
� 0:18

�
¼ £865; and

the annual rate of discount is therefore given from 865 ¼
1;000ð1� dÞ9=12 i.e. d ¼ 17.582% per annum and
i ¼ 21:333% per annum.

It should be noted that the longer loan has the greater effec-
tive annual rate of discount and interest.
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payments, made in arrears, as an immediate annuity-certain and to call an the
present value of the immediate annuity-certain. When there is no possibility of
confusion with a life annuity, i.e., a series of payments dependent on the
survival of one or more human lives, the term annuity may be used as an
alternative to annuity-certain, and an simply may be termed the present value of
an n-year annuity paid in arrears.

The value of this series of payments at the time the first payment is made is
denoted by €an . If i ¼ 0, then €an ¼ n; otherwise,

€an ¼ 1þ v þ v2 þ.þ vn�1

¼ 1� vn

1� v

¼ 1� vn

d

(3.3.2)

In general, the quantity €an is the value at the start of any given period of length
n of a series of n payments, each of unit amount, to be made in advance at unit
time intervals over the period. It is common to refer to such a series of
payments, made in advance, as an annuity-due and to call €an the present value of
the annuity-due or simply the present value of an n-year paid in advance. Again, if
n ¼ 0, €an is defined to be zero.

It follows directly from the preceding definitions that, for n � 2,

€an ¼ ð1þ iÞan
€an ¼ 1þ an�1

	
(3.3.3)

FIGURE 3.3.1
Cash flow diagram for unit annuities paid in arrears and advance
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The reader should verify these relationships algebraically and by general
reasoning.

The accumulated value of the series of payments at the time the last payment is
made is denoted by sn . The value one unit of time after the last payment is made is
denoted by €sn . If i ¼ 0, then sn ¼ €sn ¼ n; otherwise,

sn ¼ ð1þ iÞn�1 þ ð1þ iÞn�2 þ ð1þ iÞn�3 þ/þ 1

¼ ð1þ iÞnan

¼ ð1þ iÞn � 1
i

(3.3.4)

and
€sn ¼ ð1þ iÞn þ ð1þ iÞn�1 þ ð1þ iÞn�2 þ/þ ð1þ iÞ

¼ ð1þ iÞn€an

¼ ð1þ iÞn � 1
d

(3.3.5)

It is clear that sn and €sn are the values at the end of any period of length n (i.e.,
at time t ¼ n) of a series of n payments, each of amount 1, made at unit time
intervals over the period, where the payments are made in arrears and in
advance, respectively. Sometimes sn and €sn are called the accumulation (or the
accumulated amount) of an immediate annuity and an annuity-due, respec-
tively. When n ¼ 0, sn and €sn are defined to be zero.

It is an immediate consequence of the preceding definition that

€sn ¼ ð1þ iÞsn
snþ1 ¼ 1þ€sn
€sn ¼ snþ1 � 1

9=
; (3.3.6)

The reader should verify these relationships algebraically and by general
reasoning.

Equations 3.3.1, 3.3.2, 3.3.4, and 3.3.5 may be expressed in the form

1 ¼ ian þ vn

1 ¼ d€an þ vn

ð1þ iÞn ¼ isn þ 1
ð1þ iÞn ¼ d€sn þ 1

9>>=
>>;

(3.3.7)

respectively. The reader should be able to write down these four expressions of
Eq. 3.3.7 immediately. The first equation is simply the equation of value at time
0 for a unit loan over the period from time 0 to time n, when interest is payable
in arrears. The other three equations may be similarly interpreted, the last two
being equations of value at time n.
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As the rate of interest i increases, v decreases, so
Pn

r¼1v
r decreases. Therefore, for

a fixed value of n, an is a decreasing function of i. Similarly, €an is a decreasing
function of i, while sn and €sn are increasing functions of i.

For a fixed rate of interest, an , €an , sn , and €sn are all increasing functions of n.
When n becomes infinite, the corresponding annuity (or annuity-due) is
known as a perpetuity (or perpetuity-due). The notations aN and €aN are used to
denote the corresponding present values; if i > 0,

aN ¼ lim
n/N

an ¼ 1
i

(3.3.8)

and

€aN ¼ lim
n/N

€an ¼ 1
d

(3.3.9)

These expressions follow directly from Eqs 3.3.1 and 3.3.2. Note that if i � 0,
both aN and €aN are infinite.

It is convenient to have standard tables of annuity and accumulation values
at various rates of interest. In view of the relationship 3.3.3, it is not
necessary to give the values of both an and €an ; similarly, the relationship
3.3.6 removes the need to tabulate both sn and €sn . Such tables can be found
later in this book.

Considering the quantity an as the value of an n-year payment stream (made in
arrears) at time t, and sn as the value of the same stream at time t þ n, it is clear
that

sn ¼ ð1þ iÞnan (3.3.10)

Similarly,
€sn ¼ ð1þ iÞn€an (3.3.11)

The reader should verify these relationships algebraically and by general
reasoning.

EXAMPLE 3.3.1EXAMPLE 3.3.1EXAMPLE 3.3.1EXAMPLE 3.3.1

Working in years, evaluate a10 , €a10 , s10 , and €s10 for i ¼ 2%
per annum and i ¼5% per annum. Confirm Eqs 3.3.10 and
3.3.11 and also confirm you answers using standard tables.

Solution
Using Eqs. 3.3.1, 3.3.2, 3.3.4, and 3.3.5, we see that

i a10 €a10 s10 €s10

2% 8.9826 9.1622 10.9497 11.1687

5% 7.7217 8.1078 12.5779 13.2068

Wenote that 8.9826� (1.02)10¼ 10.9497 and 9.1622� (1.02)10¼
11.1687, which confirm Eqs 3.3.10 and 3.3.11 at 2%. Similarly for
5%.

Standard tables give values of a10 and s10 equal to those
calculated at each i.
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EXAMPLE 3.3.2EXAMPLE 3.3.2

A loan of £2,400 is to be repaid by 20 equal annual install-
ments. The rate of interest for the transaction is 10% per
annum. Find the amount of each annual repayment,
assuming that payments are made in arrears and in advance.

Solution
Let the annual repayment in arrears be £X; therefore,

2;400 ¼ X
�
v þ v2 þ/þ v20

�
¼ Xa20 at 10%

so X ¼ 2;400=a20 ¼ 2;400=8:5136 ¼ £281:90

Let the annual repayment in advance be £Y; therefore,

2;400 ¼ Y
�
1þ v þ/þ v19

�
¼ Y€a20 at 10%

so Y ¼ 2;400=ð1þ a19 Þ ¼ 2;400=9:3649 ¼ £256:28

EXAMPLE 3.3.3EXAMPLE 3.3.3

On 15 November in each of the years 1994 to 2009 inclusive,
an investor deposited £500 in a special savings account. Find
the sum that can be withdrawn by the investor on 15
November 2013 if the bank interest rate was 7% per annum
for the entire period.

Solution
Two alternative solutions are considered:

(a) The investor made 16 deposits in his account. On
15 November 2009 (i.e., the date of the final deposit), the
amount of the account was therefore 500 s16 at 7%, i.e.,
£500 � 27.88805 ¼ £13,944.03. Four years later, i.e., on
15 November 2013, the amount of the account was
£13,944.03 � (1.07)4 ¼ £18,277.78.

(b) Alternatively, although the investor made no deposits in
the years 2010 to 2013, we shall value his account on the
basis that the payments of £500 continued in these
years. We then deduct from the accumulated account,
calculated on this basis, the accumulated value of the
payments which he did not make in the years 2010 to
2013. This leads to

500ðs20 � s4 Þ at 7%
¼ 500ð40:995 49� 4:439 94Þ ¼ £18; 277:78

EXAMPLE 3.3.4EXAMPLE 3.3.4

A borrower agrees to repay a loan of £3,000 by 15 annual
repayments of £500, the first repayment being due after
5 years. Find the annual yield for this transaction.

Solution
The equation of value may be written as

3;000 ¼ 500
�
v5 þ v6 þ/þ v19

�
¼ 500


�
v þ v2 þ/þ v19

�� �
v þ v2 þ v3 þ v4

��
¼ 500ða19 � a4 Þ

We are required to solve this equation for the rate of interest
i. Our remarks in Section 3.2 indicate that there is a unique
root. Since the right side of the equation is a monotonic

function of i, the solution may be found quite simply to any
desired degree of accuracy.

At 8%, the right side has value 500� (9.6036� 3.3121)¼
3,145.75. At 9%, its value is 500� (8.9501� 3.2397)¼
2,855.20. Since 3,145.75> 3,000> 2,855.20, the value of i is
between 8% and 9%. We estimate i by linear interpolation as

i z 0:08þ ð0:09� 0:08Þ 3;145:75� 3;000
3;145:75� 2;855:20

¼ 0:08502

Note that the solution, to five decimal places, is, in fact,
i ¼ 0.08486, say, 8.49%.
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Note that loan repayment schedules are considered in more detail in
Chapter 5.

Example 3.3.4 motivates the use of deferred annuities, which we consider now.

3.4 DEFERRED ANNUITIES
Suppose that m and n are non-negative integers. The value at time t ¼ 0 of
a series of n payments, each of amount 1, due at times (m þ 1), (m þ 2),.,
(m þ n) is denoted by mjan . This is illustrated in Figure 3.4.1.

Such a series of payments may be considered as an immediate annuity, deferred
for m time units. When n > 0, this is denoted by

mjan ¼ vmþ1 þ vmþ2 þ vmþ3 þ/þ vmþn

¼ �
v þ v2 þ v3 þ/þ vmþn

�� �
v þ v2 þ v3 þ/þ vm

�
¼ vm

�
v þ v2 þ v3 þ/þ vn

� (3.4.1)

The last two equations show that

mjan ¼ amþn � am (3.4.2)

¼ vman (3.4.3)

FIGURE 3.4.1
Cash flow diagrams for deferred annuities
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Either of these two equations may be used to determine the value of a deferred
immediate annuity. Together, they imply that

amþn ¼ am þ vman (3.4.4)

which is often a useful representation.

At this stage it is perhaps worth pointing out that the Eq. 3.4.1 may be used for

mjan when m is any non-negative number, not only an integer. In this case,
Eq. 3.4.3 is valid, but Eqs. 3.4.2 and 3.4.4 have, as yet, no meaning, since ak has
been defined only when k is an integer. Later we shall extend the definition of
ak to non-integral values of k, and it will be seen that Eqs 3.4.2 and 3.4.4 are
always valid.

We may define the corresponding deferred annuity-due as

mj€an ¼ vm€an (3.4.5)

3.5 CONTINUOUSLY PAYABLE ANNUITIES
Let n be a non-negative number. The value at time 0 of an annuity payable
continuously between time 0 and time n, where the rate of payment per unit
time is constant and equal to 1, is denoted by an :�

It is straightforward to demonstrate that

an� ¼ Rn
0
e�dtdt

¼ 1� e�dn

d

¼ 1� vn

d
ðif ds0Þ

(3.5.1)

The justification of the first line is similar to that expressed in Section 2.6 with
respect to continuously paid cash flows: During an increment of length dt at

EXAMPLE 3.4.1EXAMPLE 3.4.1

Evaluate the present value of a unit 10-year annuity paid in
arrears but deferred for 5 years at an interest rate of 5% per
annum. Use two different approaches.

Solution
We require 5ja10 i ¼ 15%. This can be evaluated as

a15 � a5 ¼ 10:3767� 4:3295 ¼ 6:0502
v5a10 ¼ 0:78353:7:7217 ¼ 6:0502
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time t, the payment element made is dt since rðtÞ ¼ 1. The present value of this
element at time 0 is then e�dtdt, and the entire present value of the stream is
obtained from the integral of this between t¼ 0 and t¼ n. Note that an is
defined even for non-integral values of n. If d¼ 0 (or, equivalently, i¼ 0), an is,
of course, equal to n.

If m is a non-negative number, we use the symbol mjan to denote the present
value of a continuously payable annuity of 1 per unit time for n time units,
deferred for m time units

mjan ¼ Rmþn

m
e�dtdt

¼ e�dm
Rn
0
e�dsds

¼ Rmþn

0
e�dtdt � Rm

0
e�dtdt

Hence,

mjan ¼ amþn � am (3.5.2)

¼ vm an (3.5.3)

The reader will note that Eqs 3.5.2 and 3.5.3 are analogous to Eqs 3.4.2 and
3.4.3. In Chapter 4 we shall show that, with the appropriate definition of an for
non-integral n, Eq. 3.5.4 is valid for all non-negative n.

Since Eq. 3.5.1 may be written as

an ¼ i
d

�
1� vn

i

�

it follows immediately that, if n is an integer,

an ¼ i
d
an ðif ds0Þ (3.5.4)

The factor i/d can be thought of as substituting the denominator of an , i.e.,
replacing i with d, thereby transforming Eq. 3.3.1 into Eq. 3.5.1. Formulae like
Eq. 3.5.4 and the equivalent expressions that link an and €an through an
effective substitution of the denominators are very useful when transferring
between evaluations of the present values defined under payments made in
arrears, advance or continuously.

Note similar methods to those used in Example 3.5.1 can be employed when
transferring between evaluations of accumulations.
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3.6 VARYING ANNUITIES
Until now we have considered annuities for which the amount of each payment
is constant. For an annuity in which the payments are not all of an equal
amount, it is a simple matter to find the present (or accumulated) value from
first principles. For example, the present value of such an annuity may always
be evaluated as Xn

i¼1

Xiv
ti

where the ith payment, of amount Xi, is made at time ti.

In the particular case when Xi ¼ ti ¼ i, the annuity is known as an increasing
annuity, and its present value is denoted by ðIaÞn with

ðIaÞn ¼ v þ 2v2 þ 3v3 þ/þ nvn (3.6.1)

Hence,
�
1þ i

�ðIaÞn ¼ 1þ 2v þ 3v2 þ/þ nvn�1

By subtraction, we obtain

iðIaÞn ¼ 1þ v þ v2 þ/þ vn�1 � nvn

¼ €an � nvn

and so

ðIaÞn ¼ €an � nvn

i
(3.6.2)

The last equation need not bememorized, as it may be rapidly derived from first
principles. A simple way of recalling Eq. 3.6.2 is to express it in the form

€an ¼ iðIaÞn þ nvn (3.6.3)

This equation is simply the equation of value for a transaction in which an
investor lends 1 at the start of each year for n years in return for interest at the

EXAMPLE 3.5.1EXAMPLE 3.5.1

Given that at a10 ¼ 8:5302 at i¼ 3% per annum, evaluate €a10
and a10 .

Solution
Since i ¼ 3%, we know that d ¼ 0.029126 and d ¼ 0.029559
from standard compound interest tables or the conversion
formulae, and so

€a10 ¼ 0:03
0:029126

a10 ¼ 8:7862

a10 ¼ 0:03
0:029559

a10 ¼ 8:6575
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end of each year of amount i times the outstanding loan and a repayment of the
total amount lent (i.e., n) after n years. The two sides of the equation represent
the value (at the start of the transaction) of the payments made by the lender
and the borrower, respectively. Numerical values of the function ðIaÞn are
included in standard compound interest tables for various i and n.

The present value of any annuity payable in arrears for n time units for which
the amounts of successive payments form an arithmetic progression can be
expressed in terms of Ian and ðIaÞn . If the first payment of such an annuity is P
and the second payment is (P þ Q), the tth payment is (P e Q) þ Qt, and the
present value of the annuity is therefore

ðP �QÞan þQðIaÞn
Alternatively, the present value of the annuity can be derived from first
principles.

The notation ðI€aÞn is used to denote the present value of an increasing annuity-
due payable for n time units, the tth payment (of amount t) being made at
time t e 1.

ðI€aÞn ¼ 1þ 2v þ 3v2 þ/þ nvn�1

¼ ð1þ iÞðIaÞn
(3.6.4)

¼ 1þ an�1 þ ðIaÞn�1 (3.6.5)

For increasing annuities that are payable continuously, it is important to
distinguish between annuities which have a constant rate of payment r (per
unit time) throughout the rth period and annuities which have a rate of
payment t at time t. For the former, the rate of payment is a step function, taking
the discrete values 1, 2,.. For the latter, the rate of payment itself increases
continuously. If the annuities are payable for n time units, their present values
are denoted by ðIaÞn and ðIaÞn , respectively.

EXAMPLE 3.6.1EXAMPLE 3.6.1

Measuring time in years, calculate the present value of a cash
flow stream £4, £6, £8, £10, and £12 paid at times 1, 2, 3, 4,
and 5 if i ¼ 7% per annum.

Solution
From first principles, let the present value be £X, then

X ¼ 4v1 þ 6v2 þ 8v3 þ 10v4 þ 12v5

which can be evaluated as

X ¼ 4� 0:9346þ 6� 0:8734þ 8� 0:8163þ 10

� 0:7629þ 12� 0:7130 ¼ £31:69

Alternatively, using increasing annuity functions, we can
write the present value as

X ¼ 2a5 þ 2ðIaÞ5
¼ 2� 4:1002þ 2� 11:7469
¼ £31:69
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Clearly

ðIaÞn ¼
Xn
r¼1

� Zr

r�1

rvtdt
�

and

�
Ia
�
n ¼

Zn

0

tvtdt

Using integration by parts in the second case, the reader should verify that

ðIaÞn ¼ €an � nvn

d
(3.6.6)

and

�
Ia
�
n ¼ an � nvn

d
(3.6.7)

Each of the last two equations, expressed in a form analogous to Eq. 3.6.3,
may be easily written down as the equation of value for an appropriate
transaction.

Corresponding to the present values at time t¼ 0, ðIaÞn ; ðI€aÞn ; ðIaÞn , and ðIaÞn
are the accumulations at time t¼ n of the relevant series of payments. These
accumulations are denoted by ðIsÞn ; ðI€sÞn ; ðIsÞn ; and ðIsÞn ; respectively. It
follows that

ðIsÞn ¼ ð1þ iÞnðIaÞn
ðI€sÞn ¼ ð1þ iÞnðI€aÞn
ðIsÞn ¼ ð1þ iÞnðIaÞn�
Is
�
n ¼ ð1þ iÞn�Ia�n

9>>>>=
>>>>;

(3.6.8)

The present values of deferred increasing annuities are defined in the obvious
manner. For example,

mjðIaÞn ¼ vmðIaÞn

It is important to realize that in general there is no one correct or “best”method
of solution for many compound interest problems. Provided that the reader
has a good grasp of the underlying principles, he will be able to use that
method which is most suited to his own approach.
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It is very important in practical work to incorporate checks to ensure, for
example, that one does not misplace a decimal point or make some other
simple error. For example, in Example 3.6.2, the first annuity payment is
£8,000 and the last payment is £2,300. The average payment is then £5,150.
Accordingly, a rough approximation for the value of the annuity is
5,150a20 ¼ 64;180. Because of the increasing effect of discount with time, this

EXAMPLE 3.6.3EXAMPLE 3.6.3

An annuity is payable half-yearly for 6 years, the first half-
yearly payment of amount £1,800 being due after 2 years.
The amount of subsequent payments decreases by £30
each half-year. On the basis of an interest rate of 5% per
half-year, find the present value of the annuity.

Solution
As before, we give two solutions that illustrate different
approaches. It is quite possible that the reader may prefer
yet another method.

(a) Choose the half-year as our basic time unit and i ¼ 5%.
There are 12 annuity payments, the last of amount
£[1,800 e (11 � 30)], i.e., £1,470. From first principles,
we can write

X ¼ 1;800v4 þ 1;770v5 þ � � � þ 1;470v15

ði þ iÞX ¼ 1;800v3 þ 1;770v5 þ � � � þ 1;470v14

Subtracting and rearranging, we find that

X ¼ 1;800v3 � 30ða14 � a3 Þ � 1;470v15

i
¼ 12;651

(b) Alternately, we may write

X ¼ v3
�
1;830

�
v þ v2 þ � � � þ v12

�

� 30ðv þ 2v2 þ � � � þ 12v12Þ


¼ v3½1;830a12 � 30ðIaÞ12 � ¼ 12;651

EXAMPLE 3.6.2EXAMPLE 3.6.2

An annuity is payable annually in arrears for 20 years. The
first payment is of amount £8,000, and the amount of each
subsequent payment decreases by £300 each year. Find the
present value of the annuity on the basis of an interest rate
of 5% per annum using

(a) First principles,
(b) Increasing annuity functions.

Solution
Let the present value be £X

(a) From first principles, we can write both

X ¼ 8;000v þ 7;700v2 þ 7;400v3 þ � � � þ 2;300v20

ð1þ iÞX ¼ 8;000þ 7;700v þ 7;400v2 þ � � � þ 2;300v19

By subtraction, we obtain

iX ¼ 8;000� 300
�
v þ v2 þ � � � þ v19

�
� 2;300v20

and so X ¼ 8;000� 300a 19 � 2;300v20

i
at 5%, which is

evaluated to be £70,151.

(b) Using increasing annuity functions, we consider the
annuity to be a level annuity of £8,300 per annum less
an increasing annuity for which the rth payment is of
amount £300r. Hence,

X ¼ 8;300
�
nþ n2 þ/þ n20

�� 300
�
nþ 2n2 þ/þ 20n20

�
¼ 8;300 a20 � 300ðIaÞ20

¼ 8;300 a20 � 300
€a20 � 20n20

i
¼ £70; 151
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approximation understates the true value, but confirms the order of magnitude
of our answer.

When there is no ambiguity as to the value of i, the rate of interest, functions
such as an , Sn , and d are clearly defined. In this case an equation such as

X an ¼ 1;000

may be solved immediately for X. If it is desired to emphasize the rate of
interest, the equation may be written in the form

X an ¼ 1;000 at rate i

The solution of particular problems may involve more than one rate of interest,
and in such cases theremay be doubt as to the interest rate implicit in a particular
function. In order to avoid ambiguity,wemay attach the rate of interest as a suffix
to the standard functions. For example, we may write an i; vni ; sn i, and di for
an ; vn; sn and d at rate i. With this notation, an equation such as

Xs10 0:04 ¼ 100a15 0:03

is quite precise. This notation is readily extended to the functions defined in
later chapters.

3.7 UNCERTAIN PAYMENTS
It is clear that the concept of the equation of value is very important in practice;
indeed, it forms the foundation of much of this book. At this stage it is worth
emphasizing that the payments (either discrete or continuous) need not be
certain for the equation of value to be formed and used. A detailed study of the
allowance of uncertain cash flows is beyond the scope of this book, and much
of this book involves certain cash flows. However, the allowance for uncertainty
in the payments/receipts can be summarized as taking one of two forms:

1. By applying probabilities to each uncertain cash flow;
2. By using an increased rate of interest.

We now demonstrate how these two approaches can be considered equivalent.

The equation of value or yield equation as stated in Eq. 3.2.6 can be modified
by the introduction of probabilities of the cash flows ptr and p(t); these repre-
sent the probabilities relevant to the discrete payments at time tr and contin-
uous stream at time t, respectively. The resulting equation of value (or yield
equation) is then formed from expected present values (“expected” in the
probabilistic sense) and is written as

Xn
r¼1

ptr ctr ð1þ iÞ�tr þ
ZN

0

pðtÞrðtÞð1þ iÞ�tdt ¼ 0 (3.7.1)
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Equation 3.7.1 can be thought of as a more general form of Eq. 3.2.6 in that it
also allows for certain cash flows by setting ptr and p(t) equal to 1 for all time.
The estimation of the probabilities in practice requires a considerable amount
of skill and experience with the cash flows in question.

We can express the discounting factors in terms of the force of interest d and
introduce a new quantity, m> 0, representing the “force” of probability such
that ptr ¼ e�mtr and pðtÞ ¼ e�mt . This form is consistent with the probability of
payment reducing with time. Doing this allows Eq. 3.7.1, for example, to be
rewritten as Xn

r¼1

ctr e
�dtr e�mtr þ

ZN

0

rðtÞe�dte�mtdt ¼ 0 (3.7.2)

It is then clear that defining d0 ¼ dþ m enables Eq. 3.7.2 to be expressed in the
form identical to Eq. 3.2.6, but at the higher force of interest, d0.

The corresponding addition to the rate of interest, i, is often known as the
risk premium, as introduced in Chapter 1. It reflects the greater return
an investor would demand to compensate for the addition risk caused by
the uncertainty in proceeds. Introducing a risk premium is particularly
useful when it is not possible to calculate explicit probabilities for each cash
flow.

EXAMPLE 3.7.1

An investor invests in a company for 3 years. The terms of the
investment are such that the company pays the investor £100
at the end of each of the next 3 years and lump sum payment
of £1,000 after 3 years.

(a) If the force of interest required by the investor is 4% per
annum, calculate a fair price for the investment without
allowance for default.

(b) The investor estimates that the probability the first
payment will be made is 90%, the second payment is
60%, and the third payment (including capital redemp-
tion) is 50% (i.e., there is a 10%, 40%, and 50% chance of
receiving zero payment at each time). Calculate the fair
price for the investment on this basis.

(c) Rather than explicitly allowing for the probabilities of
default, the investor decides to demand an increased
return equivalent to d¼ 26.7% per annum. Calculate the
fair price for the investment on this basis.

Solution
Let the fair price of the investment be P in each case.

(a) The equation of value is

P ¼ 100e�0:04 þ 100e�2�0:04 þ 1;100e�3�0:04 ¼ 1;164

(b) The equation of value is now written in terms of
expected present values and

P ¼ 0:90� 100e�0:04 þ 0:60� 100e�2�0:04 þ 0:50

� 1;100e�3�0:04

¼ £629:66

(c) The equation of value is

P ¼ 100e�0:267 þ 100e�2�0:267 þ 1;100e�3�0:267 ¼ £628:96
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SUMMARY
n The equation of value is a mathematical expression that equates the present

value (at a particular time) of the constituent cash flows of a transaction to
zero. Discounting is expressed in terms of d. The equivalent expression
expressed in terms of i is called the yield equation.

n Standard notation exists for the present value of regular streams of cash
flows called annuities. These can be used to construct the equations of value
for more complicated cash flows.

n Annuities can be immediate or deferred, paid in arrears, in advance or
continuously, and be level or increasing. Closed-form expressions can be
derived to evaluate the present values of all such annuities.

n The accumulated value at time n of an n-year annuity can be obtained by
accumulating the present value at t¼ 0 through n years. Standard notation
exists for all such accumulations.

n Uncertainties in the timings and/or value of cash flows can be accounted
for by the introduction of probabilities to form expected present values.
Alternatively, a risk premium can be added to the discount rate. Both
approaches act to reduce the present value of an uncertain cash flow stream.

EXERCISES
3.1 At retirement, a client has two payment options: a 20-year annuity at

V50,000 per year starting after 1 year or a lump sum of V500,000
today. If the client’s required rate of return on retirement fund
investments is 6% per year, which plan has the higher present value and
by how much?

3.2 Suppose you plan to send your daughter to college in 3 years. You expect
her to earn two-thirds of her tuition payment in scholarshipmoney, so you
estimate that your payments will be $10,000 a year for 4 years. To estimate
whether you have set aside enoughmoney, you ignore possible inflation in
tuition payments and assume that you can earn 8% annually on your
investments.Howmuchshouldyou set asidenowtocover thesepayments?

3.3 A computer manufacturer is to develop a new chip to be produced from
1 January 2008 until 31 December 2020. Development begins on
1 January 2006. The cost of development comprises £9 million payable
on 1 January 2006 and £12 million payable continuously during 2007.
Calculate the present value as at 1 January 2006 of the liabilities at an
effective rate of interest of 9% per annum.

3.4 An investor is considering investing in a capital project. The project
requires an outlay of £500,000 at outset and further payments at the end
of each of the first 5 years, the first payment being £100,000 and each
successive payment increasing by £10,000.

58 CHAPTER 3: The Basic Compound Interest Functions



The project is expected to provide a continuous income at a rate of
£80,000 in the first year, £83,200 in the second year, and so on, with
income increasing each year by 4% per annum compound. The income is
received for 25 years.
It is assumed that, at the end of 15 years, a further investment of
£300,000 will be required and that the project can be sold to another
investor for £700,000 at the end of 25 years.
(a) Calculate the net present value of the project at a rate of interest of

11% per annum effective.
(b) Without doing any further calculations, explain how the net present

value would alter if the interest rate had been greater than 11% per
annum effective.

3.5 In return for a single payment of £1,000 a building society offers the
following alternative benefits:
(i) A lump sum of £1,330 after 3 years,
(ii) A lump sum of £1,550 after 5 years, or
(iii) Four annual payments, each of amount £425, the first payment

being made after 5 years.
Any investor must specify which benefit he is choosing when hemakes the
single payment.

(a) Write down an equation of value for each savings plan and, hence,
find the yield for each.

(b) Assume that an investor opts for plan (i), and that after 3 years, he
invests the proceeds of the plan for a further 2 years at a fixed rate of
interest. How large must this rate of interest be in order for him to
receive £1,550 from this further investment?

(c) Assume that an investor opts for plan (ii), and that after 5 years, he
uses the proceeds of the plan to buy a level annuity-due payable for
4 years, the amount of the annuity payment being calculated on the
basis of a fixed interest rate. How large must this rate of interest be in
order for the annuity payment to be £425?

3.6 An investor has the choice of either of the following savings plans:
(i) Ten annual premiums, each of £100 and payable in advance, will

give £1,700 after 10 years, or
(ii) Fifteen annual premiums, each of £100 and payable in advance, will

give £3,200 after 15 years.
The investor must declare which plan he is choosing when he pays the first
premium.

(a) Find the yield on each plan.
(b) Assume that an investor has chosen plan (i). Assume further that

after 10 years he deposits the proceeds of the plan in an account
which will earn interest at a fixed rate and that he also makes five

59Exercises



annual payments of £100 to this account, the first payment being
made at the time the original savings plan matures. How large must
the fixed rate of interest be in order that finally, after 15 years, the
investor may receive £3,200?

3.7 (a) The manufacturer of a particular toy sells to retailers on either of the
following terms:
(i) Cash payment: 30% below recommended retail price,
(ii) Six months’ credit: 25% below recommended retail price.
Find the effective annual rate of discount offered by the
manufacturer to retailers who pay cash. Express this as an effective
annual interest rate charged to those retailers who accept the credit
terms.

(b) The manufacturer is considering changing his credit terms. Credit
for 6 months will no longer be available, but for 3 months’ credit,
a discount of 27.5% below the recommended retail price will be
allowed. The terms for cash payment will be unaltered.
Does this new arrangement offer a greater or lower effective annual
rate of discount to cash purchasers?

3.8 (a) Find the value at an interest rate of 4% of the following:
5ja32 ; €a62 ; a62 ; 12j€a50 ; s62 ; €s61 ;

ðI€aÞ62 ; 5
��ðIaÞ20 ; ðIaÞ25 ;

�
Ia
�
25

(b) Given that €an ¼ 7:029584 and €a2n ¼ 10:934 563; find the rate of
interest and n.

3.9 An annuity-certain is payable annually for 20 years. The annual payment
is £5 for 6 years, then £7 for 9 years, and, finally, £10 for 5 years.
(a) Show that the present value of the annuity at the time of the first

payment may be expressed as
(i) 5€a6 þ 76j€a9 þ 1015j€a5 ;
(ii) 10€a20 � 3€a15 � 2€a6 ; or
(iii) 5þ 10a19 � 3a14 � 2a5 :

(b) Show that the value of the annuity at the time of the last payment
may be expressed as
(i) 5ð1þ iÞ14s6 þ 7ð1þ iÞ5s9 þ 10s5 ; or
(ii) 5s20 þ 2s14 þ 3s5 :

3.10 An investor agrees to pay 20 premiums, annually in advance. At the end
of 20 years the investor will receive the accumulated amount of his
payments. This amount is calculated on the basis of an effective annual
interest rate of 8% for the first 5 years, 6% for the next 7 years, and 5% for
the final 8 years. Find the amount which the investor will receive in
return for an annual premium of £100. Find also his yield per annum on
the complete transaction.
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CHAPTER 4

Further Compound Interest Functions

In this chapter we introduce variations on the compound interest and
annuity notation we have seen in previous chapters. In particular, we
consider the case where interest is received and payments are made at pthy
intervals. The material is related to the nominal rate of interest, iðpÞ, first
introduced in Chapter 2.

4.1 INTEREST PAYABLE pTHLY
Suppose that, as in the preceding chapter, the force of interest per unit time is
constant and equal to d. Let i and d be the corresponding rates of interest and
discount, respectively. In Section 3.1 we showed that d payable at time 0,
i payable at time 1, and d payable continuously at a constant rate over the time
interval [0, 1] all have the same value (on the basis of the force of interest d).
Each of these payments may be regarded as the interest for the period [0, 1]
payable on a loan of 1 made at time t ¼ 0.

Suppose, however, that a borrower, who is lent 1 at time t ¼ 0 for repayment
at time t ¼ 1, wishes to pay the interest on his loan in p equal installments over
the interval. How much interest should he pay? This question motivates what
follows.

We define i(p) to be that total amount of interest, payable in equal installments
at the end of each pth subinterval (i.e., at times 1/p, 2/p, 3/p, ., 1), which has
the same value as each of the interest payments just described. Likewise, we
define d(p) to be that total amount of interest, payable in equal installments at
the start of each pth subinterval (i.e., at times 0, 1/p, 2/p,.. (p e 1)/p), which
has the same value as each of these other payments.

We may easily express i(p) in terms of i. Since i(p) is the total interest paid, each
interest payment is of amount i(p)/p and, when we consider the present value of
the payments at the end of the interval, our definition implies the following

Xp
t¼ 1

iðpÞ

p
ð1þ iÞðp�tÞ=p ¼ i (4.1.1)
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or, if i s 0,

iðpÞ

p

"
ð1þ iÞ � 1

ð1þ iÞ1=p � 1

#
¼ i

Hence,

iðpÞ ¼ p
h
ð1þ iÞ1=p � 1

i
(4.1.2)

and "
1þ iðpÞ

p

#p
¼ 1þ i (4.1.3)

Note that the last two equations are valid even when i ¼ 0.

Equations 4.1.2 and 4.1.3 are most important. Indeed, either equation may be
regarded as providing a definition of i(p). If such a definition is used, it is a trivial
matter to establish Eq. 4.1.1, which shows that i(p) may be interpreted as the
total interest payable pthly in arrears in equal installments for a loan of 1 over
one time unit.

Likewise, it is a consequence of our definition of d(p) that, when we consider the
present value payments at the start of the interval, the following is true

Xp
t¼ 1

dðpÞ

p
ð1� dÞðt�1Þ=p ¼ d (4.1.4)

or, if d s 0,

dðpÞ

p

"
1� ð1� dÞ

1� ð1� dÞ1=p

#
¼ d

Hence,

dðpÞ ¼ p
h
1� ð1� dÞ1=p

i
(4.1.5)

and "
1� dðpÞ

p

#p
¼ 1� d (4.1.6)

Again, the last two equations are important and are valid even when d ¼ 0.
Either may be used to define d(p), in which case Eq. 4.1.4 is readily verified and
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our original definition is confirmed. Note that i(1) ¼ i and d(1) ¼ d. It is usual to
include values of i(p) and d(p), at least for p ¼ 2, 4, and 12, in standard
compound interest tables. It is essential to appreciate that, at force of interest
d per unit time, the five series of payments illustrated in Figure 4.1.1 all have the
same value.

If we choose to regard i(p) or d(p) as the basic quantity, Eqs 4.1.3 or 4.1.6 may be
used to define i in terms of i(p) or d in terms of d(p). It is customary to refer to i(p)

and d(p) as nominal rates of interest and discount convertible pthly. For example,
if we speak of a rate of interest of 12% per annum convertible quarterly, we
have i(4)¼ 0.12 (with 1 year as the unit of time). Since (1þ i)¼ {1þ [i(4)/4]}4,
this means that i ¼ 0:125509. Therefore, the equivalent annual rate of interest
is 12.5509%. As has been mentioned in Chapter 2, when interest rates are
expressed in nominal terms, it is customary to refer to the equivalent rate per
unit time as an effective rate. Therefore, if the nominal rate of interest
convertible quarterly is ið4Þ ¼ 12% per annum, the effective rate per annum is
i ¼ 12:5509%:

The treatment of problems involving nominal rates of interest (or discount) is
almost always considerably simplified by an appropriate choice of the time
unit. For example, on the basis of a nominal rate of interest of 12% per annum
convertible quarterly, the present value of 1 due after t years is

FIGURE 4.1.1
Equivalent payments
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ð1þ iÞ�t ¼
"
1þ ið4Þ

4

#�4t

ðby Eq: 4:1:3Þ

¼
�
1þ 0:12

4

��4t

ðsince ið4Þ ¼ 0:12Þ

¼ 1:03�4t

Therefore, if we adopt a quarter-year as our basic time unit and use 3% as the
effective rate of interest, we correctly value future payments.

The general rule to be used in conjunction with nominal rates is very simple.
Choose as the basic time unit the period corresponding to the frequency with
which the nominal rate of interest is convertible and use i(p)/p as the effective
rate of interest per unit time. For example, if we have a nominal rate of interest
of 18% per annum convertible monthly, we should take 1 month as the unit of
time and 112% (18%/12) as the rate of interest per unit time.

EXAMPLE 4.1.1EXAMPLE 4.1.1

Given that d ¼ 0.1, find the values of

(i) i; ið4Þ; ið12Þ; ið52Þ; ið365Þ;
(ii) d; dð4Þ; dð12Þ; dð52Þ; dð365Þ:

Solution

iðpÞ ¼ p
h
ð1þ iÞ1=p � 1

i
¼ p

�
ed=p � 1

�
¼ p

�
e0:1=p � 1

� ðsince d ¼ 0:1Þ

Also,

dðpÞ ¼ p
h
1� ð1� dÞ1=p

i
¼ p

�
1� e�d=p

�
¼ p

�
1� e�0:1=p

� ðsince d ¼ 0:1Þ

Hence, we have the following table for the required nominal
rates of interest and discount when d ¼ 0.1:

p 1 4 12 52 365

i(p) 0.105 171 0.101 260 0.100 418 0.100 096 0.100 014

d(p) 0.095 163 0.098 760 0.099 584 0.099 904 0.099 986

EXAMPLE 4.1.2EXAMPLE 4.1.2

Given that i ¼ 0.08, find the values of i(12), d(4),
and d.

Solution

ið12Þ ¼ 12
h
ð1þ iÞ1=12 � 1

i
¼ 0:077208

dð4Þ ¼ 4
h
1� ð1� dÞ1=4

i
¼ 4

h
1� ð1þ iÞ�1=4

i
¼ 0:076225

d ¼ lnð1þ iÞ ¼ 0:076961
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Note that i(p) and d(p) are given directly in terms of the force of interest d by the
equations

and
iðpÞ ¼ p

�
ed=p � 1

�
dðpÞ ¼ p

�
1� e�d=p

�
)

(4.1.7)

Since

lim
x/N

x
�
ed=x � 1

�
¼ lim

x/N
x
�
1� e�d=x

�
¼ d

it follows immediately from the Eq. 4.1.7 that

lim
p/N

iðpÞ ¼ lim
p/N

dðpÞ ¼ d (4.1.8)

This is intuitively obvious from our original definitions, since a continuous
payment stream may be regarded as the limit, as p tends to infinity of a corre-
sponding series of payments at intervals of time 1/p (see also Section 2.4).

Using the preceding definitions, we can easily establish that

i > ið2Þ > ið3Þ > / > d

and

d < dð2Þ < dð3Þ < / < d

so that the sequences {i(p)} and {d(p)} tend monotonically to the common
limit d from above and below, respectively.

EXAMPLE 4.1.3EXAMPLE 4.1.3

Suppose that l and m are positive integers. Express i (m) in
terms of l,m, and d (l ). Hence, find i (12) when d (4)¼ 0.057 847.

Solution

"
1� dðlÞ

l

#l
¼ e�d ¼

"
1þ iðmÞ

m

#�m

Hence,

dðlÞ ¼ l

(
1�

"
1þ iðmÞ

m

#�m=l)

and

iðmÞ ¼ m

("
1� dðlÞ

l

#�l=m

� 1

)

In particular,

ið12Þ ¼ 12

("
1� dð4Þ

4

#�1=3

� 1

)

¼ 0:058 411
�
when dð4Þ ¼ 0:057847

�
Alternatively, we may note that ð1þ iÞ ¼ f1� ½dð4Þ=4�g�4 ¼
1:06; from which the value of i (12) follows immediately.
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Various approximations for i(p) and d(p) in terms of p and i, d, or d may be
obtained, as in Example 4.1.4.

4.2 ANNUITIES PAYABLE pTHLY: PRESENT VALUES
AND ACCUMULATIONS
The nominal rates of interest and discount introduced in the preceding section
are of particular importance in relation to annuities which are payable more
frequently than once per unit time. We shall refer to an annuity which is
payable p times per unit time as payable pthly.

If p and n are positive integers, the notation aðpÞn is used to denote the present
value at time 0 of a level annuity payable pthly in arrears at the rate of 1 per unit
time over the time interval [0, n]. For this annuity the payments are made at
times 1/p, 2/p, 3/p, ., n, and the amount of each payment is 1/p.

It is a simple matter to derive an expression for aðpÞn from first principles.
However, the following argument, possibly less immediately obvious, is an
important illustration of a kind of reasoning which has widespread application.

By definition, a series of p payments, each of amount i(p)/p in arrears at pthly
subintervals over any unit time interval, has the same present value as a single
payment of amount i at the end of the interval. By proportion, p payments, each

EXAMPLE 4.1.4EXAMPLE 4.1.4

Show that, if d is small,

dðpÞzd� d2

2p

and derive a corresponding approximation for i(p).

Solution

dðpÞ ¼ p
�
1� e�d=p

� ðby Eq: 4:1:7Þ

¼ p

"
1�

 
1� d

p
þ d2

2p2
� d3

6p3
þ/

!#

¼ d� d2

2p
þ d3

6p2
�/

zd� d2

2p

 
if d is small

!

Similarly,

iðpÞ ¼ p
�
ed=p � 1

�
¼ p

" 
1þ d

p
þ d2

2p2 þ
d3

6p3
þ/

!
� 1

#

¼ dþ d2

2p
þ d3

6p2 þ/

zdþ d2

2p
ðif d is smallÞ
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of amount 1/p in arrears at pthly subintervals over any unit time interval, have
the same present value as a single payment of amount i/i(p) at the end of the
interval. Consider now that annuity for which the present value is aðpÞn : The p
payments after time r e 1 and not later than time r therefore have the same
value as a single payment of amount i/i(p) at time r. This is true for r¼ 1, 2,., n,
so the annuity has the same value as a series of n payments, each of amount
i/i(p), at times 1, 2, ., n. This means that

aðpÞn ¼ i

iðpÞ
an (4.2.1)

The alternative approach, from first principles, is to write

aðpÞn ¼ Pnp
t¼ 1

1
p
vt=p

¼ 1
p

v1=p
�
1� vn

�
1� v1=p

¼ 1� vn

p
h
ð1þ iÞ1=p � 1

i

¼ 1� vn

iðpÞ

(4.2.2)

which confirms Eq. 4.2.1.

Likewise, we define €aðpÞn to be the present value of a level annuity-due payable
pthly at the rate of 1 per unit time over the time interval [0, n]. (The annuity
payments, each of amount 1/p, are made at times 0, 1/p, 2/p,., n e (1/p).) By
definition, a series of p payments, each of amount d(p)/p, in advance at pthly
subintervals over any unit time interval has the same value as a single payment
of amount i at the end of the interval. Hence, by proportion, p payments, each
of amount 1/p in advance at pthly subintervals, have the same value as a single
payment of amount i/d(p) at the end of the interval. This means (by an identical
argument to that above) that

€aðpÞn
i

dðpÞ
an (4.2.3)

It is usual to include the values of i/i(p) and i/d(p) in published tables. This
enables the values of aðpÞn and €aðpÞn to be calculated easily.

Alternatively, from first principles, we may write

€aðpÞn ¼ Pnp
t¼1

1
p
vðt�1Þ=p

¼ 1� vn

dðpÞ

(4.2.4)
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(on simplification), which confirms Eq. 4.2.3. Note that

aðpÞn ¼ v1=p€aðpÞn

By combining Eqs 4.2.1 and 4.2.3, we obtain

ian ¼ iðpÞaðpÞn ¼ dðpÞ€aðpÞn ¼ d€an ¼ dan (4.2.5)

each expression being equal to (1 e vn).

In light of Eqs 4.2.2 and 4.2.4, Eqs 4.2.1 and 4.2.3 can be thought of as
substituting the denominator in the expression for an to form either aðpÞn or €aðpÞn .
This approach was discussed in Section 3.5.

Note that since

lim
p/N

iðpÞ ¼ lim
p/N

dðpÞ ¼ d ðby Eq: 4:1:8Þ

it follows immediately from Eqs 4.2.2 and 4.2.4 that

lim
p/N

aðpÞn ¼ lim
p/N

€aðpÞn ¼ an

These equations should be intuitively clear.

Similarly, we define sðpÞn and €sðpÞn to be the accumulated amounts of the corre-
sponding pthly immediate annuity and annuity-due, respectively. Therefore,

sðpÞn ¼ ð1þ iÞnaðpÞn

¼ ð1þ iÞn i

iðpÞ
an ðby Eq: 4:2:1Þ

¼ i

iðpÞ
sn

(4.2.6)

Also
€sðpÞn ¼ ð1þ iÞn€aðpÞn

¼ ð1þ iÞn i

dðpÞ
an ðby Eq: 4:2:3Þ

¼ i

dðpÞ
sn

(4.2.7)

The preceding proportional arguments may be applied to other varying series
of payments. Consider, for example, an annuity payable annually in arrears for
n years, the payment in the tth year being xt. The present value of this annuity is

a ¼
Xn
t¼ 1

xtv
t (4.2.8)
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Consider now a second annuity, also payable for n years with the payment in
the tth year, again of amount xt, being made in p equal instalments in arrears
over that year. If a(p) denotes the present value of this second annuity, by
replacing the p payments for year t (each of amount xt/p) by a single equivalent
payment at the end of the year of amount xt[i/i

(p)], we immediately obtain

aðpÞ ¼ i

iðpÞ
a

where a is given by Eq. 4.2.8.

An annuity payable pthly in arrears, under which the payments continue
indefinitely, is called a perpetuity payable pthly. When the rate of payment is
constant and equal to 1 per unit time, the present value of such a perpetuity is
denoted by aðpÞN : If the payments are in advance, we have a perpetuity-due, with
the corresponding present value denoted by €aðpÞN :

Since the payments differ only in the first payment at time 0, it is clear that

€aðpÞN ¼ 1
p
þ aðpÞN (4.2.9)

By letting n tend to infinity in Eqs 4.2.2 and 4.2.4, we obtain (if i > 0)

aðpÞN ¼ 1

iðpÞ
(4.2.10)

and
€aðpÞN ¼ 1

dðpÞ
(4.2.11)

respectively.

EXAMPLE 4.2.1

Describe what the following quantities represent and
compute their value for i ¼ 5% per annum using values
from standard tables.

(a) 50að2Þ
10

(b) 60€sð12Þ
2

Solution
(a) The quantity 50að2Þ

10
represents the present value (at time

t ¼ 0) of an annuity paid for 10 years; in each year
a total of 50 is paid in two equal installments in arrears.

50að2Þ
10

¼ 50a10 � i
ið2Þ

¼ 50� 7:7217� 1:012348

¼ 390:85

(b) The quantity 60€sð12Þ
2

represents the accumulated value
(at time t ¼ 2) of an annuity paid for 2 years; in each
year a total of 60 is paid in 12 equal installments in
advance.

60€sð12Þ
2

¼ 60s2 � i
dð12Þ

¼ 60� 2:050� 1:026881

¼ 126:31
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The present values of an immediate annuity and an annuity-due, payable pthly
at the rate of 1 per unit time for n time units and deferred for m time units, are
denoted by

mjaðpÞn ¼ vmaðpÞn

and mj€aðpÞn ¼ vm€aðpÞn

)
(4.2.12)

respectively.

Finally, we remark that if p ¼ 1; aðpÞn ; €aðpÞn ; sðpÞn ; and €sðpÞn are equal to
an ; €an ; sn ; and €sn ; respectively.

4.3 ANNUITIES PAYABLE AT INTERVALS OF TIME r,
WHERE r > 1
In Section 4.2 we showed how, by replacing a series of payments to be
received by an equivalent series of payments of equal value, we could
immediately write down an expression for the value of a pthly annuity. This
technique of equivalent payments may be used to value a series of payments
of constant amount payable at intervals of time length r, where r is some
integer greater than 1.

For example, suppose that k and r are integers greater than 1 and consider
a series of payments, each of amount X, due at times r, 2r, 3r,., kr. What is the
value of this series at time 0 on the basis of an interest rate i per unit time?

The situation is illustrated in Figure 4.3.1, which shows the payments of
amount X due at the appropriate times. Let us “replace” the payment of X due at
time r by a series of r payments, each of amount Y, due at times 1, 2,., r, where
Y is chosen to make these r equivalent payments of the same total value as the
single payment they replace. This means that

Ysr ¼ X

FIGURE 4.3.1
Annuity valuation through equivalent payments
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at rate i, or

Y ¼ X
sr

(4.3.1)

Similarly, each payment of amount X can be replaced by r equivalent payments
of amount Y of the same value (see Figure 4.3.1). Then the original series of
payments of X, due every rth time interval, has the same value as a series of kr
payments of Y ¼ X=sr due at unit time intervals. Hence, the value of the
annuity is

X
sr

akr (4.3.2)

at rate i. (This result may also be obtained from first principles simply by
summing the appropriate geometric progression.)

This technique is illustrated in Example 4.3.1. The reader should make no
attempt to memorize this last result, which may be obtained immediately from
first principles, provided that the underlying idea has been clearly understood.

EXAMPLE 4.3.1EXAMPLE 4.3.1EXAMPLE 4.3.1EXAMPLE 4.3.1EXAMPLE 4.3.1

An investor wishes to purchase a level annuity of £120 per
annum payable quarterly in arrears for 5 years. Find the
purchase price, given that it is calculated on the basis of an
interest rate of 12% per annum

(a) Effective,
(b) Convertible half-yearly,
(c) Convertible quarterly,
(d) Convertible monthly.

Solution
(a) The value is

120að4Þ
5

at 12% ¼ 120
i

ið4Þ
a5 ¼ 451:583; say £451:58

(b) Since the rate of interest is nominal convertible half-
yearly, we take the half-year as our unit of time and 6%
as our rate of interest. The annuity is payable twice per
half-year for 10 half-years at the rate of £60 per half-year.
Hence, its value is

60að2Þ
10

at 6% ¼ 60
i

ið2Þ
a10 ¼ 448:134; say £448:13

(c) We take the quarter-year as the unit of time and 3% as
the rate of interest. The value is then

30a20 at 3% ¼ 446:324; say £446:32

(d) We take the month as the unit of time and 1% as the rate
of interest. The annuity payments, of amount £30, at the
end of every third month can be replaced by a series of
equivalent monthly payments, each of 30=s

3
(at 1%).

The value is then

30
s
3

a60 at 1% ¼ 445:084; say £445:08

Alternatively, one may evaluate each of (b), (c), and (d) by
converting from the given i(p) to the equivalent effective
rate and its associated i(4), and proceeding to work in
years, as in (a). For example, in (d), i(12) ¼ 12% per annum is
equivalent to i¼12.683%, and i(4)¼12.120% and 120að4Þ

5
can

be evaluated directly as £445.08.
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4.4 DEFINITION OF an
(p) FOR NON-INTEGER

VALUES OF n
Let p be a positive integer. Until now, the symbol aðpÞn has been defined only
when n is a positive integer. For certain non-integral values of n, the symbol aðpÞn
has an intuitively obvious interpretation. For example, it is not clear what
meaning, if any, may be given to a23:5 ; but the symbol að4Þ

23:5
ought to represent

the present value of an immediate annuity of 1 per annum payable quarterly in
arrears for 23.5 years (i.e., a total of 94 quarterly payments, each of amount
0.25). However, að2Þ

23:25
has no obvious meaning.

Suppose that n is an integer multiple of 1/p, say n ¼ r/p, where r is an
integer. In this case we define aðpÞn to be the value at time t ¼ 0 of a series of r
payments, each of amount 1/p, at times 1/p, 2/p, 3/p, ., r/p ¼ n. If i ¼ 0, then
clearly aðpÞn ¼ n: If i s 0, then

aðpÞn ¼ 1
p
ðv1=p þ v2=p þ v3=p þ/þ vr=pÞ

¼ 1
p
v1=p

 
1� vr=p

1� v1=p

!

¼ 1
p

"
1� vr=p

ð1þ iÞ1=p � 1

#
(4.4.1)

and so

aðpÞn ¼
8<
:

1� vn

iðpÞ
if is0

n if i ¼ 0

9=
; (4.4.2)

Note that, by working in terms of a new time unit equal to 1/p times the
original time unit and with the equivalent effective interest rate of i(p)/p per new
time unit, we see that

aðpÞn at rate i ¼ 1
p
anp at rate iðpÞ=p (4.4.3)

The definition of aðpÞn given by Eq. 4.4.2 is mathematically meaningful for all
non-negative values of n. For our present purpose, therefore, it is convenient to
adopt Eq. 4.4.2 as a definition of aðpÞn for all n. If n is not an integer multiple of 1/
p, there is no universally recognized definition of aðpÞn . For example, if
n ¼ n1 þ f, where n1 is an integer multiple of 1/p and 0 < f < 1/p, some writers
define aðpÞn as

aðpÞn1 þ fvn:
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With this alternative definition

að2Þ
23:75

¼ að2Þ
23:5

þ 1
4
v23:75

which is the present value of an annuity of 1 per annum, payable half-yearly
for 23.5 years, together with a final payment of 0.25 after 23.75 years.
Note that this is not equal to the value obtained from Eq. 4.4.2 (see Example
4.4.1).

If i s 0, we define for all non-negative n

€aðpÞn ¼ ð1þ iÞ1=p aðpÞn ¼ 1� vn

dðpÞ

sðpÞn ¼ ð1þ iÞn aðpÞn ¼ ð1þ iÞn � 1

iðpÞ

€sðpÞn ¼ ð1þ iÞn €aðpÞn ¼ ð1þ iÞn � 1

dðpÞ

9>>>>>>>>>>>=
>>>>>>>>>>>;

(4.4.4)

where i(p) and d(p) are defined by Eqs 4.1.2 and 4.1.5, respectively. If i ¼ 0, each
of these last three functions is defined to equal n.

The reader should verify that, whenever n is an integer multiple of 1/p, say
n ¼ r/p, then €aðpÞn ; sðpÞn ; and€sðpÞn are the values at different times of an annuity-
certain of r ¼ np payments, each of amount 1/p, at intervals of 1/p time
unit.

As before, we use the simpler notations an ; €an ; sn ; and €sn ; to denote
að1Þn ; €að1Þn ; sð1Þn , and €sð1Þn , respectively, therefore extending the definition of an ,
etc., given in Chapter 3 to all non-negative values of n. It is a trivial consequence
of our definitions that the formulae

aðpÞn ¼ i

iðpÞ
an

€aðpÞn ¼ i

dðpÞ
an

sðpÞn ¼ i

iðpÞ
sn

€sðpÞn ¼ i

dðpÞ
sn

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

(4.4.5)

(valid when i s 0) now hold for all values of n.
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We may also extend the definitions of mjaðpÞn and mj€aðpÞn to all values of n by the
formulae

mjaðpÞn ¼ vmaðpÞn

mj€aðpÞn ¼ vm€aðpÞn

9>>=
>>; (4.4.6)

The reader should verify that these definitions imply that

mjaðpÞn ¼ aðpÞnþm � aðpÞm

mj€aðpÞn ¼ €aðpÞnþm � €aðpÞm

9>=
>; (4.4.7)

SUMMARY
n iðpÞis the nominal rate of interest converted pthly. It is defined such that the

effective rate of interest over a period of length 1=p is iðpÞ=p. Therefore,

ð1þ iÞ ¼
 
1þ iðpÞ

p

!p

n dðpÞis the nominal rate of discount converted pthly. It is defined such that the
effective rate of discount over a period of length 1=p is dðpÞ=p. Therefore,

ð1� dÞ ¼
 
1� dðpÞ

p

!p

EXAMPLE 4.4.1EXAMPLE 4.4.1

Given that i ¼ 0.03, evaluate (a) að4Þ
23:5

; (b) €að4Þ
23:75

; (c) 1:5jað4Þ5:25
;

(d) €sð2Þ
6:5

; and (e) að2Þ
23:75

:

Note that the last value should be calculated from Eq. 4.4.2
and your answer compared with that obtained from the alter-
native definition just described.

Solution

(a) að4Þ
23:5

¼ 1� v23:5

ið4Þ
¼ 16:8780

(b) €að4Þ
23:75

¼ 1
4
þ að4Þ

23:5
¼ 17:1280

This value may also be obtained from Eq. 4.4.4.

(c) 1:5jað4Þ5:25
¼ v1:5að4Þ

5:25

¼ v1:5
�
1� v5:25

ið4Þ

�
¼ 4:6349

(d) €sð2Þ
6:5

¼ ð1þ iÞ6:5 � 1
dð2Þ ¼ 7:2195

(e) að2Þ
23:75

¼ 1� v23:75

ið2Þ
¼ 16:9391

The alternative definition gives

að2Þ
23:75

¼ að2Þ
23:5

þ 1
4
v23:75 ¼ 16:9395
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n When n is an integer multiple of p, well-defined and standard notation exists
for the present and accumulated values of n-year annuities paid pthly, with
the usual variations of in arrears, in advance, and deferred payment.

n When n is not an integer multiple of p, an element of discretion exists in the
interpretation of the standard notation and how to evaluate the present and
accumulated values.

EXERCISES
4.1 (a) Calculate the present value of £100 over 10 years at the following

rates of interest/discount:
(i) A rate of interest of 5% per annum convertible monthly;
(ii) A rate of discount of 5% per annum convertible monthly;
(iii) A force of interest of 5% per annum.

(b) A 91-day treasury bill is bought for $98.91 and is redeemed at $100.
Calculate the annual effective rate of interest obtained from the bill.

4.2 (a) Given that i ¼ 0.0625, find the values of i(4), d, and d(2).
(b) Given that i(2) ¼ 0.0625, find the values of i(12), d, and d(4).
(c) Given that d(12) ¼ 0.0625, find the values of i(2), d, and d.
(d) Given that d ¼ 0.0625, find the values of i(4) and d(2).

4.3 Find, on the basis of an effective interest rate of 4% per unit time, the
values of

að4Þ
67

; €sð12Þ
18

; 14j€að2Þ10
; s56 ; að4Þ

16:5
; €sð12Þ

15:25
; 4:25jað4Þ3:75

; a
26=3

:

4.4 (a) Every 3 years £100 is paid into an account which earns interest at
a constant rate. Find the accumulated amount of the account
immediately before the sixth payment is made, given that the
interest rate is
(i) 10% per annum effective;
(ii) 10% per annum convertible half-yearly.

(b) Sixteen payments, each of amount £240, will be made at 3-yearly
intervals, the first payment being made 1 year from now. Find the
present value of this series of payments on the basis of an interest
rate of 8% per annum effective.

4.5 (a) On the basis of an interest rate of 12% per annum effective, find (to
the nearest pound) the present value of an annuity of £600 per
annum for 20 years payable
(i) Annually in arrears;
(ii) Quarterly in arrears;
(iii) Monthly in arrears;
(iv) Continuously.
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(b) Find the present values of the annuities described in (a) on
the basis of an interest rate of 12% per annum convertible
quarterly.

4.6 An annuity is payable in arrears for 15 years. The annuity is payable half-
yearly for the first 5 years, quarterly for the next 5 years, and monthly for
the final 5 years. The annual amount of the annuity is doubled after each
5-year period. On the basis of an interest rate of 8% per annum
convertible quarterly for the first 4 years, 8% per annum convertible half-
yearly for the next 8 years, and 8% per annum effective for the final 3
years, the present value of the annuity is £2,049. Find the initial annual
amount of the annuity.

4.7 An annuity is payable for 20 years. The amount of the annuity in the tth
year is £t2. On the basis of an effective rate of interest of 5% per annum,
find the present value of the annuity, assuming that it is payable
(a) Annually in advance,
(b) Quarterly in advance, the payments for each year beingmade in four

equal installments,
(c) Half-yearly in arrears, the payments for each year being made in two

equal installments,
(d) Continuously, the rate of payment being constant over each year.

4.8 An investor effects a contract under which he pays £50 to a savings
account on 1 July 2006, and at 3-monthly intervals thereafter, the final
payment being made on 1 October 2019. On 1 January 2020 the
investor will be paid the accumulated amount of the account. Calculate
how much the investor will receive if the account earns interest at the
rate of
(a) 12% per annum effective,
(b) 12% per annum convertible half-yearly,
(c) 12% per annum convertible quarterly,
(d) 12% per annum convertible monthly.

4.9 On 1 November 2005 a man was in receipt of the following three
annuities, all payable by the same insurance company:
(a) £200 per annum payable annually on 1 February each year, the final

payment being on 1 February 2027,
(b) £320 per annum payable quarterly on 1 January, 1 April, 1 July, and

1 October each year, the final payment being on 1 January 2022,
(c) £180 per annum payable monthly on the first day of each month,

the final payment being on 1 August 2024.
Immediately after receiving the monthly payment due on 1 November
2005, the man requested that these three annuities be combined into
a single annuity payable half-yearly on 1 February and 1 August in each
subsequent year, the final payment being made on 1 February 2027. The
man’s request was granted.
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Find the amount of the revised annuity, given that it was calculated on
the basis of an interest rate of 8% per annum effective, all months being
regarded as of equal length.

4.10 (a) On 1 January and 1 July each year for the next 20 years a company
will pay a premium of £200 into an investment account. In return
the company will receive a level monthly annuity for 15 years, the
first annuity payment being made on 1 January following payment
of the last premium. Find (to the nearest pound) the amount of the
monthly annuity payment, given that it is determined on the basis
of an interest rate of
(i) 12% per annum effective;
(ii) 12% per annum convertible half-yearly;
(iii) 12% per annum convertible monthly.

(b) Find the monthly annuity payment as in (a), except that the first
payment of the annuity to the company is made 1 month after
payment of the last premium.
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CHAPTER 5

Loan Repayment Schedules

In this chapter we consider an important commercial application of compound
interest and equations of value, namely loans. In particular, we discuss how to
calculate regular repayment amounts and methods for calculating the loan
outstanding at any time within the term of the loan. The chapter ends with
a brief discussion of alternative definitions of the interest rates that can occur in
commercial practice.

5.1 THE GENERAL LOAN SCHEDULE
Suppose that at time t¼ 0 an investor lends an amount L in return for a series of
n payments, the rth payment, of amount xr, being due at time r (1 � r � n).
Suppose further that the amount lent is calculated on the basis of an effective
annual interest rate ir for the rth year (1 � r � n). In many situations ir may not
depend on r, but at this stage it is convenient to consider the more general case.

The amount lent is simply the present value, on the stated interest basis, of the
repayments

L ¼ x1ð1þ i1Þ�1 þ x2ð1þ i1Þ�1ð1þ i2Þ�1

þ x3ð1þ i1Þ�1ð1þ i2Þ�1ð1þ i3Þ�1 þ/

/þ xnð1þ i1Þ�1ð1þ i2Þ�1/ð1þ inÞ�1

(5.1.1)

The investor may consider part of each payment as interest (for the latest
period) on the outstanding loan and regard the balance of each payment as
a capital repayment, which is used to reduce the amount of the loan
outstanding. If any payment is insufficient to cover the interest on the
outstanding loan, the shortfall in interest is added to the amount of the
outstanding loan. In this situation the investor may draw up a schedule which
shows the amount of interest contained in each payment and also the amount
of the loan outstanding immediately after each payment has been received. It is
desirable to consider this schedule in greater detail. The division of each
payment into interest and capital is frequently necessary for taxation purposes.
Also, in the event of default by the borrower, it may be necessary for the lender
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to know the amount of loan outstanding at the time of default. In addition,
a change in the terms of the loan would prompt a recalculation of the repay-
ment rates based on the loan outstanding at that time.

Let F0¼ L and, for t¼ 1, 2, . . . , n, let Ft be the loan outstanding immediately
after the payment due at time t has been made. The amount of loan repaid at
time t is simply the amount by which the payment then made, xt, exceeds the
interest then due, itFt�1. Also, the loan outstanding immediately after the tth
payment equals the loan outstanding immediately after the previous payment
minus the amount of loan repaid at time t. Hence,

Ft ¼ Ft�1 � ðxt � itFt�1Þ 1 � t � n (5.1.2)

Note that this equation holds for t¼ 1, since we have defined F0¼ L. Therefore,

Ft ¼ ð1þ itÞFt�1 � xt t � 1 (5.1.3)

Hence,

F1 ¼ ð1þ i1ÞF0 � x1
¼ ð1þ i1ÞL� x1

Then

F2 ¼ ð1þ i2ÞF1 � x2
¼ ð1þ i2Þ½ð1þ i1ÞL� x1� � x2
¼ ð1þ i1Þð1þ i2ÞL� ð1þ i2Þx1 � x2

and so on.

More generally, it is easily seen that

Ft ¼ ð1þ i1Þð1þ i2Þ/ð1þ itÞL� ð1þ i2Þð1þ i3Þ/ð1þ itÞx1
�ð1þ i3Þð1þ i4Þ/ð1þ itÞx2 �/� ð1þ itÞxt�1 � xt

(5.1.4)

The quantity Ft is therefore simply the amount lent accumulated to time t less the
repayments received by time t also accumulated to that time, the accumulations
being made on the appropriate varying interest basis. This is referred to as the
retrospective approach for calculating the loan outstanding at time t, and refers
to the fact that one looks back at previous cash flows in order to compute the
loan outstanding.

An alternative expression for Ft is obtained by multiplying Eq. 5.1.1 by
ð1þ i1Þð1þ i2Þ/ð1þ itÞ: This gives
Lð1þ i1Þð1þ i2Þ/ð1þ itÞ ¼ ð1þ i2Þð1þ i3Þ/ð1þ itÞx1 þ/þ xt

þð1þ itþ1Þ�1xtþ1 þ/

/þ ð1þ itþ1Þ�1ð1þ itþ2Þ�1/ð1þ inÞ�1xn
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By combining this equation with Eq. 5.1.4, we immediately obtain

Ft ¼ ð1þ itþ1Þ�1xtþ1 þ ð1þ itþ1Þ�1ð1þ itþ2Þ�1xtþ2 þ/

þð1þ itþ1Þ�1ð1þ itþ2Þ�1/ð1þ inÞ�1xn
(5.1.5)

This shows that Ft is simply the present value at time t of the outstanding repayments.
This is referred to as the prospective approach for calculating the loan
outstanding and refers to the fact that one looks forward to future cash flows yet
to be made in order to calculate the loan outstanding. However, this remark
comes with a warning that the future payments required in the calculation are
those on the original terms of the loan. This is particularly important where the
loan outstanding is required in order to compute a new loan schedule
following changes to the term or interest rate, for example.

Equation 5.1.3 is

Ft ¼ ð1þ itÞFt�1 � xt

Similarly,

Ftþ1 ¼ ð1þ itþ1ÞFt � xtþ1

If it¼ it þ 1, it follows by subtraction that

ðFt � Ftþ1Þ ¼ ð1þ iÞðFt�1 � FtÞ þ xtþ1 � xt (5.1.6)

where i denotes the common value of it and it þ 1. Letting ft denote the amount
of loan repaid at time t, we may write Eq. 5.1.6 as

ftþ1 ¼ ð1þ iÞft þ xtþ1 � xt (5.1.7)

It is important to realize that Eq. 5.1.7 holds only when the same rate of interest
i is applicable to both the tth year and the (t þ 1)th year. In particular, when the
rate of interest is constant throughout the transaction and all the repayments
are of equal size, the amounts of successive loan repayments form a geometric
progression with common ratio (1 þ i).

5.2 THE LOAN SCHEDULE FOR A LEVEL ANNUITY
Consider the particular case where, on the basis of an interest rate of i per unit
time, a loan of amount an is made at time t¼ 0 in return for n repayments, each
of amount 1, to be made at times 1, 2, . . . , n. The lender may construct
a schedule showing the division of each payment into capital and interest.

Immediately after the tth repayment has been made, there remain (n e t)
outstanding payments, and the prospective method (Eq. 5.1.5) shows that the
outstanding loan is simply an�1 . In the notation of Section 5.1,
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Table 5.2.1 Schedule for a Level Annuity (Amount of Loan an )

Payment
Interest Content
of Payment

Capital
Repaid

Loan Outstanding
after Payment

1 ian ¼ 1� v n vn an � vn ¼ an�1
2 ian�1 ¼ 1� vn�1 vn�1 an�1 � vn�1 ¼ an�2

« « « «

t ian�tþ1 ¼ 1� vn�tþ1 vn�1þ1 an�tþ1 � vn�tþ1 ¼ an�t

« « « «

n e 1 ia2 ¼ 1� v2 v2 a2 � v2 ¼ a1
n ia1 ¼ 1� v v a1 � v ¼ 0

EXAMPLE 5.2.1EXAMPLE 5.2.1

A loan of £50,000 is to be repaid over 5 years by a level
annuity payable annually in arrears. The amount of the
annual payment is calculated on the basis of an interest
rate of 3% per annum effective. Immediately after the third
repayment was made, the borrower requests that he be
able to pay off the loan with a single lump sum. Use a repay-
ment schedule to calculate the value of the lump sum
required to repay the loan at this time.

Solution
We require the annual repayment amount, X. The equation of
value at the time the loan was issued is Xa5 0:03 ¼ 50;000;
this leads to X¼ £10,917.75.

The loan outstanding immediately after each repayment is
given by the final column of the following table:

The first line here, for example, is calculated as in Table 5.2.1
with a constant factor X ¼ 10;917:75.

Interest content ¼ 0:03� 10;917:73� 4:5797 ¼ 1; 500
Capital repaid ¼ 10;91773� ð1:03Þ�5 ¼ 9;417:73
Loan outstanding ¼ 10;917:73� 3:7171 ¼ 40;582:27;
etc.

Alternatively, one can obtain these and all other values from
an iterative process as follows:

Interest content ¼ 50;000� 0:03 ¼ 1;500
Capital repaid ¼ 10;917:73� 1;500 ¼ 9;417:73
Loan outstanding ¼ 50;000� 9;417:73 ¼ 40;582:27;
etc.

The loan outstanding immediately after the third payment is
then £20,890.74, and this is the value of the lump sum
required to repay the loan at that time.

Payment
Interest
Content

Capital
Repaid

Loan
Outstanding

1 1,500.00 9,417.73 40,582.27

2 1,217.47 9,700.26 30,882.01

3 926.46 9,991.27 20,890.74

4 626.72 10,291.01 10,599.74

5 317.99 10,599.74 0.00
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Ft ¼ an�t (5.2.1)

then the amount of loan repaid at time t is

ft ¼ Ft�1 � Ft ¼ an�tþ1 � an�t

¼ vn�tþ1 (5.2.2)

The lender’s schedule may be presented in the form of Table 5.2.1. More
generally, if an amount L is lent in return for n repayments, each of amount
X ¼ L=an , the monetary amounts in the lender’s schedule are simply those in
the schedule of Table 5.2.1 multiplied by the constant factor X.

5.3 THE LOAN SCHEDULE FOR A pTHLY ANNUITY
No new principles are involved in the loan schedule for a pthly annuity, since
this is simply a particular example of the general schedule discussed in the
preceding sections. For a loan repayable by a level annuity payable pthly in
arrears over n time units and based on an interest rate i per unit time, the
schedule is best derived by working with an interest rate of i(p)/p per time
interval of length 1/p. Therefore, the interest due at time r/p (r¼ 1, 2, . . . , np)
is i(p)/p times the loan outstanding at time (r e 1)/p (immediately after the
repayment then due has been received).

For example, in relation to a loan of aðpÞn (at rate i), it is simple to show that the
capital repaid in the rth annuity payment (r¼ 1, 2, . . . , np) is (1/p)vn e (r e 1)/p

and that the loan outstanding immediately after the rth payment has been

EXAMPLE 5.2.2EXAMPLE 5.2.2

Calculate the value of the lump sum required in Example
5.2.1 using (a) the retrospective method and (b) the prospec-
tive method.

Solution
Both methods require the annual repayment amount,
X¼ £10,917.75. The loan outstanding is required at time
t¼ 3.

(a) Under the retrospective approach, the cash flows are
50,000 at time 0 and eX at times 1, 2 and 3. The accu-
mulated values of these are

50;000ð1:03Þ3 � X ð1:03Þ2 � X ð1:03Þ1 � X ¼ 20;890:68

(b) Under the prospective approach, despite the borrower
wishing to repay the loan outstanding with a single
payment, the original terms of the loan require
payments of X at times t¼ 4 and 5. The present value of
these are

Xyþ Xy2 ¼ 20;890:78

We see that both methods result in the same loan
outstanding with the slight difference arising from rounding
errors.
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EXAMPLE 5.3.1

A loan of £10,000 is to be repaid over 10 years by a level
annuity payable monthly in arrears. The amount of the
monthly payment is calculated on the basis of an interest
rate of 1% per month effective. Find

(a) The monthly repayment,
(b) The total capital repaid and interest paid in (i) the first

year and (ii) the final year,
(c) After which monthly repayment the outstanding loan is

first less than £5,000, and
(d) For which monthly repayment the capital repaid first

exceeds the interest content.

Solution
We choose 1 month as our time unit and let i¼ 0.01.

(a) Since the period of the loan is 120 months, we need the
value of a120 at 1%. This may be obtained from one of
the forms

a120 ¼ a100 þ v100a20

¼ 1� v120

i

either of which give a120 ¼ 69:700 522: The monthly
repayment is £X, where

Xa120 ¼ 10;000

from which it follows that X ¼ 143:47. Note that the
total payment in any year is 12X ¼ 1;721:64.

(b) (i) To find the capital repaid in the first year, we may
use either of two approaches. The loan
outstanding at the end of the first year (i.e.,
immediately after the 12th monthly payment)
under the prospective method is simply the value
then of the remaining repayments, i.e.,

Xa108 ¼ 9;448:62 at 1%

This means that the capital repaid in the first year is
(10,000 e 9,448.62), i.e., £551.38. Hence, the interest
paid in the first year is (1,721.64e 551.38), i.e., £1,170.26.

Alternatively, note that the capital repaid in the first
monthly repayment is 143:47� ð0:01� 10;000Þ, i.e.,
43.47. Since we are dealing with a level annuity, succes-
sive capital payments form a geometric progression
with common ratio (1 þ i), i.e., 1.01. The total of the first
12 capital payments is therefore 43:47s12 ¼ £551:31.
(Because of rounding errors, this number differs slightly
from the value of £551.38 found by the first method. In
practice, to avoid such errors, one may adjust the capital
repayments slightly in order that their total exactly
equals the original amount lent.)
(ii) The capital repaid in the final year is simply the

loan outstanding at the start of the final year. This
is 143:47a12 ¼ £1;614:77 under the prospective
method. The interest paid in the final year is
therefore ð1;721:64� 1;614:77Þ ¼ £106:87.

(c) After the tth monthly repayment, the outstanding loan
is 143:47 a120�t . Consider the equation

143:47a120 � t ¼ 5;000

i.e.,

a120 � t ¼ 34$850 at 1%

Since a43 ¼ 34:8100 and a44 ¼ 35:4555, the
outstanding loan is first less than £5,000 when 120 e

t¼ 43 (so t ¼ 77), i.e., after the 77th monthly repayment
has been made.

(d) The tth capital payment is of amount 43.47(1.01)te1. We
need to know when this is first greater than one-half of
the total monthly payment. We therefore seek the least
integer t for which

43$47ð1$01Þt�1 >
143$47

2

i.e.,

t � 1 >
ln 1:6502
ln 1:01

¼ 50:34

Hence, the required value of t is 52.
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received is aðpÞ
n�r=p

(at rate i). This is simply the value of the outstanding

payments from the prospective method.

5.4 CONSUMER CREDIT LEGISLATION
Annual Percentage Rate (APR)
Various countries around the world have enacted laws aimed at making people
who borrow money or buy goods or services on credit more aware of the true

EXAMPLE 5.3.2

An investor takes out a loan on the basis of an interest rate of
4% per annum, repayable annually in arrears for 20 years. The
first repayment payment is £2,000, and subsequent payments
increase by £100 each year. The investor draws up a schedule
showing the division of each repayment into capital and
interest.

Find the original amount of the loan. Derive expressions for
the capital and interest content of the tth payment and for
the loan outstanding after the tth payment has been made.

Solution
The original loan is

1;900a20 þ 100ðIaÞ20 at 4% ¼ 38;337:12

Let ft denote the capital repaid in the tth annuity payment.
Then

f1 ¼ 2;000� ð0$04� 38;337:12Þ ¼ 466:515

To avoid significant rounding errors, we work with three
decimal places. Since each payment is £100 greater than
the previous payment, Eq. 5.1.7 implies that

ftþ1 ¼ 1:04 f1 þ 100

from which it follows easily by induction that, for t> 1,

ft ¼ 1:04t�1 f1 þ 100ð1:04t�2 þ 1:04t�3 þ/þ 1Þ

¼ ð1:04t�1 � 466:515Þ þ 100
1:04t�1 � 1

0:04
¼ 2;966:515� 1:04t�1 � 2;500

Since the tth payment is (1,900þ 100t), the interest content is

1;900þ 100t � ½ð2;966:515� 1:04t�1Þ � 2;500�
¼ 4;400þ 100t � 2;966:515� 1:04t�1

The loan repaid in the first t payments is

Xt

r ¼ 1

fr ¼
Xt

r ¼ 1

½ð2;966:515� 1:04r�1Þ � 2;500�

¼ 2;966:515
1:04t � 1

0:04
� 2;500t

¼ 74;162:875ð1:04t � 1Þ � 2;500t

The loan outstanding after t payments have been received is
therefore

38;337:12� ½74;162;875ð1:04t � 1Þ � 2;500t �
¼ 112;500þ 2;500t � 74;162:875� 1:04t

A check on this final expression is obtained by observing that
the loan outstanding immediately after the repayment at time
t is the value then of the remaining payments. Since the
payment at time t þ r is £(1,900 þ 100t þ 100r), the value
at time t of the outstanding payments is

ð1;900þ 100tÞ a20�t þ 100ðIaÞ20�t

at 4%. The reader should verify that this equals the expres-
sion above for the outstanding loan at time t. (Both expres-
sions are equal to 112,500 þ 2,500t e 162,500 � (1.04)t e 20.)
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EXAMPLE 5.4.1

A loan of £1,000 is repayable by a level annuity payable half-
yearly in arrears for 3 years and calculated on the basis of an
interest rate of 15% per annum effective. Construct the
lender’s schedule showing the subdivision of each payment
into capital and interest and the loan outstanding after
each repayment.

Solution
At 15%, i(2)/2¼ 0.072381, so the interest due at the end of
each half-year is 7.2381% of the loan outstanding at the start
of the half-year. The amount of the annual repayment is
1; 000=a ð2Þ

3
at 15%, i.e., 422.68. The half-yearly payment is

then £211.34. The schedule is easily drawn up as follows:

(1) (2) (3) (4)

n
Loan Outstanding at
Start of nth Half-year (£)

Interest Due at End
of nth Half-year (£)
[0.072 381 3 (2)]

Capital Repaid at End
of nth Half-year (£)
[211.34 e (3)]

1 1000.00 72.38 138.96

2 861.04 62.32 149.02

3 712.02 51.54 159.80

4 552.22 39.97 171.37

5 380.85 27.57 183.77

6 197.08 14.26 197.08

EXAMPLE 5.4.2EXAMPLE 5.4.2

A 25-year loan of £250,000 is made to an individual in order to
purchase a house. The repayment terms are initially based on
an interest rate of 4% per annum effective, and repayments
are to be made monthly in arrears. The interest rate changes
to 5% per annum effective immediately after the 12th
payment. Calculate the revised monthly repayment amount
after this change.

Solution
We begin by calculating the initial repayment amounts.
Working in years, let the annual repayment by X such that

250;000 ¼ X að12Þ
25

¼ 15:9065X

leading to X¼ £15,716.89, and so the monthly repayments
are £1,309.74.

When we use the retrospective approach, the capital
outstanding immediately after the 12th payment (1 year) is
X such that

250;000� ð1þ iÞ1 � X sð12Þ
1

¼ 243;997:01

The reader should verify this amount using the prospective
approach, resulting in X að12Þ24 .

The revised monthly repayments are then Y such that

243;997:01 ¼ 12Y asð12Þ
24

at 5%

leading to Y¼ £1,440.81.
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cost of credit; in particular, the laws enable people to compare the true interest
rates implicit in various lending schemes. Examples of laws of this type are the
Consumer Credit Act 1974 (revised in 2006) in the UK and the Consumer
Credit Protection Act 1968 (which contains the “truth in lending” provisions)
in the USA.

Regulations made under powers introduced in the UK Consumer Credit Act
1974 lay down what items should be treated as entering into the total
charge for credit and how the rate of charge for credit should be calculated.
The rate is known as the Annual Percentage Rate of Charge (APR) and is
defined in such a way as to be the effective annual rate of interest on the
transaction, obtained by solving the appropriate equation of value for i,
taking into account all the items entering into the total charge for credit. The
APR is therefore closely associated with the internal rate of return for the loan
that we will cover in Chapter 6. In all cases the APR is to be quoted to the lower
one-tenth of 1%. For example, if the rate i is such that 0.155 � i< 0.156, the
quoted APR is 15.5%. The total charge for credit and the APR have to be
disclosed in advertisements and in quotations for consumer credit
agreements.

Regulation Z of the US Consumer Credit Protection Act 1968 requires the
disclosure of the “finance charge” (defined as the excess of the total repay-
ments over the amount lent) and the “annual percentage rate”, which is the
nominal rate of interest per annum convertible as often as the repayments are
made (e.g., monthly or weekly). The value quoted must be accurate to one-
quarter of 1%.

Flat Rates of Interest
In many situations in which a loan is to be repaid by level installments
at regular intervals, it is occasionally common commercial practice to
calculate the amount of each repayment installment by specifying a flat rate
of interest for the transaction. The operation of flat rates of interest is as
follows.

Consider a loan of L0. Which is to be repayable over a certain period by n
level installments. Suppose that the flat rate of interest for the transaction is F
per specified time unit. (Note that the time unit used to specify F need not
be the time interval between repayments; in practice the time unit used to
specify F is generally a year.) The total charge for credit for the loan is defined
to be

D ¼ L0Fk (5.4.1)

where k is the repayment period of the loan, measured in units of time used in
the definition of F.
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The total amount repaid is defined to be the amount of the loan plus the charge
for credit, i.e., (L0 þ D). Each installment is therefore of amount

X ¼ L0 þ D
n

(5.4.2)

This together with Eq. 5.4.1 leads to the definition of the flat rate

F ¼ Xn� L0
L0k

(5.4.3)

which defines the flat rate as the total interest paid per unit time, per unit
borrowed.

One can calculate the flat rate from the repayment installments and the amount
of the loan using Eq. 5.4.3. For example, if the loan L0 is repaid over 2 years by
level monthly installments of X, the total paid is 24X. This amount includes the
total capital and interest paid, so the interest is 24X � L0. The flat rate is therefore

F ¼ 24X � L0
2L0

The flat rate is a simple calculation that ignores the details of gradual repayment
of capital over the loan. For this reason it is only useful for comparing loans of
equal term. Since the flat rates ignore the repayment of capital over the term of
the loan, it will be considerably lower than the true effective rate of interest
charged on the loan.

EXAMPLE 5.4.3EXAMPLE 5.4.3EXAMPLE 5.4.3

A loan of £4,000 is to be repaid by level monthly installments
over 2 years. What is the amount of the monthly repayment if
the flat rate of interest for the transaction is

(a) 10% per annum,
(b) 1% per month?

Assuming that the payments are in arrears, find the APR in
each case.

Solution

(a) The period of the loan is 2 years, so the charge for credit
for the loan is £4; 000� 0:1� 2 ¼ £800. The total
repaid is then £4,800, and the amount of each monthly
installment is £4,800/24¼ £200.

The APR is obtained from the equation

12� 200að12Þ
2

¼ 4;000 at rate i

fromwhich i¼ 0.197 47, so the APR is 19.7% per annum.

(b) The period of the loan is 24 months, so the charge for
credit for the loan is £4; 000� 0:01� 24 ¼ £960. The
total repaid is then £4,960, and the monthly installment
is then £4,960/24¼ £206.67.
The APR is obtained from the equation

12� 206:67� að12Þ
2

¼ 4;000

fromwhich i¼ 0.238 39, so the APR is 23.8% per annum.
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SUMMARY
n The calculation of loan repayment amounts and schedules is an important

application of equations of value.
n The level loan repayment can be calculated with knowledge of the interest

rate, term, and capital borrowed by solving the equation of value for the
entire loan.

n Each repayment amount covers the interest owed on the capital
outstanding in the prior period and a contribution towards the capital
repayment.

n Under the retrospective method, the loan outstanding is calculated from
the accumulated value of all prior repayments and the original capital
receipt.

n Under the prospective method, the loan outstanding is calculated from the
present value of all future repayments under the original terms of the loan.

n The Annual Percentage Rate of Charge (APR) for a loan is defined as the
effective annual rate of interest on the transaction, obtained by solving the
appropriate equation of value for i, taking into account all the items entering
into the total charge for credit. It is quoted to the lower one-tenth of 1%.

n The flat rate is the total interest paid per unit time, per unit borrowed.

EXERCISES
5.1 Suppose that a 15-year mortgage for $200,000 is obtained. The mortgage

is a level-payment, fixed-rate, fully amortized mortgage. The mortgage
rate is 7.0% per annum nominal, converted monthly, and the monthly
mortgage payment is $1,797.66.
(a) Compute an amortization (i.e., repayment) schedule for the first 6

months.
(b) What will the mortgage balance be at the end of the 15th year?
(c) If an investor purchased this mortgage, what will the timing of the

cash flow be assuming that the borrower does not default?
5.2 An actuarial student has taken out two loans.

Loan A: A 5-year car loan for £10,000 repayable by equal monthly
installments of capital and interest in arrears with a flat rate of interest
of 10.715% per annum.
Loan B: A 5-year bank loan of £15,000 repayable by equal monthly
installments of capital and interest in arrears with an effective annual
interest rate of 12% for the first 2 years and 10% thereafter.
The student has a monthly disposable income of £600 to pay the loan
interest after all other living expenses have been paid.
Freeloans is a company that offers loans at a constant effective interest
rate for all terms between 3 years and 10 years. After 2 years, the
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student is approached by a representative of Freeloans who offers the
student a 10-year loan on the capital outstanding, which is repayable
by equal monthly installments of capital and interest in arrears. This
new loan is used to pay off the original loans and will have repay-
ments equal to half the original repayments.

(a) Calculate the final disposable income (surplus or deficit) each
month after the loan payments have been made.

(b) Calculate the capital repaid in the first month of the third
year assuming that the student carries on with the original
arrangements.

(c) Estimate the capital repaid in the first month of the third year
assuming that the student has taken out the new loan.

(d) Suggest, with reasons, a more appropriate strategy for the student.
5.3 A government is holding an inquiry into the provision of loans by

banks to consumers at high rates of interest. The loans are typically of
short duration and to high-risk consumers. Repayments are collected
in person by representatives of the bank making the loan.
Campaigners on behalf of the consumers and campaigners on behalf
of the banks granting the loans are disputing one particular type of
loan. The initial loans are for £2,000. Repayments are made at an
annual rate of £2,400 payable monthly in advance for 2 years.
The Consumers’ Association Case
The consumers’ association asserts that, on this particular type of loan,
consumers who make all their repayments pay interest at an annual
effective rate of over 200%.
The Banks’ Case
The banks state that, on the same loans, 40% of the consumers default
on all their remaining payments after exactly 12 payments have been
made. Furthermore, half of the consumers who have not defaulted after
12 payments default on all their remaining payments after exactly 18
payments have been made. The banks also argue that it costs 30% of
each monthly repayment to collect the payment. These costs are still
incurred even if the payment is not made by the consumer. Furthermore,
with inflation of 2.5% per annum, the banks therefore assert that the
real rate of interest that the lender obtains on the loan is less than
1.463% per annum effective.
(a) (i) Calculate the flat rate of interest paid by the consumer on the

loan described in this exercise.
(ii) State why the flat rate of interest is not a good measure of the

cost of borrowing to the consumer.
(b) Determine, for each of the preceding cases, whether the assertion is

correct.
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5.4 A loan of £3,000 is to be repaid by a level annuity-certain, payable
annually in arrears for 25 years and calculated on the basis of an interest
rate of 12% per annum.
(a) Find

(i) The annual repayment;
(ii) The capital repayment and interest paid at the end of (1) the

10th year and (2) the final year;
(iii) After which repayment the outstanding loan will first be less

than £1,800; and
(iv) For which repayment the capital content will first exceed the

interest content.
(b) Immediately after making the 15th repayment, the borrower

requests that the term of the loan be extended by 6 years, the
annual repayment being reduced appropriately. Assuming that the
lender agrees to the request and carries out his calculations on the
original interest basis, find the amount of the revised annual
repayment.

5.5 A loan of £16,000 was issued to be repaid by a level annuity-certain
payable annually in arrears over 10 years and calculated on the basis
of an interest rate of 8% per annum. The terms of the loan provided
that at any time the lender could alter the rate of interest, in which
case the amount of the annual repayment would be revised
appropriately.
(a) Find the initial amount of the annual repayment.
(b) Immediately after the fourth repayment was made, the annual rate

of interest was increased to 10%. Find the revised amount of the
level annual repayment.

(c) Immediately after the seventh repayment was made, the annual rate
of interest was reduced to 9%. There was no further change to the
rate of interest. Find the final amount of the level annual repayment
and the effective rate of interest paid by the borrower on the
completed transaction.

5.6 A loan of £2,000 is repayable by a level annuity-certain, payable annually
in arrears for 18 years. The amount of the annual repayment is calculated
on the basis of an annual interest rate of 10% for the first 6 years and 9%
thereafter.
(a) Find (i) the amount of the annual repayment and (ii) the amount of

capital contained in (1) the 4th repayment and (2) the 12th
repayment.

(b) Immediately after making the 12th repayment, the borrower makes
an additional capital repayment of £100, the amount of the annual
repayment being appropriately reduced. Assuming that the interest
basis is unaltered, find the amount of the revised repayment.
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5.7 An annuity is payable continuously between time 0 and time n (where n
is not necessarily an integer). The rate of payment of the annuity at time
t (0 � t � n) is t per unit time.
On the basis of an effective interest rate of 5% per annum, the value of
the annuity at time t ¼ 0 is equal to one-half of the total amount which
will be paid. Find n.

5.8 A loan of £9,880 was granted on 10 July 1998. The loan is repayable by
a level annuity payable monthly in arrears (on the 10th of each month)
for 25 years and calculated on the basis of an interest rate of 7% per
annum effective. Find
(a) The monthly repayment,
(b) The loan outstanding immediately after the repayment on 10 March

2012,
(c) The capital repaid on 10 October 2009,
(d) (i) The total capital to be repaid, and (ii) the total amount of interest

to be paid, in the monthly installments due between 10 April 2016
and 10 March 2017 (both dates inclusive),

(e) The month when the capital to be repaid first exceeds one-half of the
interest payment.

5.9 A loan of £19,750 was repayable by a level annuity payable monthly
in arrears for 20 years and calculated on the basis of an interest rate
of 9% per annum effective. The lender had the right to alter the
conditions of the loan at any time and, immediately after the 87th
monthly repayment had been made, the effective annual rate of
interest was increased to 10%. The borrower was given the option of
either increasing the amount of his level monthly repayment or
extending the term of the loan (the monthly repayment remaining
unchanged).
(a) Show that, if the borrower had opted to pay a higher monthly

installment, the monthly repayment would have been increased by
£8.45.

(b) Assume that the borrower elected to continue with the monthly
repayment unchanged. Find the revised term of the loan and, to the
nearest pound, the (reduced) amount of the final monthly
repayment.

5.10 A loan of £11,820 was repayable by an annuity payable quarterly in
arrears for 15 years. The repayment terms provided that at the end of each
5-year period the amount of the quarterly repayment would be increased
by £40. The amount of the annuity was calculated on the basis of an
effective rate of interest of 12% per annum.
(a) Find the initial amount of the quarterly repayment.
(b) On the basis of the lender’s original schedule, find the amount of

principal repaid in (i) the 3rd year and (ii) the 13th year.
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(c) Immediately after paying the 33rd quarterly installment, the
borrower requested that in future the repayments be of a fixed
amount for the entire outstanding duration of the loan. The request
was granted, and the revised quarterly repayment was calculated on
the original interest basis. Find the amount of the revised quarterly
repayment.

5.11 A loan is repayable over 10 years by a special decreasing annuity,
calculated on the basis of an effective interest rate of 10% per annum.
The annuity payment each year is divided into an interest payment
(equal to 10% of the loan outstanding at the start of the year) and
a capital payment, which is used to reduce the amount of the loan
outstanding. The annuity decreases in such a way that, if income tax of
30% of the interest content of each annuity payment were to be deducted
from each payment, the net amount of the payment (i.e., the capital
payment plus the interest payment less tax) would be £5,000 each year.
An investor who is not liable to tax will in fact receive the gross amount of
each annuity payment (i.e., the payment without any deduction). What
price should such an investor pay for the annuity to achieve an effective
yield of 8% per annum?
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CHAPTER 6

Project Appraisal and Investment
Performance

This chapter is largely concerned with a number of applications of compound
interest theory to the assessment of investments and business ventures. These
matters are, of course, considered by accountants, economists, and others as
well as by actuaries. Some writers use terminology and symbols which differ
from those usually employed by actuaries, but there are no differences of
principle. The chapter also introduces the concept of real returns that will be
revisited in later chapters.

6.1 NET CASH FLOWS
Suppose that an investor (who may be a private individual or a corporate body
in all that follows) is considering the merits of an investment or business
project. The investment or project will normally require an initial outlay and
possibly other outlays in future, which will be followed by receipts (although in
some cases the pattern of income and outgo is more complicated). The cash
flows associated with the investment or business venture may be completely
fixed (as in the case of a secure fixed-interest security maturing at a given date;
see Chapters 7 and 8), or they may have to be estimated. The estimation of the
cash inflows and outflows associated with a business project usually requires
considerable experience and judgment, and all relevant factors (such as taxa-
tion) should be considered. It is often prudent to perform calculations on more
than one set of assumptions, for example, on the basis of ‘optimistic’, ‘average’,
and ‘pessimistic’ forecasts, respectively. More complicated techniques using
statistical theory, for example, are available to deal with this kind of uncertainty
but are beyond the scope of this book. Precision is not attainable in the esti-
mation of cash flows for many business projects, and so extreme accuracy is out
of place in many of the calculations that follow.

Recall from Section 3.2 that the net cash flow ct at time t (measured in suitable
time units) is

ct ¼ cash inflow at time t � cash outflow at time t (6.1.1)
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If any payments may be regarded as continuous, then r(t), the net rate of cash
flow per unit time at time t, is defined as

rðtÞ ¼ r1ðtÞ � r2ðtÞ (6.1.2)

where r1(t) and r2(t) denote the rates of inflow and outflow at time t,
respectively.

EXAMPLE 6.1.1

A businessman is considering a particular project. He esti-
mates that the venture will require an initial outlay of
£20,000 and a further outlay of £10,000 after 1 year. There
will be an estimated inflow of £3,000 per annum payable
continuously for 10 years beginning in 3 years’ time and a final
inflow of £6,000 when the project ends in 13 years’ time.
Measuring time in years, describe the net cash flows associ-
ated with this venture and illustrate the position on a diagram
that uses the standard convention for inflows and outflows.

Solution
We have the net cash flows:

c0 ¼ � 20;000
c1 ¼ � 10;000
c13 ¼ þ 6;000
rðtÞ ¼ þ 3;000 for 3 � t � 13

Figure 6.1.1 illustrates these cash flows.

FIGURE 6.1.1
Cash flows for Example 6.1.1
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6.2 NET PRESENT VALUES AND YIELDS
Having ascertained or estimated the net cash flows of the investment or
project under scrutiny, the investor will wish to measure its profitability in
relation to other possible investments or projects. In particular, he may wish
to determine whether or not it is prudent to borrow money to finance the
venture.

Assume for the moment that the investor may borrow or lend money at a fixed
rate of interest i per unit time. The investor could accumulate the net cash flows
connected with the project in a separate account in which interest is payable or
credited at this fixed rate. By the time the project ends (at time T, say), the
balance in this account will be

X
ctð1þ iÞT�t þ

ZT

0

rðtÞð1þ iÞT�tdt (6.2.1)

where the summation extends over all t such that cts 0.

The present value at rate of interest i of the net cash flows is called the net present
value at rate of interest i of the investment or business project, and is usually
denoted by NPV(i). Hence,

NPVðiÞ ¼
X

ctð1þ iÞ�t þ
ZT

0

rðtÞð1þ iÞ�tdt (6.2.2)

(Note that if the project continues indefinitely, the accumulation of Eq.
determined by Eq. 6.2.1 is not defined, but the net present value may be
defined by Eq. 6.2.2 with T¼N.) If r(t)¼ 0, we obtain a simpler formula
resulting from the discrete payments

NPVðiÞ ¼
X

ctv
t (6.2.3)

where v¼ (1þ i)e1. Since the equation

NPVðiÞ ¼ 0 (6.2.4)

is the equation of value for the project at the present time, the yield i0 on the
transaction is the solution of this equation, provided that a unique solution
exists. Conditions under which the yield exists, and numerical methods for
solving Eq. 6.2.4, were discussed in Chapter 3.

It may readily be shown thatNPV(i) is a smooth function of the rate of interest i
and that NPV(i) / c0 as i / N.

In economics and accountancy, the yield per annum is often referred to as the
internal rate of return (IRR) or the yield to redemption. The latter term is
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frequently used when dealing with fixed-interest securities, for which the
‘running’ yield is also considered (see Chapter 7).

EXAMPLE 6.2.1EXAMPLE 6.2.1

Find the net present value function NPV(i ) and the yield for
the business venture described in Example 6.1.1. Plot the
graph of NPV(i ) for 0� i� 0.05.

Solution
By Eq. 6.2.2,

NPV ðiÞ ¼ �20;000� 10;000v þ 3;000
�
a13 � a3

�

þ 6;000v13 at rate i

The graph of NPV(i ) is as in Figure 6.2.1 (for 0� i� 0.05). We
see from the graph that the yield i0 (which must exist since
the cash flow changes sign only once) is more than 2%,
and by interpolation between the rates of interest 2% and
2½%, we obtain i0z 2.2%. (A more accurate value is
2.197%, but this degree of accuracy is not usually necessary.)

FIGURE 6.2.1
Net present value for Example 6.2.1
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The practical interpretation of the net present value function NPV(i) and the
yield is as follows. Suppose that the investor may lend or borrow money at
a fixed rate of interest i1. Since, from Eq. 6.2.2, NPV(i1) is the present value at
rate of interest i1 of the net cash flows associated with the project, we conclude
that the project will be profitable if and only if

NPVði1Þ > 0 (6.2.5)

Also, if the project ends at time T, then the profit (or, if negative, loss) at that
time is

NPVði1Þð1þ i1ÞT (6.2.6)

Let us now assume that, as is usually the case in practice, the yield i0 exists and
NPV(i) changes from positive to negative when i¼ i0. Under these conditions,
it is clear that the project is profitable if and only if

i1 < i0 (6.2.7)

i.e., the yield exceeds the rate of interest at which the investor may lend or
borrow money.

6.3 THE COMPARISON OF TWO INVESTMENT
PROJECTS
Suppose now that an investor is comparing the merits of two possible invest-
ments or business ventures, which we call projects A and B, respectively.
We assume that the borrowing powers of the investor are not limited.

LetNPVA(i) and NPVB(i) denote the respective net present value functions, and
let iA and iB denote the yields (which we shall assume to exist). It might be
thought that the investor should always select the project with the higher yield,

EXAMPLE 6.2.2EXAMPLE 6.2.2

Assume that the businessman in Example 6.1.1 may
borrow or lend money at 2% per annum. Determine whether
or not the business venture of Example 6.2.1 is profitable,
and find the profit or loss when the project ends in 13 years’
time.

Solution
The net cash flow changes sign only once, so the yield i0
exists, and it is clear that NPV(i) changes sign from positive

to negative at i0. Since i0z 2.2% exceeds i1¼ 2%, the project
is profitable. By Eq. 6.2.6, the expected profit in 13 years’
time is

NPV ð0:02Þ � ð1:02Þ13 ¼ 481� ð1:02Þ13 ¼ £622
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but this is not always the best policy. A better criterion to use is the profit at time
T (the date when the later of the two projects ends) or, equivalently, the net
present value, calculated at the rate of interest i1 at which the investor may lend
or borrow money. The reason is that A is the more profitable venture if

NPVAði1Þ > NPVBði1Þ (6.3.1)

The fact that iA> iB may not imply that NPVA(i1)>NPVB(i1) is illustrated in
Figure 6.3.1. Although iA is larger than iB, the NPV(i) functions ‘cross over’ at i0.
It follows that NPVB(i1)>NPVA(i1) for any i1 < i0, where i0 is the cross-over rate.
There may even be more than one cross-over point, in which case the range of
interest rates for which Project A is more profitable than Project B is more
complicated. This behaviour reflects that theNPVs are sensitive to the profile of
the timings of cash flows and the term of the investment.

Example 6.3.1 illustrates the fact that the choice of investment depends very
much on the rate of interest i1 at which the investor may lend or borrowmoney.
If this rate of interest were 5.75%, say, then loan B would produce a loss to the
investor, while loan A would give a profit.

FIGURE 6.3.1
Investment comparison
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6.4 DIFFERENT INTEREST RATES FOR LENDING
AND BORROWING
So far we have assumed that the investor may borrow or lend money at the
same rate of interest i1. In practice, however, he will probably have to pay
a higher rate of interest (j1, say) on borrowings than the rate (j2, say) he receives
on investments. The difference j1 e j2 between these rates of interest depends
on various factors, including the creditworthiness of the investor and the
expense of raising a loan.

The concepts of net present value and yield are, in general, no longer mean-
ingful in these circumstances. We must calculate the accumulation of the net
cash flows from first principles, the rate of interest depending on whether or not
the investor’s account is in credit. In many practical problems, the balance in
the investor’s account (i.e., the accumulation of net cash flows) will be negative
until a certain time t1 and positive afterwards, except, perhaps, when the project
ends. In order to determine this time t1, we must solve one or more equations,
as in Example 6.4.1.

EXAMPLE 6.3.1EXAMPLE 6.3.1

An investor is considering whether to invest in either or both
of the following instruments:

Investment A For a purchase price of £10,000 the
investor will receive £1,000 per annum
payable quarterly in arrears for
15 years.

Investment B For a purchase price of £11,000, the
investor will receive an income of £605
per annum, payable annually in arrears
for 18 years, and a return of his outlay at
the end of this period.

The investor may lend or borrow money at 4% per annum.
Would you advise him to invest in either loan, and, if so,
which would be the more profitable?

Solution
We first consider Investment A:

NPVAðiÞ ¼ �10;000þ 1;000að4Þ
15

and the yield is found by solving the equation NPVA(i )¼ 0, or

að4Þ
15

¼ 10, which gives iAz5.88%.

For Investment B we have

NPVBðiÞ ¼ �11;000þ 605a 18 þ 11;000v18

and the yield (i.e., the solution of NPVB(i )¼ 0) is iB¼ 5.5%.
The rate of interest at which the investor may lend or borrow
money is 4% per annum, which is less than both iA and iB , so
we compare NPVA (0.04) and NPVB(0.04).

Now NPVA(0.04)¼ £1,284 and NPVB(0.04)¼ £2,089, so it
follows that, although the yield on Investment B is less
than on Investment A, the investor will make a larger profit
from loan B. We should therefore advise him that an invest-
ment in either loan would be profitable, but that, if only one
of them is to be chosen, then loan B will give the higher
profit.
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In some cases the investor must finance his investment or business project by
means of a fixed-term loan without an early repayment option. In these
circumstances he cannot use a positive cash flow to repay the loan gradually,
but must accumulate this money at the rate of interest applicable on lending,
i.e., j2. We reconsider the mining venture of Example 6.4.1 under these
conditions in Example 6.4.2.

6.5 PAYBACK PERIODS
In many practical problems, the net cash flow changes sign only once, this
change being from negative to positive. In these circumstances the balance in
the investor’s account will change from negative to positive at a unique time t1,

EXAMPLE 6.4.1EXAMPLE 6.4.1

A mining company is considering an opencast project. It is
estimated that the opencast site will produce 10,000 tonnes
of ore per annum continuously for 10 years, after which
period there will be an outlay of £300,000 to restore the
land. The purchase price of the mining rights will be
£1,000,000 and mining operations will cost £200,000 per
annum, payable continuously.

The company has insufficient funds to finance this venture,
but can borrow the initial outlay of £1,000,000 from a bank,
which will charge interest at 12% per annum effective; this
loan is not for a fixed term, but may be reduced by repay-
ments at any time. When the mining company has funds to
invest, it will receive interest calculated at 10% per annum
effective on its deposits.

On the assumption that the price of ore is such that this
project will just break even, determine (to the nearest month)
how long the mining company will take to repay its bank
indebtedness and hence calculate this minimum ore price.

Solution
Let P be the break-even price per tonne of ore. The net cash
flow of the opencast project to the mining company is as
follows:

c0 ¼ �1;000;000
c10 ¼ �300;000
rðtÞ ¼ k ¼ 10;000P � 200;000 for 0 � t � 10

Since the rates of interest for borrowing and lending (12% and
10% per annum, respectively) are different, we must find the

time t1 years when the mining company will have repaid its
bank indebtedness. This will occur when

1;000;000ð1:12Þt1 ¼ kst1 at 12%

which is equivalent to

1;00;000 ¼ kat1 at 12% (1)

From time t1 onwards, the net cash flowmay be accumulated
at 10% per annum interest and, since the balance at the end
of the project is to be zero, we have

ks10�t1
� 300;000 ¼ 0 at 10% (2)

We now solve Eqs 1 and 2 for the two unknowns t1 and k
(from which we can find P). Eliminating k from these equa-
tions, we obtain

0:3a t1 0:12 ¼ s10�t1 0:10

This equation must be solved numerically for t1. By trial and
interpolation, we obtain t1¼ 8.481 (to three decimal places)
and hence k¼ 183,515. Hence

P ¼ 200;000þ k
10;000

¼ £38:35

is the minimum price per tonne of ore which would make the
project profitable.
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or it will always be negative, in which case the project is not viable. If this time
t1 exists, it is referred to as the discounted payback period (DPP). It is the smallest
value of t such that A(t)� 0, where

AðtÞ ¼
X
s � t

csð1þ j1Þt�s þ
Z t

0

rðsÞð1þ j1Þt�sds (6.5.1)

Note that t1 does not depend on j2 but only on j1, the rate of interest applicable
to the investor’s borrowings.

Suppose that the project ends at time T. If A(T)< 0 (or, equivalently, if
NPV(j1)< 0), the project has no discounted payback period and is not profit-
able. If the project is viable (i.e., there is a discounted payback period t1), the
accumulated profit when the project ends at time T is

P ¼ Aðt1Þð1þ j2ÞT�t1 þ
X
t > t1

ctð1þ j2ÞT�t

þ
ZT

t1

rðtÞð1þ j2ÞT�tdt
(6.5.2)

This follows since the net cash flow is accumulated at rate j2 (the rate of interest
applicable to the investor’s deposits) after the discounted payback period has
elapsed.

If interest is ignored in Eq. 6.5.1 (i.e., if we put j1¼ 0), the resulting period is
called the payback period. As is shown in Examples 6.5.1 and 6.5.2 however, its
use instead of the discounted payback period often leads to erroneous results
and is therefore not to be recommended.

EXAMPLE 6.4.2EXAMPLE 6.4.2

Consider again the opencast ore project of Example 6.4.1, but
now suppose that the bank loan of £1,000,000 is for a fixed
term of 10 years with no early repayment options and that
interest is payable continuously. What is the minimum price
per tonne of ore which would make the project viable?

Solution
Let P 0 be the break-even price per tonne of ore under these
conditions. Note that the annual rate of payment of loan
interest is 1,000,000 d0.12, i.e., 113,329. Hence, after paying
loan interest, the mining company will have a continuous
cash inflow at the rate of

k 0 ¼ 10;000P 0 � 200;000� 113;329

¼ 10;000P 0 � 313;329

per annum for 10 years, at which time it must repay the bank
loan and the cost of restoring the land. Therefore, accumu-
lating the cash inflow at 10% per annum, we must have

k 0 s 10 ¼ 1;300;000 at 10%

from which we obtain k 0 ¼ 77,744, and so P 0 ¼ 39.11. The
minimum viable ore price is then £39.11 per tonne.
As is clear by general reasoning, the new condition on the
bank loan (i.e., that it cannot be repaid early) is disadvanta-
geous to the mining company because it must accumulate
cash at the (lower) rate of interest applicable to lending rather
than pay off bank indebtedness (on which interest is charge-
able at 12% per annum).
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The discounted payback period is often employed when considering a single
investment of C, say, in return for a series of payments each of R, say, payable
annually in arrears for n years. The discounted payback period t1 years is clearly
the smallest integer t such that A*(t)� 0, where

A��t� ¼ � Cð1þ j1Þt þ Rst at rate j1 (6.5.3)

i.e., the smallest integer t such that

Rat � C at rate j1 (6.5.4)

The project is therefore viable if t1� n, in which case the accumulated profit
after n years is clearly

P ¼ A�ðt1Þð1þ j2Þn�t1 þ Rsn�t1 at rate j2 (6.5.5)

If the rates (or forces) of interest on borrowing and/or lending are assumed to
vary with time, one may find the accumulation of the net cash flow by formulae
given in Chapter 3. In practice, the determination of the net cash flow and its
accumulation at any future time is done computationally. It is usual in many

EXAMPLE 6.5.1

An investment of £100,000 will produce an annuity of £10,500
annually in arrears for 25 years. Find the discounted payback
period when the interest rate on borrowed money is 9% per
annum. Find also the accumulated profit after 25 years if
money may be invested at 7% per annum.

Solution
By Eq. 6.5.4, the discounted payback period is the smallest
integer t such that

10;500at � 100;000 at 9%

From compound interest tables we see that the discounted
payback period is 23 years, i.e.,

a 23 ¼ 9:5802 at i ¼ 9%:

The accumulated profit after 25 years is (from Eqs 6.5.3
and 6.5.5)

P ¼
h
�100;000ð1:09Þ23 þ 10;500s23 0:09

i
ð1:07Þ2

þ 10;500s2 0:07 ¼ £26;656

EXAMPLE 6.5.2EXAMPLE 6.5.2EXAMPLE 6.5.2EXAMPLE 6.5.2

Find the payback period for the investment detailed in
Example 6.5.1.

Solution
If interest is ignored, the payback period (calculated from
Eq. 6.5.3 with j1¼ 0) is 10 years. This is much less than the
true discounted period from Example 6.5.1.

Likewise, £(25� 10,500 e 100,000), i.e., £162,500, is far too
high an estimate of the final profit.
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such calculations to consider the net cash flow and its accumulation on a yearly
basis. The resulting analysis may be easily understood and interpreted by those
responsible for making investment decisions.

6.6 THE EFFECTS OF INFLATION
Consider the simplest situation in which an investor can lend and borrow
money at the same rate of interest i1. In certain economic conditions, the
investor may assume that some or all elements of the future cash flows
should incorporate allowances for inflation (i.e., increases in prices and
wages). The extent to which the various items in the cash flow are subject to
inflation may differ. For example, wages may increase more rapidly than the
prices of certain goods, or vice versa, and some items (such as the income
from rent-controlled property) may not rise at all, even in highly inflationary
conditions.

The case when all items of cash flow are subject to the same rate of escalation e
per time unit is of special interest. In this case we find or estimate cei and re(t),
the net cash flow, and the net rate of cash flow allowing for escalation at rate e
per unit time, by the formulae

cet ¼ ð1þ eÞtct (6.6.1)

re
�
t
� ¼ ð1þ eÞtr�t� (6.6.2)

where ct and r(t) are estimates of the net cash flow and the net rate of cash flow,
respectively, at time t without any allowance for inflation. It follows that, with
allowance for inflation at rate e per unit time, the net present value of the
investment or business project at rate of interest i is

NPVeðiÞ ¼
X

ctð1þ eÞtð1þ iÞ�t þ
ZN

0

rðtÞð1þ eÞtð1þ iÞ�tdt

¼
X

ctð1þ jÞ�t þ
ZN

0

rðtÞð1þ jÞ�tdt

(6.6.3)

where

1þ j ¼ 1þ i
1þ e

or

j ¼ i� e
1þ e

(6.6.4)
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If e is not too large, one sometimes uses the approximation

jzi� e (6.6.5)

Combining Eqs 6.6.3 and 6.6.4, we have

NPVeðiÞ ¼ NPV0

�
i� e
1þ e

�
(6.6.6)

where NPV0 is the net present value function with no allowance for inflation.
It follows that, with inflation at rate e per unit time, the yield (or internal rate of
return) ie0 of the project is such that

ie0 � e
1þ e

¼ i0

EXAMPLE 6.6.1EXAMPLE 6.6.1EXAMPLE 6.6.1

A smallholder is considering increasing the size of his flock
from 300 to 450 head. According to his calculations (which
are all based on 2012 prices), this would give an additional
annual profit, after allowing for replacement of sheep but
not for financing costs, of £19.10 per extra head. The initial
costs associated with increase of size of the flock are as
follows:

Purchase price of 150 sheep 4,292

Fencing 1,850

Reseeding 40 acres 8,000

Total £14,142

In addition, there is an annual cost of £32.70 per reseeded
acre for fertilizer, i.e., £1,308 per annum. The fencing may
be assumed to last for 20 years, and the resale value (after
20 years) of the extra sheep is taken as zero.

(a) Assuming that there will be no inflation and that the net
profit each year will be received at the end of the year,
find the internal rate of return for the project.

(b) What uniform annual rate of inflation will make the
project viable, if the farmer may borrow and invest
money at 10% per annum interest?

Solution
(a) With no inflation, the net income each year from the

project is £(19.10� 150 e 1,308)¼ £1,557, so that the
net cash flows associated with the project are

c0 ¼ �14;142
c1 ¼ c2 ¼ $$$ ¼ c20 ¼ 1;557

Hence,

NPV0ðiÞ ¼ �14;142þ 1;557a 20

from which it follows that the internal rate of return is
i0z9:07%.

(b) Now suppose that the sheep farmer may borrow and
lend money at the fixed rate of 10% per annum.
Assuming that all prices and costs escalate at
a compound annual rate e, we obtain the net present
value function

NPVeðiÞ ¼ NPV0

�
i � e
1þ e

�

and the internal rate of return per annum becomes
(see Eq. 6.6.7)

ie0 ¼ 0:0907
�
1þ e

�þ e

which is greater than 0.1 if e> 0.0085. It follows that, if
the annual rate of inflation is greater than 0.85%, ie0 will
exceed 10% and the venture will be profitable.
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where i0 is the corresponding yield if there were no inflation (also see Section
7.9 where real yields on investments are discussed). This means that

ie0 ¼ i0
�
1þ e

�þ e (6.6.7)

or, if e is small,

ie0zi0 þ e (6.6.8)

EXAMPLE 6.6.2EXAMPLE 6.6.2

In response to a period of high interest rates, a building
society can offer borrowers a ‘low-start’ repayment plan.
Under these schemes, the borrower of an initial sum of L0
will pay P(1þ e)t e 1 at the end of year t (t¼ 1, 2, 3, . . . , n),
where n is the term of the loan and e is a fixed rate of esca-
lation. The payments are used to pay interest at rate i on the
outstanding loan and, if any money remains, to reduce
the loan. If the interest on the outstanding loan exceeds the
year’s payment, the excess is added to the capital
outstanding. The building society makes no allowance for
expenses or for taxation.

(a) Show that, if Lt denotes the amount of loan outstanding
immediately after the repayment due at time t has been
made, then

Lt ¼ L0ð1þ iÞt � Pð1þ iÞt�1€at j

where

j ¼ i � e
1þ e

Hence, show that

P ¼ ð1þ iÞL0
€an j

(b) Given that i¼ 0.12 and e¼ 0.1, find, in respect of an
initial loan of £200,000 repayable over 20 years, the
payment P due at the end of the first year.

Solution
(a) The loan outstanding at the end of a given year can be

obtained (from the retrospective method) as the

accumulation at rate i of the amount lent less the
accumulation of the repayments made (see Chapter 5).
Hence,

Lt ¼ L0ð1þ iÞt �
Xt
r ¼ 1

Pð1þ eÞr�1ð1þ iÞt�r

¼ L0ð1þ iÞt � Pð1þ iÞt�1
Xt
r ¼ 1

�
1þ i
1þ e

��ðr�1Þ

¼ L0ð1þ iÞt � Pð1þ iÞt�1
Xt
r ¼ 1

ð1þ jÞ�ðr�1Þ

¼ L0ð1þ iÞt � Pð1þ iÞt�1a
::

t j

as required.

Since the term of the loan is n years, we must have
Ln¼ 0. Hence,

L0ð1þ iÞn � Pð1þ iÞn�1a
::
n j ¼ 0

so

P ¼ L0ð1þ iÞ
a
::
n j

as required.

(b) Using the preceding results, we have

P ¼ 200;000� 1:12
€a20 j

ðwhere j ¼ 0:02=1:1Þ

¼ £13; 219:56
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These results are of considerable practical importance because projects that are
apparently unprofitable when rates of interest are high may become highly
profitable when even a modest allowance is made for inflation. It is, however,
true that in many ventures the positive cash flow generated in the early years of
the venture is insufficient to pay bank interest, so recourse must be had to
further borrowing (unless the investor has adequate funds of his own). This in
itself does not undermine the profitability of the project, but the investor would
require the agreement of his lending institution before further loans could be
obtained, and this might cause difficulties in practice.

Note that in Example 6.6.1 the interest on the initial loan of £14,142 will be
£1,414.20 in the first year. Since this is less than £1,557 (1þ e), the smallholder
will not have to borrow more money at any time. This is not always the case, as
shown in Example 6.6.2.

6.7 MEASUREMENT OF INVESTMENT FUND
PERFORMANCE
It is frequently the case in practice that one wishes to measure the investment
performance of a given fund (e.g., a pension fund or life assurance fund) over
a period of several years. Suppose that the period in question is from time t0 to
time tn (where time is measured in years). Suppose further that

t0 < t1 < t2 < $$$ < tn

so that the overall period [t0, tn] may be divided into n specified subintervals
[t0, t1], [t1, t2], . . . , [tne1, tn]. In practice these subintervals are often periods of
length 1 year, but this is not always the case.

Using appropriate methods, we may calculate the annual yield obtained on the
fund in each of these subintervals. For r¼ 1, 2, ., n, let ir denote the yield per
annum on the fund over the period [tr e 1, tr].

Consider now an investment of 1 at time t0. If, for r¼ 1, 2, . . . , n, this
investment had earned interest at an effective annual rate ir over the period
[tre1, tr], the accumulated amount of the investment at time tnwould have been

ð1þ i1Þt1�t0ð1þ i2Þt2�t1$$$ð1þ inÞtn�tn�1

The constant effective annual rate of interest which would have given the same
accumulation over the period t0 to tn is i, where

ð1þ iÞtn�t0 ¼ ð1þ i1Þt1�t0ð1þ i2Þt2�t1$$$ð1þ inÞtn�tn�1

from which it follows that

i ¼
h
ð1þ i1Þt1�t0ð1þ i2Þt2�t1$$$ð1þ inÞtn�tn�1

i1=ðtn�t0Þ � 1 (6.7.1)
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This value of i is generally known as the linked internal rate of return per annum
on the fund for the period t0 to tn (with reference to the subdivisions defined by
the intermediate times t1, t2, . . . , tn e 1). In an obvious sense, the linked internal
rate of return is an average of the yields obtained in each subinterval. Note,
however, that this average takes no account of changes in the size of the fund
from period to period. It also depends on the particular subdivision of the
entire period.

To allow for changes in the size of the fund with time, we may also calculate the
yield per annum on the fund over the entire period t0 to tn. This yield is
generally referred to as the money-weighted rate of return per annum on the
fund for the period. It does not depend upon any particular subdivision of
the entire period and generally gives greater weight to the yields pertaining to
the times when the fund is largest.

A third index, which is often used in practice, is the time-weighted rate of return
per annum over a given period. The time-weighted rate of return does not
depend upon any particular subdivision of the period, but does require that the
precise times of all cash flows of new money into and out of the fund over
the period are known. Suppose that the cash flows of new money, strictly within
the period, occur at times t1, t2, . . . , tne1, where t1< ���< tne1. Let the given
period be [t0, tn]. There may also be cash flows of new money at times t0 and tn.
For 0� r� n, let Vr denote the amount of the fund at time tr, after receipt of all
interest and capital gains due up to and including time tr, but before payment to
or withdrawal from the fund of any new money at that time. Let cr (0� r� n)
denote the net inflow of new money to the fund at time tr. Therefore, cr is the
amount of new investment in the fund at time tr less the amount of money
withdrawn from the fund at that time. Hence, Vrþ cr is the amount of the fund
at time tr after new money has been received or paid at that time.

For 0� r< n, define

Rr ¼ Vrþ1

Vr þ cr
$ (6.7.2)

That is, Rr is the ‘accumulation factor’ for the fund over the time interval
[tr, tr þ 1]. Let

R ¼ R0R1R2.Rn�1 (6.7.3)

and define i by the equation

ð1þ iÞtn�t0 ¼ R;

i.e.,

i ¼ R1=ðtn�t0Þ � 1: (6.7.4)
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This value of i is the time-weighted rate of return per annum for the period
[t0, tn].

Themoney-weighted rate of return and the time-weighted rate of return are best
understood in the context of an example.

EXAMPLE 6.7.1

A fund had a value of £150,000 on 1 July 2009. A net cash flow
of £30,000 was received on 1 July 2010, and a further net cash
flow of £40,000 was received on 1 July 2011. The fund had
a value of £175,000 on 30 June 2010 and a value of
£225,000 on 30 June 2011. The value of the fund on 1 January
2012 was £280,000.

(a) Calculate the time-weighted rate of return per annum
earned on the fund between 1 July 2009 and 1 January
2012.

(b) Calculate the money-weighted rate of return per annum
earned on the fund between 1 July 2009 and 1 January
2012.

Solution
(a) The time-weighted rate of return per annum is i such

that

ð1þ iÞ2:5 ¼ 175
150

� 225
175þ 30

� 280
225þ 40

¼ 1:352968

hence,
i ¼ 12:85%

(b) The money-weighted rate of return is i such that

150ð1þ iÞ2:5 þ 30ð1þ iÞ1:5 þ 40ð1þ iÞ0:5 ¼ 280

This can be solved through trial and interpolation to find
that i ¼ 12:58% per annum.

EXAMPLE 6.7.2EXAMPLE 6.7.2

A fund had assets totaling £600m on 1 January 2011. It
received net income of £40m on 1 January 2012 and £100m
on 1 July 2012. The value of the fund was £450m on
31 December 2011, £500m on 30 June 2012, and £800m on
31 December 2012.

(a) Calculate the time-weighted rate of return per annum
for the period 1 January 2011 to 31 December 2012.

(b) Calculate the linked-internal rate of return over the
same period, using subintervals of a calendar year.

Solution
(a) The time-weighted rate of return per annum is i such

that

ð1þ iÞ2 ¼ 450
600

� 500
450� 40

� 800
500þ 100

¼ 1:020408

hence, i ¼ 1:015% per annum.

(b) The first subinterval is the first year, and the money-
weighted rate of return in this period is i1. We have

1þ i1 ¼ 450
600

; and so i1 ¼ �25%

The second subinterval is the second year, and the
money-weighted rate of return in this period is i2. We
have

490ð1þ i2Þ þ 100ð1þ i2Þ0:5 ¼ 800

This can be solved as a quadratic in (1þi2)
0.5, leading to

i2 ¼ 39:188% per annum.

The linked internal rate of return is then i, such that

ð1þ iÞ2 ¼ 0:75� 1:39188; leading to i

¼ 2:1719% per annum:
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Note that the time-weighed rate of return in Example 6.7.1 is better for
appraising the performance of a fund (and therefore fund manager), as it is
not sensitive to cash flow amounts and the timing of payments, which are, of
course, beyond the control of the fund manager. The money-weighted rate
of return is sensitive to both amount and timing of cash flows, and this is
a disadvantage of the method as a means of fund appraisal. A further
disadvantage of the money-weighted rate of return is that the equation may
not have a unique solution, or any solution at all. A significant disadvantage
of both the time-weighted and money-weighted rates of return are that the
calculations require information about all the cash flows of the fund during
the period of concern. This disadvantage motivates the use of the linked
internal rate of return with reference to subdivisions that coincide with
standard reporting periods of the fund.

In some cases the linked internal rate of return (with reference to a particular
subdivision), the money-weighted rate of return, and the time-weighted rate of
return do not differ significantly. In many situations, however (especially if the
amount of the fund varies greatly over the relevant period), these rates of return
may differ considerably.

SUMMARY
n The net present value (NPV) of a project is calculated from the present values

of the net cash flows. The project is profitable at a particular rate of interest if
the NPV is positive. NPVs can be used to compare the profitability of
different projects at a particular interest rate.

n The internal rate of return (IRR) is the value of i that solves the equation of
value for a project. The project is profitable if the IRR is positive. IRRs can be
used to compare the return per unit investment achieved by different
projects.

n The payback period of a project is the time after which the cumulative cash
flow of a project becomes positive. The time value of money is not
considered in the calculation.

n The discounted payback period is the time after which the cumulative NPV of
the cash flow of a project becomes positive.

n The linked internal rate of return of an investment fund over a period of time
is obtained from the geometric average of returns from the fund within
specified subintervals.

n The money-weighted rate of return of an investment fund over a period of
time is obtained from solving the equation of value for the yield, i.

n The time-weighted rate of return is obtained from the returns between flows
of new money into or out of the fund.
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EXERCISES

6.1 Westcott-Smith is a privately held investment management company.
Two other investment-counseling companies, which want to be
acquired, have contacted Westcott-Smith about purchasing their
business. Company A’s price is £2 million. Company B’s price is £3
million. After analysis, Westcott-Smith estimates that Company A’s
profitability is consistent with a perpetuity of £300,000 a year. Company
B’s prospects are consistent with a perpetuity of £435,000 a year.
Westcott-Smith has a budget that limits acquisitions to a maximum
purchase cost of £4 million. Its opportunity cost of capital relative to
undertaking either project is 12% per annum.
(a) Determine which company or companies (if any) Westcott-Smith

should purchase according to the NPV measure.
(b) Determine which company or companies (if any) Westcott-Smith

should purchase according the IRR measure.
(c) State which company or companies (if any) Westcott-Smith should

purchase. Justify your answer.
6.2 John Wilson buys 150 shares of ABM on 1 January 2002 at a price

of $156.30 per share. A dividend of $10 per share is paid on 1 January
2003. Assume that this dividend is not reinvested. Also on 1 January 2003,
Wilson sells 100 shares at a price of $165 per share. On 1 January 2004, he
collects a dividend of $15 per share (on 50 shares) and sells his remaining
50 shares at $170 per share.
(a) Write the formula to calculate the money-weighted rate of return on

Wilson’s portfolio.
(b) Using any method, compute the money-weighted rate of return.
(c) Calculate the time-weighted rate of return on Wilson’s portfolio.
(d) Describe a set of circumstances for which the money-weighted rate

of return is an appropriate return measure for Wilson’s portfolio.
(e) Describe a set of circumstances for which the time-weighted rate of

return is an appropriate return measure for Wilson’s portfolio.
6.3 Projects 1 and 2 have similar outlays, although the patterns of future

cash flows are different. The cash flows, as well as the NPV and IRR, for
the two projects are as follows. For both projects, the required rate of
return is 10%.

Year

Cash Flows

NPV IRR (%)0 1 2 3 4

Project 1 e50 20 20 20 20 13.40 21.86
Project 2 e50 0 0 0 100 18.30 18.92
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The two projects are mutually exclusive. What is the appropriate investment
decision?

A. Invest in both projects.
B. Invest in Project 1 because it has higher IRR.
C. Invest in Project 2 because it has higher NPV.

6.4 Consider the following two projects. The cash flows as well as the NPV
and IRR for the two projects are given. For both projects, the required rate
of return is 10%.

Year

Cash Flows

NPV IRR (%)0 1 2 3 4

Project 1 e100 36 36 36 36 14.12 16.37
Project 2 e100 0 0 0 175 19.53 15.02

What discount rate would result in the same NPV for both projects?
A. A rate between 0.00% and 10.00%.
B. A rate between 10.00% and 15.02%.
C. A rate between 15.02% and 16.37%.

6.5 A computer manufacturer is to develop a new chip to be produced
from 1 January 2008 until 31 December 2020. Development begins on
1 January 2006. The cost of development comprises £9 million payable
on 1 January 2006 and £12 million payable continuously during 2007.
From 1 January 2008, the chip will be ready for production, and it is
assumed that income will be received half-yearly in arrears at a rate of £5
million per annum.
(a) Calculate the discounted payback period at an effective rate of

interest of 9% per annum.
(b) Without doing any further calculations, explain whether the

discounted payback period would be greater than, less than, or
equal to that given in part (a) if the effective interest rate were
substantially greater than 9% per annum.

6.6 A piece of land is available for sale for £5,000,000. A property developer,
who can lend and borrow money at a rate of 15% per annum, believes
that she can build housing on the land and sell it for a profit. The total
cost of development would be £7,000,000, which would be incurred
continuously over the first 2 years after purchase of the land. The
development would then be complete. The developer has three possible
project strategies. She believes that she can sell the completed housing:
� in 3 years’ time for £16,500,000;
� in 4 years’ time for £18,000,000;
� in 5 years’ time for £20,500,000.
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The developer also believes that she can obtain a rental income from
the housing between the time that the development is completed
and the time of sale. The rental income is payable quarterly in
advance and is expected to be £500,000 in the first year of payment.
Thereafter, the rental income is expected to increase by £50,000 per
annum at the beginning of each year that the income is paid.

(a) Determine the optimum strategy if this is based upon using net
present value as the decision criterion.

(b) Determine which strategy would be optimal if the discounted
payback period was to be used as the decision criterion.

(c) If the housing is sold in six years’ time, the developer believes that
she can obtain an internal rate of return on the project of 17.5% per
annum. Calculate the sale price that the developer believes that she
can receive.

(d) Suggest reasons why the developer may not achieve an internal rate
of return of 17.5% per annum even if she sells the housing for the
sale price calculated in (c).

6.7 A fund had a value of £21,000 on 1 July 2003. A net cash flow of £5,000
was received on 1 July 2004, and a further net cash flow of £8,000 was
received on 1 July 2005. Immediately before receipt of the first net cash
flow, the fund had a value of £24,000, and immediately before receipt of
the second net cash flow, the fund had a value of £32,000. The value of
the fund on 1 July 2006 was £38,000.
(a) Calculate the annual effective money-weighted rate of return earned

on the fund over the period 1 July 2003 to 1 July 2006.
(b) Calculate the annual effective time-weighted rate of return earned

on the fund over the period 1 July 2003 to 1 July 2006.
(c) Explain why the values in (a) and (b) differ.

6.8 A company is considering two capital investment projects. Project A
requires an immediate expenditure of £1,000,000 and will produce
returns of £270,000 at the end of each of the next 8 years. Project B
requires an immediate investment of £1,200,000 together with further
expenditure of £20,000 at the end of each of the first 3 years, and will
produce returns of £1,350,000 at the end of each of the sixth, seventh,
and eighth years.
(a) Calculate (to the nearest 0.1%) the internal rate of return per annum

for each project.
(b) Find the net present value of each project on the basis of an effective

annual interest rate of 15%.
Comment briefly on your answers.

6.9 A businessman is considering two projects. Each project requires an
immediate initial outlay and a further outlay in 1 year’s time. For
each project, the return will be a level income, payable annually for
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7 years and commencing in 5 years’ time. The projects are described
in the following table:

Project Initial Outlay Outlay after 1 Year Annual Income

A £160,000 £80,000 £60,000
B £193,000 £80,000 £70,000

(a) Find the internal rate of return per annum for each project.
(b) As an alternative to undertaking Project B, the businessman may

undertake Project A and, at the same time as making the initial
investment for Project A, the businessman could also purchase, with
a single premium of £33,000, a level annuity payable annually for
7 years and commencing in 5 years’ time. Given that the amount of
the annuity would be calculated on the basis of a fixed annual rate
of interest, determine how large the rate must be in order that this
combined transaction be more advantageous to the businessman
than Project B.

6.10 A business venture requires an initial investment of £10,000 and
a further investment of £3,000 in a year’s time. The venture will produce
an income of £500 in 2 years’ time, £1,000 in 3 years’ time, £1,500 in
4 years’ time, and so on, the final income being £4,000 in 9 years’ time.
(a) Find the internal rate of return for this project.
(b) An investor has no spare cash but may borrow money at any time at

the fixed-interest rate of 5% per annum, all loans being repayable in
whole or in part at any time at the borrower’s discretion. The
investor is considering borrowing to finance the venture described
in this exercise. Should he undertake the venture and, if so, what will
his profit be in 9 years’ time on the completed transaction?

6.11 You have recently inherited a small island, which may be used for sheep
rearing, goat breeding, or forestry, and have calculated that the cash flows
associated with these three projects will be as follows:

Sheep rearing Initial cost: £20,000
Annual income: £1,100, payable annually in arrears for 20 years
Sale price after 20 years: £20,000

Goat breeding Initial cost: £20,000
Annual income: £900, payable annually in arrears for 20 years
Sale price after 20 years: £25,000

Forestry Planting cost: £20,000
Sales of mature trees after 20 years: £57,300
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(a) Calculate the internal rates of return of each of these projects (to the
nearest 0.1%).

(b) You do not have the capital for any of these ventures, but you have
been offered a bank loan of £20,000 at 5% per annum interest
payable annually in arrears. This loan is repayable in 20 years’ time,
there being no early repayment option. Should you require further
loans, they will be granted by the bank on the same interest basis
and will be repayable at the same date as the original loan. If you
have any money to invest after paying bank interest, you may invest
it to secure interest at 4% per annum effective.
Which of the three projects will give the largest profit in 20 years’
time?

6.12 Two business projects, each of which takes 2 years to complete, produce
the following income and expenditure:

(a) For each project, find the rates of interest, if any, which make the
present value of the income equal to the present value of the
expenditure.

(b) For what range of positive interest rates does the net present value of
Project A exceed the net present value of Project B?

(c) An investor, who has no spare cash, can borrow money at any time
at a fixed annual rate of interest for any desired term. He may also
lend money for any desired term at this same rate.
Which of these projects will be the more profitable, if the fixed
annual rate of interest is (i) 20%, (ii) 25%? Calculate the
accumulated profit after 2 years from each project in both cases.

6.13 (a) In return for an immediate outlay of £10,000 an investor will receive
£6,000 in 1 year’s time and £6,600 in 2 years’ time. Find, to the
nearest 0.1%, the internal rate of return on this investment.

(b) A person who has no spare cash may make the investment described
in (a) by borrowing the initial outlay from a bank.
(i) If bank loans are granted on the basis of an interest rate of 16%

per annum and may be partially repaid at any time, should the
person make the investment and, if so, what profit will he have
made at the end of the completed transaction?

Project A Initial income of £1,000
After 1 year, expenditure of £2,000
After 2 years, income of £2,000

Project B Initial expenditure of £4,000
After 1 year, income of £7,000
After 2 years, expenditure of £1,500
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(ii) Suppose instead that the bank requires that its loan be for
a fixed 2-year period and that interest of 16% per annum be
paid annually in arrears. If the person will be able to earn
interest of 13% per annum on any spare funds, should hemake
the investment and, if so, what profit will he have made when
the transaction is completed?

6.14 A chemical company has agreed to supply a quantity of a certain
compound for each of the next 7 years. The company estimates that the
cash flows associated with this project will be as follows:

Outlays Initial outlay (cost of building plant): £500,000, payable immediately.
Manufacturing costs: £400,000 per annum payable annually for 7 years,
the first payment being made in 1 year’s time. Disposal of waste and
demolition of plant: £250,000 per annum payable annually for 3 years,
the first payment being made in 8 years’ time.

Income Sales of compound: £600,000 per annum payable annually for 7 years,
the first income being received in 1 year’s time.

The company proposes to finance the project by borrowing the entire
initial cost from a bank, which charges interest on loans at 15% per
annum. Partial repayment of the loan will be allowed at any time, and the
loan will be repaid by installments as soon as possible from the profits on
the manufacture and sale of the compound.
(a) After how many years will the bank loan be paid off?
(b) After repayment of the bank loan, the company will accumulate its

profits in a deposit account at the bank, which pays 12% per annum
interest on deposits. The costs of disposal of chemical waste and
demolition of the plant will be met from this account. Calculate the
anticipated balance in the company’s deposit account when the
project ends in 10 years’ time.

6.15 A businessman has decided to purchase a leasehold property for
£80,000, with a further payment of £5,000 for repairs in 1 year’s time.
The income associated with letting the property will be £10,000
per annum, payable continuously for 20 years commencing in 2 years’
time.
(a) (i) Given that the venture will be financed by bank loans on the

basis of an effective annual interest rate of 7% and that the
loans may be repaid continuously, find the discounted
payback period for the project.

(ii) Given, further, that after the loans have been repaid the
businessman will deposit all the available income in an
account which will earn interest at 6% per annum effective,
find the accumulated amount of the account in 22 years’ time.
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(b) Suppose that the bank loans may be repaid partially, but only at the
end of each complete year, interest being paid annually in arrears,
and that the businessman may still deposit money at any time for
any term at an annual rate of interest of 6% effective. Find (i) the
discounted payback period for the project and (ii) the accumulated
amount in the businessman’s account in 22 years’ time.

6.16 Over the period 1 January 2004 to 1 January 2005, the unit prices of two
accumulation funds, a ‘property fund’ and an ‘equity fund’, took the
values given in the following table:

Unit Prices (£)

Fund 2004 2005

1 Jan. 1 April 1 July 1 Oct. 1 Jan.

Property 1.24 1.31 1.48 1.58 1.64
Equity 1.21 0.92 1.03 1.31 1.55

(a) Find the time-weighted rate of return for each fund for the year
2004.

(b) An investor bought units in the property fund on 1 January, 1 April,
1 July, and 1 October 2004, and sold his units on 1 January 2005.
Find his yield on the completed transaction if
(i) He bought the same number of units on each date;
(ii) He invested the same sum of money on each date.

(c) As in (b), except that the investments were made in the equity fund.
Comment on your answers.
(Ignore expenses and taxation. You should assume that investors
may buy fractional parts of a unit.)

6.17 In a particular accumulation fund, income is retained and used to
increase the value of the fund unit. The ‘middle price’ of the unit on
1 April in each of the years 1999 to 2005 is given in the following
table:

Year 1999 2000 2001 2002 2003 2004 2005

Middle price of unit on 1
April (£)

1.86 2.11 2.55 2.49 2.88 3.18 3.52

(a) On the basis of the preceding prices and ignoring taxation and
expenses, find
(i) The time-weighted rate of return for the fund over the period

1 April 1999 to 1 April 2005;
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(ii) The yield obtained by an investor who purchased 200 units on
1 April in each year from 1999 to 2004 inclusive and who sold
his holding on 1 April 2005;

(iii) The yield obtained by a person who invested £500 in the fund
on 1 April each year from 1999 to 2004 inclusive and who
sold back his holding to the fund managers on 1 April 2005.
(You should assume that investors may purchase fractional
parts of a unit.)

(b) Suppose that, in order to allow for expenses, the fund’s managers
sell units at a price which is 2% above the published middle price
and that they buy back units at a price which is 2% below the
middle price. On this basis, find revised answers to (a) (ii) and (iii).
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CHAPTER 7

The Valuation of Securities

One of the most important areas of practical application of compound interest
theory is in the valuation of stock market securities and the determination of
their yields. Accordingly, we shall consider this subject in some detail over the
next two chapters. In the present chapter we begin by introducing many of the
securities in question. Formulae for calculating the yields obtainable on fixed-
interest securities are then discussed and Makeham’s formula is introduced. This
chapter also introduces the complications of incorporating taxation into
calculations. In particular, income tax is considered here, while capital gains tax is
considered in Chapter 8. This chapter is necessarily long.

Note that the terms security and loan are used interchangeably. This reflects that
such securities are issued as a source of loan capital.

7.1 FIXED-INTEREST SECURITIES
A government, local authority, private company, or other body may raise
money by floating a loan on a stock exchange. The terms of the issue are set out
by the borrower, and investors may be invited to subscribe to the loan at a given
price (called the issue price); or the issue may be by tender, in which case
investors are invited to nominate the price that they are prepared to pay, and
the loan is then issued to the highest bidders, subject to certain rules of allo-
cation. In either case the loan may be underwritten by a financial institution,
which thereby agrees to purchase, at a certain price, any of the issue that is not
subscribed to by other investors. Where the interest payments are known in
monetary terms in advance (i.e., as a percentage of the nominal value, and not
linked to an index), the loans are referred to as fixed-interest securities.

Fixed-interest securities normally include in their title the rate of interest payable,
e.g., 8% Treasury Stock 2021 or 5% Treasury Gilt 2018, both British govern-
ment stock. The annual interest payable to each holder, which is often, but not
invariably, payable half-yearly, is found by multiplying the nominal amount of
his holding N by the rate of interest per annum D, which is generally called the
coupon rate. For example, in the case of 8% Treasury Stock 2021, D ¼ 0.08; for
5% Treasury Gilt 2018, D ¼ 0.05.
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At this stage it is important to introduce the concept of income tax. This is the
tax levied by governments on financial income of all entities within their
jurisdiction. It is distinct from capital gains tax, which we consider in Chapter 8.
If an investor is liable to income tax, at rate t1 on the interest payments from
a fixed-interest security, his annual income after tax will be

ð1� t1ÞDN

The money payable at redemption is calculated by multiplying the nominal
amount held N by the redemption price R per unit nominal (which is often
quoted “per cent” in practice). If R¼ 1, the stock is said to be redeemable at par;
if R > 1, the stock is said to be redeemable above par or at a premium; and if
R < 1, the stock is said to be redeemable below par or at a discount. Some
securities have varying coupon rates D or varying redemption prices R; these
will be discussed later. The redemption payment is a return of the amount
initially lent and is not subject to income tax; it may, however, be subject to
capital gains tax.

The redemption date is the date on which the redemption money is due to be
paid. Some bonds have variable redemption dates, in which case the
redemption date may be chosen by the borrower (or perhaps the lender) as any
interest date within a certain period, or any interest date on or after a given date.
In the latter case the stock is said to have no final redemption date, or to be
undated. Some banks allow the interest and redemption proceeds to be bought
and sold separately, effectively creating bonds with no coupon and bonds
redeemable at zero.

We consider as illustrations the following British government stocks.

(a) 8% Treasury 2015: This stock, which was issued in 1995, bears interest at
8% per annum, payable half-yearly on 7 June and 7 December. The stock is
redeemable at par on 7 December 2015.

(b) 734% Treasury Loan 2012e2015: This stock was issued in 1972 and bears
interest at 734%, payable half-yearly on 26 January and 26 July. It was
redeemable at par on any interest date between 26 January 2012 and
26 July 2015 (inclusive) at the option of the government. In fact, the
government opted to redeem it on 26 January 2012, the earliest possible
date, reflecting the low prevailing borrowing rates at that time. In general,
since the precise redemption date is not predetermined at issue, but may
be chosen between certain limits by the borrower (i.e., issuer), this stock is
said to have optional redemption dates (see Section 7.7).

(c) 312%War Loan: This stock was issued in 1932 as a conversion of an earlier
stock, issued during the 1914e1918 war. Interest is at 312% per annum,
payable half-yearly on 1 June and 1 December. This stock is redeemable at
par on any interest date the government chooses, there being no final
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redemption date. The stock may therefore be considered as having
optional redemption dates, the second of them being infinity, and may be
valued by methods discussed later.

In all three examples, R ¼ 1 and the frequency of interest payments per annum
(which we denote by p) is 2. In fact, all British government stocks are
redeemable at par (although, as in example (c) above, there may be no final
redemption date), and all pay interest half-yearly. This is with the exception of
212% Consols, 212% Annuities, and 234% Annuities, which pay interest quarterly
on 5 January, 5 April, 5 July, and 5 October. Note that these undated issues
were made in the 1800s and can be considered as remnants of very early, non-
standard issues.

The issue price and subsequent market prices of any stock are usually quoted in
terms of a certain nominal amount, e.g., £100 or £1 nominal. A loan may
therefore be considered to consist of, say, £10,000,000 nominal divided into
100,000 bonds each of £100 nominal. The statement that an investor owns
a bond of £100 nominal does not, in general, imply that his holding of the stock
in question is worth £100 under the prevailing market conditions at that time. If
it is worth £105, say, it is said to be above par or at a premium; if it is worth £90,
say, it is said to be below par or at a discount; and if it is worth £100, the stock is
said to be at par. We use the symbol P to denote the price per unit nominal and
the symbol A for the price of nominal amount N of the stock. Therefore,

A ¼ NP (7.1.1)

In practice, stocks are generally quoted “per cent”, i.e., per £100 nominal. We
also use the symbol C, where

C ¼ NR (7.1.2)

to denote the cash received on redemption in respect of a nominal amountN of
the stock.

The coupon rate, redemption price, and term to redemption of a fixed-interest
security serve to define the cash payments promised to a tax-free investor in
return for the purchase price. If the investor is subject to taxation, appropriate
deductions from the cash flow must, of course, be made. The value of fixed-
interest stocks at a given rate of interest and the determination of their yields
at a given price may be found as for any other investment or business project (see
Chapter 6), but, in view of the practical importance of fixed-interest securities
and the special terminology used, we discuss them in detail in this chapter.

In practice, a wide range of actively traded securities can be classified as fixed-
interest securities and analysed using the techniques detailed later in this
chapter and elsewhere in this book. Particular examples include those dis-
cussed in the following sections.
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Fixed-interest Government Bonds
Fixed-interest government bonds (also known as gilt-edged stocks or gilts, if
issued by the British government) are long-term securities, which exist in large
volumes. They may be considered to offer perfect security against default by the
borrower if issued by governments of developed countries in their domestic
currency. In most developed countries, bonds issued by the government form
the largest, most important, and most liquid part of the bond market. They can
be bought and sold with relatively little expense and dealt with in large
quantities with little or no impact on the price. Since February 1986 almost all
fixed-interest securities have been dealt with on the basis that the purchaser
pays and the seller receives not only the quoted market price but also accrued
interest (see Eq. 7.8.3) calculated from the last interest date. In recent years
index-linked government securities have been issued in the UK. These securities,
which carry interest and redemption payments linked to the Retail Prices Index,
will be discussed in Section 7.9.

Government Bills
Government bills are short-dated securities issued by governments to fund their
short-term spending requirements. They are issued at discount and redeemed at
par with no coupon, and are mostly denominated in the domestic currency,
although issues can be made in other currencies. Government bills are abso-
lutely secure and highly marketable; as a result, they are often used as
a benchmark risk-free, short-term investment.

Securities Issued by Local Authorities, Public Boards,
and Nationalized Industries
Stocks such as securities issued by local authorities, public boards, and
nationalized industries may, in general, be considered to have little risk of
default, although the historic example of the Mersey Docks and Harbour Board
(which went bankrupt in 1970) shows that caution should be exercised in
considering the security of some of these loans.

Loans Issued by Overseas Governments
A UK investor, for example, considering securities such as loans issued by
overseas governments must consider questions of currency appreciation or
depreciation (unless the loan is in sterling), exchange control, taxation agree-
ments, and, in some cases, the possibility of default.

Loans Issued by Overseas Provinces, Municipalities, Etc.
Stocks such as loans issued by overseas provinces, municipalities, etc., should,
of course, be subjected to closer scrutiny than those of the country itself. In the
USA, for example, many local stocks went into default in the 1930s.
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Debentures
Debentures are issued by various companies and are provided with some form
of security. Typically, they are long-dated. Even a very secure debenture will be
less marketable than a government stock of similar term and have greater
dealing costs. Accordingly, the yield required by investors will be higher than
for a comparable government stock. In the United States such stocks are known
as bonds and are classified according to their credit ratings; yields are, of course,
higher for the lower-rated stocks. Yield calculations allowing for the possibility
of default may be carried out, but generally we shall ignore this possibility in
the valuation of such securities.

Unsecured Loan Stocks
Unsecured loan stocks are issued by various companies and differ from
debentures in that they are unsecured. In the event of the issuing company
winding up (i.e., dissolving), holders of unsecured loan stocks rank alongside
other unsecured creditors. Yields will be higher than on comparable debentures
by the same company, to reflect the higher risk of default.

Eurobonds
Eurobonds are a form of unsecured medium- or long-term borrowing made by
issuing bonds which pay regular interest payments and a final capital repay-
ment at par. Eurobonds are issued and traded internationally and are often not
denominated in a currency native to the country of the issuer. Large companies,
governments, and supra-national organisations issue them. Yields very much
depend on the riskworthiness of the issuer and issue size, which determines the
marketability. Typically, however, the yield will be slightly lower than for
conventional unsecured loan stocks of the same issuer. Issuers are free to add
novel features to their issues, and this enables them to appeal to different
investors.

Certificates of Deposit
Certificates of deposit are certificates stating that some money has been depos-
ited, usually issued by banks and building societies. They are short-dated
securities, and terms to redemption are usually in the range of 28 days to
6 months. Interest is payable on maturity. The degree of security and market-
ability will depend on the issuing bank.

The valuation of these various types of fixed-interest securities is the topic of
much of this chapter. There are also stocks with a coupon rate that varies
according to changes in a standard rate of interest, such as the rate on Treasury
Bills. These stocks, and the index-linked securities mentioned previously, are
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not fixed-interest securities in the strict sense, but have more in common with
ordinary shares, which we briefly discuss in the following section.

7.2 RELATED ASSETS
Ordinary Shares
In addition to dealing in fixed-interest securities, the stock market deals in
ordinary shares or equities (known as common stocks in the USA). Ordinary shares
or equities are securities, issued by commercial undertakings and other bodies,
which entitle their holders to receive all the net profits of the company after
interest on loans and fixed-interest stocks has been paid. The cash paid out each
year is called the dividend, the remaining profits (if any) being retained as reserves
or to finance the company’s activities. Dividend payments are not a legal obli-
gation of the company, but are paid at the discretion of the directors. The holders
of ordinary shares are proprietors, not creditors, of the company, and they
usually have voting rights at the company’s Annual General Meeting, although
non-voting shares can be issued in the UK (but not the USA). We shall not be
much concerned with equities in this book, although in Example 7.2.1 we
consider the discounted cash flow valuation of ordinary shares.

Ordinary shares are the principal way in which companies in many countries
are financed, and offer investors high potential return for high risk, particularly
risk of capital losses. The expected overall future return on ordinary shares
ought to be higher than for most other classes of security to compensate for the
greater risk of default and for the variability of returns. Furthermore, ordinary
shares are the lowest ranking form of finance issued by companies. In addition
to the dividends, the return on ordinary shares can also arise from an increase
in the market price of the shares. The initial running yield on ordinary shares is
low, but dividends should increase with inflation and real growth in a com-
pany’s earnings.

Marketability of ordinary shares varies according to the size of the company,
but will be better than for the loan capital of the same company if the bulk of
the company’s capital is in the form of ordinary shares and the loan capital is
fragmented into several different issues. Investors buy and sell ordinary shares
more frequently than they trade in loan capital, perhaps because the residual
nature of ordinary shares makes them more sensitive to changes in investors’
views about a company.

Preference Shares
Reference should also be made to preference shares, which, despite their name,
are fixed-interest securities issued by commercial companies. Interest (or, as
they are usually called, dividend) payments are met only after the interest due
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on any bank loans and debentures has been paid, but before anything is paid to
the ordinary shareholders. If there are insufficient divisible profits in any year to
meet the dividends for the preference shareholders, the dividend payments are
reduced or, in extreme cases, passed. In the case of cumulative preference shares,
all arrears of dividend are carried forward until they are paid off (although the
arrears themselves do not earn interest).

For investors, the expected return on preference shares is likely to be lower than
on ordinary shares because the risk of holding preference shares is lower.
Preference shares rank higher on the wind up of the issuing company, and the
level of income payments is more certain. Marketability of preference shares is
likely to be similar to loan capital marketability.

If a security is bought ex dividend (x.d.), the seller, not the buyer, will receive the
next interest or dividend payment. If it is bought cum dividend, then the buyer
will receive the next interest or dividend payment. As previously mentioned,
most fixed-interest stocks are traded on the basis that the purchaser makes
a payment to the seller for accrued interest, in proportion to the number of days
between the date of purchase and the date of the last interest payment.

Note that the discounted cash flow method used to value ordinary shares in
Example 7.2.1 gives an answer rather different from the market value of
£14,700,000 and hence may be used only under certain circumstances,
a discussion of which is beyond the scope of this book. The difference between
the two values lies in the fact that the market is making different assumptions
concerning the future. The method also ignores the variability of share prices
and dividends, and is therefore more suitable for valuing a large, diverse

EXAMPLE 7.2.1EXAMPLE 7.2.1EXAMPLE 7.2.1

A pension fund, which is not subject to taxation, has a port-
folio of UK ordinary shares with a current market value of
£14,700,000. The current rate of dividend payment from the
portfolio is £620,000 per annum. The pension fund wishes
to value its holding, at an interest rate of 6% per annum effec-
tive, on the assumption that (a) both dividend income from
the shares and their market value will increase continuously
at the rate of 2% per annum, and (b) the shares will be sold in
30 years’ time. What value should the pension fund place on
the shares?

Solution
The value to be placed on the holding is from the continuous
receipt of dividends and the sale proceeds:

620;000
Z30
0

ð1:02vÞt dt þ 14;700;000ð1:02vÞ30 at 6%

¼ 620;000

"
1� ð1:02vÞ30
�lnð1:02vÞ

#
þ 14;700;000ð1:02vÞ30

¼ ð620;000� 17:798Þ þ 4;636;000 ¼ £15;671;000

This method for valuing share prices is often called the
discounted cash flow model, for obvious reasons.
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portfolio than a single holding. More sophisticated methods for valuing equi-
ties, using statistical techniques, have been developed, but we do not discuss
them here. We do, however, briefly consider stochastic models in Chapter 12.

Property Investment
For the purposes of analysis, property (offices, shops, industrial properties)
may be considered another example of fixed-interest security, although prop-
erty is a real investment, and, as such, rents and capital values might be
expected to increase broadly with inflation in the long term, which makes the
returns from property similar in nature to those from ordinary shares. We
consider inflation-linked investments in Section 7.9.

The return from investing in property comes from rental income and from
capital gains, which may be realized on sale. Neither rental income nor capital
values are guaranteed, and there can be considerable fluctuations in capital
values in particular, in real and monetary terms. Again, these properties suggest
similarities with ordinary shares.

Rental terms are specified in lease agreements. Typically, it is agreed that rents
are reviewed at specific intervals such as every 3 or 5 years. The rent is changed,
at a review time, to be more or less equal to the market rent on similar prop-
erties at the time of the review. Some leases have clauses that specify upward-
only adjustments of rents.

The following characteristics are particular to property investments, which are
fairly unique compared with other examples of investments considered in this
chapter:

(a) Large unit sizes lead to less flexibility than investment in shares,
(b) Each property is unique, so can be difficult and expensive to value,
(c) The actual value obtainable on sale is uncertain, i.e., values in property

markets can fluctuate just as stock markets can,
(d) Buying and selling expenses are higher than for shares and bonds,
(e) Net rental income may be reduced by maintenance expenses,
(f) There may be periods when the property is unoccupied and no income is

received.

Marketability is poor because each property is unique, and because buying and
selling incur high costs.

The running yield, as defined in Section 7.3, from property investments will
normally be higher than that for ordinary shares. The reasons for this are
that dividends usually increase annually (whereas rents are often reviewed less
often); property is much less marketable; expenses associated with property
investment are much higher; and large, indivisible units of property are much
less flexible.
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7.3 PRICES AND YIELDS
We now return to the discussion of fixed-interest stocks. As in other compound
interest problems, one of two questions may be asked:

1. What price A, or P per unit nominal, should be paid by an investor to secure
a net yield of i per annum?

2. Given that the investor pays a price A, or P per unit nominal, what net yield
per annum will he obtain?

To answer question 1, we set A equal to the present value, at rate of interest i per
annum, of the interest and capital payments, less any taxes payable by the
investor. That is,

A ¼

0
BBB@

present value; at rate

of interest i per annum;

of net interest payments

1
CCCAþ

0
BBB@

present value; at rate

of interest i per annum;

of net capital payments

1
CCCA

(7.3.1)

The price per unit nominal is, of course, P ¼ A/N, where N is the nominal
amount of stock to which the payments relate.

To answer question 2, we set A in Eq. 7.3.1 equal to the purchase price and solve
the resulting equation of value for the net yield i. If the investor is not subject to
taxation, the yield i is referred to as a gross yield. The yield quoted in the press for
a fixed-interest security is often the gross nominal yield per annum, convertible

EXAMPLE 7.3.1

A certain debenture was redeemable at par on 1 October
2012. The stock bore interest at 6% per annum, payable
half-yearly on 1 April and 1 October.

(a) What price per cent should have been offered for this
stock on 1 August 1990 to secure a yield of 5% per
annum for a tax-free investor?

(b) What yield per annum did this stock offer to a tax-free
investor who bought it at 117% on 1 August 1990?

Solution
(a) In this example we have R ¼ 1, N ¼ 100, C ¼ 100, D ¼

0.06, and p ¼ 2. The price Awhich should be offered on
1 August 1990 to secure a yield of 5% per annum is, by
Eq. 7.3.1,

A ¼ present value at 5% of interest payments

þ present value at 5% of capital payment

¼ v1=6
�
3þ 6að2Þ

22
þ 100v22

�
at 5%

¼ 116:19

(b) We now solve the equation of value

117 ¼ v1=6
h
3þ 6að2Þ

22
þ 100v22

i

for the rate of interest i. By part (a), when i ¼ 5%, the
right side of this equation is 116.19, so the yield is below
5% per annum. Further trials and interpolation give
iz4:94% per annum.
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half-yearly. If the investor sells his holding before redemption, or if he is subject
to taxation, his actual yield will in general be different from that quoted.

The yield on a security is sometimes referred to as the yield to redemption or the
redemption yield to distinguish it from the flat (or running) yield, which is defined
as D/P, the ratio of the coupon rate to the price per unit nominal of the stock.

Note that in Example 7.3.1, one could also work with a period of half a year; the
corresponding equation of value would then be

117 ¼ v1=3
�
3þ 3a44 þ 100v44

�
at rate i0

which has approximate solution i0z0:0244, so the effective yield per annum is

izð1:0244Þ2 � 1 or 4:94%; as before

When one has to solve an equation of value by interpolation (to find a yield), it
is convenient to have a rough idea of the order of magnitude of the required
solution. In most situations, upper and lower bounds may be found quite
simply, as the following discussion indicates.

Consider a loan which will be redeemed after n years at a redemption price of R
per unit nominal. Suppose that the loan bears interest, payable annually in
arrears at a coupon rate of D per annum, and that an investor who is liable to
income tax at rate t1 buys the loan at a price P per unit nominal. What can be
said about the magnitude of i, the investor’s net annual yield?

In return for a payment of P, the investor receives net interest each year of
D(1e t1) and redemption proceeds of R. His net yield i is therefore that interest
rate for which

P ¼ Dð1� t1Þan þ Rvn (7.3.2)

If R ¼ P, then clearly

i ¼ Dð1� t1Þ
P

If R > P, there is a gain on redemption, and therefore

i >
Dð1� t1Þ

P

In this case the gain on redemption is (Re P). If the investor were to receive this
gain in equal installments each year over the n years rather than as a lump sum
after n years, he would clearly be in a more advantageous position. In this case
each year he would receive D(1 e t1) þ (R e P)/n as income (and P as
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redemption proceeds), so his net annual yield would be [D(1 e t1) þ (R e P)/
n]/P. This overstates i, so

Dð1� t1Þ
P

< i <
Dð1� t1Þ þ ðR� PÞ=n

P

If R < P, there is a loss on redemption, and hence,

i <
Dð1� t1Þ

P

The loss on redemption is (P e R). If the investor had to bear this loss in equal
installments each year over the n years rather than as a lump sum after n years,
he would clearly be in a less advantageous position. In this case each year he
would receive D(1 e t1) e (P e R)/n as income (and P as redemption
proceeds), so his net annual yield would be [D(1 e t1) e (P e R)/n]/P. This
understates i, so

Dð1� t1Þ
P

> i >
Dð1� t1Þ � ðP � RÞ=n

P
¼ Dð1� t1Þ þ ðR� PÞ=n

P

Therefore, in all cases i lies between D(1 e t1)/P and [D(1 e t1) þ (R e P)/n]/P.
For most practical purposes, these bounds are sufficient to indicate suitable
values to be used for interpolation.

EXAMPLE 7.3.2EXAMPLE 7.3.2EXAMPLE 7.3.2EXAMPLE 7.3.2

A stock bears interest at 7 1
2% per annum, payable annually in

arrears, and is redeemable at par in 20 years’ time. Assuming
that any interest now due will not be received by a purchaser,
find the net yield per annum to an investor, liable to income
tax at 33 1

3%, who buys a quantity of this stock at 80%.

Solution
Note that, since the net annual interest payment is £7.5 �
(1e1/3) ¼ £5 on an outlay of £80 (i.e., 6 1

4%) and the stock is

redeemed for £100, the net yield will certainly exceed 6 1
4%

per annum. The gain on redemption is £20 per £100 nominal.
If this gain were paid in equal annual installments (each of
amount £1), an outlay of £80 would provide net income

each year of £6, or 7 1
2%. This would be a more advantageous

investment than is actually available. The net annual yield is

therefore less than 7 1
2%.

To price the stock, note that we have coupon rate D ¼ 0.075,
price paid per unit nominal P¼ 0.8, redemption price per unit

nominal R ¼ 1, rate of income tax t1 ¼ 1
3, and term to

redemption n ¼ 20. The equation of value is

P ¼ Dð1� t1Þan þ Rvn at rate i

i.e.,

0:8 ¼ 0:05a20 þ v20

The preceding remarks indicate that i lies between 0.0625
and 0.075. When i ¼ 0.065 the right side of the last equation
equals 0.8347, and when i ¼ 0.07, the value is 0.7881. By
interpolation, we estimate i as 0.0687 or 6.87%. (In fact, to
four decimal places, the net annual yield is 6.8686%.)
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7.4 PERPETUITIES
Certain loans, especially those made in connection with the purchase or lease
of land, may continue indefinitely or for so long (e.g., 999 years) as to be
considered of indefinite duration for practical purposes. Such loans are referred
to as perpetuities or perpetual loans.

Let us assume that the next interest payment is due at time t years from the
present and that interest is at rate D per annum per unit nominal, payable p
times per annum. The price P per unit nominal to give a net yield of i per
annum, or i, the net yield per annum to an investor who pays P per unit
nominal, and is liable to income tax at rate t1, may be found from the equation

P ¼ D
�
1� t1

�
vt€aðpÞN at rate i

i.e.,

P ¼ Dð1� t1Þvt
dðpÞ

at rate i (7.4.1)

7.5 MAKEHAM’S FORMULA
Consider a loan, of nominal amount N, which is to be repaid after n years at
a price of R per unit nominal, and let C¼NR. The quantity C is the cash payable
on redemption. Let the coupon rate (i.e., the annual interest per unit nominal)
beD, and assume that interest is payable pthly in arrears. Each interest payment
is then of amount DN/p ¼ gC/p, where

g ¼ DN
C

(7.5.1)

¼ D
R

(7.5.2)

Note that g is the annual rate of interest per unit of redemption price.

EXAMPLE 7.4.1EXAMPLE 7.4.1EXAMPLE 7.4.1

The interest on a 3 1
2% War Loan is payable on 1 June and 1

December each year. Considering this stock to be a perpe-
tuity, find (a) the effective yield per annum and (b) the
nominal yield per annum, convertible half-yearly, to a tax-
free investor on 22 August 2012, when the price was
34.875%.

Solution
In the notation of Eq. 7.4.1, we have P ¼ 0.348 75, D ¼ 0.035,
p ¼ 2, and t ¼ 101/365 ¼ 0.276 71. We therefore solve the
equation

0:348 75 ¼ 0:035
h
v0:27671=dð2Þ

i

for i. This gives i ¼ 10.53%, and hence, ið2Þ ¼
2 ½ð1þ iÞ1=2 � 1�z10:27%.
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Consider an investor, liable to income tax at rate t1, who wishes to purchase the
loan at a price to provide an effective net yield of i per annum. Let the price he
should pay be A. (We assume that n is an integer multiple of 1/p and that any
interest now due will not be received by the purchaser.) The price is simply the
present value (at rate i) of the redemption proceeds and the future net interest
payments. Therefore,

A ¼ NRvn þ ð1� t1ÞDNa ðpÞn at rate i

¼ Cvn þ ð1� t1ÞgCa ðpÞn

¼ Cvn þ ð1� t1ÞgC 1� vn

iðpÞ

¼ Cvn þ gð1� t1Þ
iðpÞ

ðC� CvnÞ

Hence,

A ¼ K þ gð1� t1Þ
iðpÞ

ðC� KÞ (7.5.3)

where K ¼ Cvn (at rate i) is the present value of the capital repayment, and
[g(1 e t1)/i

(p)](C e K) is the present value of the net interest payments. Note
that g(1 e t1) is the net rate of annual interest payment per unit redemption price
or per unit “indebtedness”. Equation 7.5.3 is valid only when

(a) g, t1, and R are constant throughout the term of the loan, and
(b) n is an integer multiple of 1/p.

See Section 7.8 for the necessary modifications when these conditions are not
satisfied.

Equation 7.5.3 is known as Makeham’s formula, and it is important to realize
that it is simply an alternative statement of the equation of value; its derivation
contains no new concepts.

EXAMPLE 7.5.1EXAMPLE 7.5.1

A 10-year loan is to be issued bearing interest at a rate of 3%
per annum payable quarterly in arrears. The loan is redeem-
able at 110% of par. Calculate the price of this loan if a yield of
4% per annum is required for an investor subject to 40%
income tax.

Solution
Using the standard notation, i ¼ 0.04, i(4) ¼ 0.039414, g ¼
0.03/1.10, C ¼ 110, K ¼ 110n10, t1 ¼ 0.40, and Makeham’s
formula 7.5.3 gives the price for £100 nominal as

A ¼ 110n10 þ 0:03
1:10

ð1� 0:4Þ
�
110� 110n10

�
0:039414

¼ £89:13

An alternative approach is to evaluate the present value of
the cash flows directly, leading to

A ¼ 3ð1� 0:4Það4Þ
10

þ 110n10 ¼ £89:13
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Makeham’s formula remains true when the loan is repayable by installments,
provided that the coupon rate D, the rate of income tax t1, and the redemption
price R per unit nominal remain constant. To show this, we consider a loan of
nominal amountN ¼ N1 þN2 þ/þNm whereNj is the nominal amount to
be redeemed at time nj, for j ¼ 1, 2, . . . , m.

The cash received on repayment of part of the loan at time nj is Cj ¼ RNj.
Equation 7.5.3 implies that the value of the capital and net interest payments
associated with the jth “tranche” of the loan is

Aj ¼ Kj þ gð1� t1Þ
iðpÞ

ðCj � KjÞ

where
Kj ¼ Cjv

nj

The value of the entire loan is clearly

A ¼
Xm
j¼1

Aj

¼
Xm
j¼ 1

�
Kj þ gð1� t1Þ

iðpÞ
ðCj � KjÞ

	

¼ K þ gð1� t1Þ
iðpÞ

ðC� KÞ

where

K ¼
Xm
j¼1

Kj ¼
Xm
j¼ 1

Cjv
nj

is the value of the capital payments and

C ¼
Xm
j¼1

Cj ¼
Xm
j¼ 1

RNj ¼ R
Xm
j¼ 1

Nj ¼ RN

as before. Equation 7.5.3 is therefore still valid in this situation.

The present value, or price, per unit nominal is, of course, P ¼ A/N, provided
that one purchases the entire loan (see Section 7.6). The attractiveness of
Makeham’s formula lies in the fact that it enables the value of the (net)
interest payments and the total value of the security to be obtained quickly
from the value of the capital K, even when the stock is redeemable by
installments.

Makeham’s formula may also be established by general reasoning as follows.
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Consider a second loan of the same total nominal amount N as the loan just
described. Suppose that, as before, interest is payable pthly in arrears and that a
nominal amountNj of this second loan will be redeemed at time nj (1� j� m)
at a price of R per unit nominal. (The capital repayments for this second loan
are therefore identical to those of the original loan.) Suppose, however, that for
this second loan the net annual rate of interest per unit of redemption price is i(p).
The total “indebtedness” (i.e., capital to be repaid) for either loan is C ¼ NR.
Since, by hypothesis, the net annual rate of interest payment per unit
indebtedness for the second loan is i(p), the value at rate i of this loan is clearly
C. Let K be the value of the capital payments of this second loan. (Of course, K
is also the value of the capital payments of the first loan.) Then the value of the
net interest payments for the second loan must be (C e K). The difference
between the two loans lies simply in the rate of payment of net interest. The net
annual rate of interest per unit redemption price is g(1 e t1) for the original
loan and i(p) for the second loan. By proportion, therefore, the value of the net
interest payments for the first loan is obviously g(1 e t1)/i

(p) times the value of
the net interest payments for the second loan, i.e.,

gð1� t1Þ
iðpÞ

ðC� KÞ

The value of the first loan, being the value of the capital plus the value of the net
interest, is then

K þ gð1� t1Þ
iðpÞ

ðC� KÞ

as given by Eq. 7.5.3. A clear grasp of the preceding “proportional” argument
can simplify the solution of many problems but is, of course, not essential.

Note that Makeham’s formula may be used either to value the security at
a given rate of interest i or to find the yield when the price A is given. It is clear
that A decreases as i increases, since A is the present value of a series of positive
cash flows. Equivalently, as A increases, the corresponding yield i decreases. It
also follows directly from Makeham’s formula that

�
a
�

A ¼ C if g
�
1� t1

� ¼ iðpÞ�
b
�

A > C if g
�
1� t1

�
> iðpÞ�

c
�

A < C if g
�
1� t1

�
< iðpÞ

9>>>>=
>>>>;

(7.5.4)

These results will prove useful in Sections 7.6 and 7.7.

The reader who chooses to value the interest payments from first principles in
Example 7.5.2 will rapidly be convinced of the value of Makeham’s formula.
This is left as an exercise.
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EXAMPLE 7.5.2EXAMPLE 7.5.2

A loan of £75,000 is to be issued bearing interest at the rate of
8% per annum payable quarterly in arrears. The loan will be
repaid at par in 15 equal annual installments, the first install-
ment being repaid 5 years after the issue date. Find the price
to be paid on the issue date by a purchaser of the whole loan
who wishes to realize a yield of (a) 10% per annum effective
and (b) 10% per annum convertible half-yearly. (Ignore
taxation.)

Solution
The capital repayments are each of amount £5,000. The first
repayment is after 5 years and the final repayment is after
19 years.

(a) Choose 1 year as the basic unit of time. The required
yield per unit time is 10% so i¼ 0.10. Using the previous
notation, we have C ¼ 75,000 (since redemption is at
par). The value of the capital repayment is

K ¼ 5;000ða19 � a4 Þ at 10% ¼ 25;975:27

Note that, since redemption is at par, g ¼ D/R ¼ 0.08
and interest is paid quarterly (i.e., four times per time
unit), so p ¼ 4. From Makeham’s formula, we obtain
the required price as

25;975:27þ 0:08
0:10ð4Þ

ð75;000� 25;975:27Þ ¼ £66;636:60

Since 66,636.60/75,000 ¼ 0.8885, this price may be
quoted as £88.85%.

(b) Choose 6 months as the basic unit of time. The required
yield per unit time is 5%, and so i ¼ 0.05. Note now that
interest is paid twice per time unit, so in the previous
notation, p ¼ 2. Also, per time unit, the amount of
interest payable is 4% of the outstanding loan, so now
we have g ¼ 0.04. The capital repayments occur at
times 10, 12, 14, . . . , 38, so

K ¼ 5;000
a2

ða40 � a10 Þ at 5% ¼ 25;377:27

Hence, the value of the entire loan is

25;377:27þ 0:04
0:05ð2Þ

ð75;000� 25;377:27Þ

¼ £65;565:63 or £87:42%

Note that this price is lower than that in (a).
An alternative approach to (b) is to use the annual effec-
tive rate i ¼ 10:25%, which is implied by ið2Þ ¼ 10%
and work in units of 1 year, as in (a).

EXAMPLE 7.5.3EXAMPLE 7.5.3

In relation to the loan described in Example 7.5.2, find the
price to be paid on the issue date by a purchaser of the entire
loan who is liable to income tax at the rate of 40% and wishes
to realize a net yield of 7% per annum effective.

Solution
The capital payments have value

K ¼ 5;000ða19 � a4 Þ at 7% ¼ 34;741:92

Hence, the price to provide a net yield of 7% per annum effec-
tive is

34;741:92þ 0:08ð1� 0:4Þ
0:07ð4Þ

ð75;000� 34;741:92Þ

¼ £63;061:89 or £84:08%
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EXAMPLE 7.5.5

A loan of nominal amount £1,200,000 is to be issued bearing
interest of 11% per annum payable half-yearly. At the end of
each year, part of the loan will be redeemed at 105%. The
nominal amount redeemed at the end of the first year will
be £10,000, and each year thereafter the nominal amount
redeemed will increase by £10,000 until the loan is finally
repaid. The issue price of the loan is £98.80. Find the net
effective annual yield to an investor, liable to income tax at
40%, who purchases the entire loan on the issue date.

Solution
The term of the loan is n years, where

1;200;000 ¼ 10;000ð1þ 2þ/þ nÞ
¼ 5;000nðnþ 1Þ

from which it follows that n ¼ 15.

Note that, since the redemption price is 105%, the total
indebtedness is C ¼ 1,200,000 � 1.05 ¼ 1,260,000 and

g ¼ 0:11
1:05

(1)

Our unit of time is 1 year and p ¼ 2.

At rate of interest i, the capital repayments have value

K ¼ 10;000� 1:05� ðIaÞ15
so that

K ¼ 10;500ðIaÞ15 at rate i (2)

The value of the loan to provide the investor with a net yield
of i per annum is then (from Eq. 1)

A ¼ K þ 0:11
1:05

ð1� 0:4Þ
ið2Þ

ð1;260;000� K Þ (3)

where K is given by Eq. 2.

Since the issue price is £98.80 per £100 nominal, the price
paid by the investor was 0.988 � 1,200,000, i.e., £1,185,600.
We require the value of i such that A (as given by Eqs 2
and 3) equals this figure.

Note that each £98.80 invested generates net income of £6.60
per annum and is repaid as £105. The net yield will then be
somewhat greater than 6.60/98.80 ¼ 0.0668 or 6.68%. As a
first step, therefore, we value the loan at 7%. It is left for the

Continued

EXAMPLE 7.5.4EXAMPLE 7.5.4

A loan of nominal amount £80,000 is redeemable at 105% in
four equal installments at the end of 5, 10, 15, and 20 years.
The loan bears interest at the rate of 10% per annum payable
half-yearly. An investor, liable to income tax at the rate of
30%, purchased the entire loan on the issue date at a price
to obtain a net yield of 8% per annum effective. What price
did he pay?

Solution
Note that the total indebtedness C is 80,000 � 1.05, i.e.,
£84,000. Each year the total interest payable is 10% of
the outstanding nominal loan, so that the interest payable
each year is g times the outstanding indebtedness, where
g ¼ 0.1/1.05.

Choose 1 year as the unit of time. Then i ¼ 0.08, and at the
issue date, the capital payments have present value

K ¼ 20;000� 1:05
�
v5 þ v10 þ v15 þ v20

�
at 8%

¼ 21;000
a20
s5

at 8% ¼ 35;144:90

Using the value of g described previously, we obtain the price
paid by the investor as

35;144:90þ 0:1
1:05

ð1� 0:3Þ
0:08ð2Þ

ð84;000� 35;144:90Þ ¼ 76;656:07

Note that the price “per cent” is the price per £100 nominal
amount of loan, i.e., (76,656.07/80,000) � 100 ¼ £95.82.
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EXAMPLE 7.5.5 (cont'd)

reader to verify that, when i¼ 0.07,A¼ 1,206,860 or 100.57%.
The net yield is therefore greater than 7% per annum. The
reader should confirm that, when i ¼ 0.08, A ¼ 1,127,286 or
93.94%. By linear interpolation, we estimate the net yield as

0:07þ ð1;206;860� 1;185;600Þ
ð1;206;860� 1;127;286Þ � 0:01 ¼ 0:0727 or 7:27%:

An alternative approach to solving Eq. 1 for iwould be to start
with i ¼ 10% and reduce in 1% increments to determine that
the value lies between 7% and 8%. Interpolation could then
be used between these values.

(The actual answer is 7.597%.)

EXAMPLE 7.5.6

Ten years ago a loan was issued bearing interest payable
annually in arrears at the rate of 8% per annum. The terms
of issue provided that the loan would be repaid by a level
annuity of £1,000 over 25 years.

An annuity payment has just been made, and an investor is
considering the purchase of the remaining installments.
The investor will be liable to income tax at the rate of 40%
on the interest content (according to the original loan
schedule) of each payment. What price should the investor
pay to obtain a net yield of 10% per annum effective?

Solution
We consider four alternative solutions. Each is correct, but
the relative lengths of the solutions should be noted. Our
last solution makes use of a technique known as the indirect
valuation of the capital, which is very useful in certain
problems.

(a) (Solution from first principles)
The amount of the original loan was 1; 000a25 at 8%.
The rth annuity payment consists of a capital payment
of 1;000v26�r

0:08 and an interest payment of
1;000ð1� v26�r

0:08 Þ.
Fifteen payments remain to be made, the tth of which is
the (10þ t)th overall payment. Hence, the tth remaining
payment consists of capital 1;000v16�t

0:08 and interest
1;000ð1� v16�t

0:08 Þ.
After tax, the investor receives only 60% of the interest
content of each payment. Accordingly, to obtain a net
yield of 10% per annum, he should pay

X15
t ¼ 1

ð1:1Þ�t
h
1;000v16�t

0:08 þ
�
1� 0:4

�
� 1;000

�
1� v16�t

0:08

�i

¼
X15
t ¼ 1

ð1:1Þ�t
�
600þ v16

0:08 � 400� v�t
0:08

�

¼ 600a15 0:1 þ 1:08�15 � 400
1�



1:08
1:1

�15

1:1� 1:08
¼ £6;080:64

(b) (Solution using Makeham’s formula)
Note that the redemption price and rate of payment of
interest are constant, so Makeham’s formula may be
applied. The outstanding loan C is simply the value
(on the original interest basis) of the remaining install-
ments. Therefore, C ¼ 1;000a15 at 8% ¼ £8;559:48.

The value at 10% of the remaining capital payments is

K ¼
X15
t ¼ 1

ð1:1Þ�t � 1;000� v16�t
0:08

¼ 1;000v15
0:08

1�


1:08
1:1

�15

1:1� 1:08
¼ 3;792:48

Hence, from Makeham’s formula (with g ¼ 0.08), the
price to be paid for a net yield of 10% is as before

Continued
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7.6 THE EFFECT OF THE TERM TO REDEMPTION ON
THE YIELD
Consider first a loan of nominal amount N, which has interest payable pthly at
the annual rate of D per unit nominal. Suppose that the loan is redeemable
after n years at a price of R per unit nominal. An investor, liable to income tax at
rate t1, wishes to purchase the loan at a price to obtain a net effective annual
yield of i.

EXAMPLE 7.5.6 (cont'd)

3;792:48þ 0:08ð1� 0:4Þ
0:1

ð8;559:48� 3;792:48Þ ¼ £6;080:64

(c) (Solution using the value of the capital, but not requiring
Makeham’s formula)
The value of the entire outstanding loan (with no
taxation) is

A ¼ 1;000a15 at 10% ¼ 7;606:08

The value of the capital payments K has been found to
be 3,792.48. The value of the gross interest payments I
is simply the value of the entire loan less the value of
the capital payments. Therefore,

I ¼ A� K ¼ 3;813:60

The value of the net interest payments is 0.6I, so the
price to be paid by the investor is as before

K þ 0:6I ¼ 3792:48þ ð0:6� 3813:60Þ ¼ 6;080:64

(d) (Solution using indirect valuation of the capital)
Ignoring tax, we may value the loan as simply the value
of the remaining installments. Therefore, to an investor
who is not liable to tax, the value of the loan to give
a yield of 10% per annum is

A ¼ 1;000a15 at 10% ¼ 7;606:08 (1)

as in (c). However, if K denotes the value at 10% of the
remaining capital payments, by Makeham’s formula,
the value of the loan to an investor who is not liable to
tax is

K þ 0:08
0:1

ð8;559:48� K Þ (2)

since £8,559.48 (i.e., 1;000a15 0:08) is the outstanding
loan. By equating these two expressions for the price,
we obtain

7;606:08 ¼ K þ 0:08
0:1

ð8;559:48� K Þ

from which it follows that K ¼ 3,792.48. Note now that
the value of the capital payments to an investor who pays
no tax is the same as the value of the capital payments to
an investor who is liable only to income tax. (The reader
should study the preceding argument carefully. It is
important to realize that, instead of finding the value of K
and then using this value to find the price, we have found
the price [ignoring tax] directly and then used Make-
ham’s formula backwards to obtain the value of K.)

Having found the value of K, we may use Makeham’s
formula to find the price to be paid by the investor who
is liable to income tax as

3;792:48þ 0:08ð1� 0:4Þ
0:1

ð8;559:48� 3;792:48Þ
¼ £6;080:64

The arithmetical simplicity of this solution should be
noted. The indirect valuation avoids the need to deter-
mine K as the sum of a geometric series.

Note that the indirect determination of K could be used
in conjunction with the solution (c).
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As before, let g¼ D/R and C¼NR, so that gC¼ DN. The price to be paid by the
investor is

Aðn; iÞ ¼
ð1� t1ÞDNaðpÞn þ Cvn�
1� t1

�
gCaðpÞn þ C

�
1� iðpÞaðpÞn

�
at rate i

Cþ ��
1� t1

�
g � iðpÞ

�
CaðpÞn

9>>>>=
>>>>;

8>>>><
>>>>:

(7.6.1)

If the net annual rate of interest per unit indebtedness were i(p), the value of the
loan would be C. In fact, the net annual rate of interest per unit indebtedness is
(1 e t1)g, and the second term on the right side of the last equation is the value
of net interest in excess of the rate i(p).

The following are immediate consequences of Eq. 7.6.1.

ðaÞ If iðpÞ ¼ ð1et1Þg; then; for any value of n; A
�
n; i

� ¼ C:

ðbÞ If iðpÞ < ð1et1Þg; then; regarded as a function of n;A
�
n; i

�
is

an increasing function ði:e:if n2 > n1; then Aðn2; iÞ>Aðn1; iÞÞ:
ðcÞ If iðpÞ > �

1et1
�
g; then; regarded as a function of n;A

�
n; i

�
is

a decreasing function:

ðdÞ For any fixed n;Aðn; iÞis a decreasing function of i:

9>>>>>>>>>=
>>>>>>>>>;

(7.6.2)

These simple observations are consistent with Eq. 7.5.4. One very important
application of the preceding is to be found in relation to loans which have
optional redemption dates (see Section 7.7). It is, however, convenient to first
discuss some related matters.

Consider two loans, each of which is as described in the first paragraph of this
section except that the first loan is redeemable after n1 years and the second
loan after n2 years, where n1< n2. Suppose that an investor, liable to income tax
at a fixed rate, wishes to purchase one of the loans for a price B. Then

ðaÞ If B < C ðwhere C ¼ NRÞ; the investor will obtain a higher

net yield by purchasing the first loan ði:e:; the loan that is

repaid earlierÞ;
ðbÞ If B > C; the investor will obtain a higher net yield by

purchasing the second loan ði:e:; the loan which is

repaid laterÞ;
ðcÞ If B ¼ C; the net yield will be the same for either loan:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

(7.6.3)

This is easily seen as follows.

If B¼ C, then remark 7.6.2(a) shows that for either loan, the net annual yield is
i, where i(p) ¼ (1 e t1)g. This establishes 7.6.3(c).
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Suppose now that B < C and let i1 be the net annual yield obtainable from the
first loan. Clearly, iðpÞ1 > ð1� t1Þg. Let B* be the price which should be paid to
provide a net annual yield of i1 from the second loan. Then

B� ¼ Aðn2; i1Þ ðby definition of B�Þ
< Aðn1; i1Þ ðby 7:7:2ðcÞ; since iðpÞ1 > ð1� t1Þg and n2 > n1Þ
¼ B ðby definition of i1Þ

Therefore, a purchaser of the second loan who wishes to obtain a net annual
yield of i1 should pay less than B. If, in fact, he pays B, then obviously [or by
7.6.2(d)] his net yield will be less than i1. This establishes 7.6.3(a).

The justification of 7.6.3(b) follows similarly.

The preceding results are intuitively obvious. If B< C, the purchaser will receive
a capital gain when either loan is redeemed. From the investor’s viewpoint, the
sooner he receives this capital gain the better. He will therefore obtain the
greater yield on the loan that is redeemed first. However, if B > C, there will be
a capital loss when either loan is redeemed. The investor will wish to defer this
loss as long as possible. He will therefore obtain the greater yield on the loan
that is redeemed later.

7.7 OPTIONAL REDEMPTION DATES
Sometimes a security is issued without a fixed redemption date. In such cases
the terms of issue may provide that the borrower (i.e., issuer) can redeem the
security at his option at any interest date on or after some specified date. Alter-
natively, the issue terms may allow the borrower to redeem the security at his
option at any interest date on or between two specified dates (or possibly on
any one of a series of dates between two specified dates).

EXAMPLE 7.6.1

Consider the loan described in Example 7.5.4, and suppose
that an investor, who is subject to income tax at 30%,
purchases one bond of £100 nominal on the issue date for
£95.82. Find the net yield per annum he will obtain, assuming
redemption after (a) 5, (b) 10, (c) 15, and (d) 20 years.

Solution
Let the net yield per annum be ir, if redemption of the bond
occurs at time 5r (r ¼ 1, 2, 3, 4). The equation of value for
finding ir is

95:82 ¼ K þ 0:1� 0:7

1:05ið2Þr

ð105� K Þ

where K ¼ 105v5r at rate ir. The solutions (expressed as
percentages, correct to three decimal places) are as follows:

i1 ¼ 9:066%; i2 ¼ 8:109%; i3 ¼ 7:803%;

i4 ¼ 7:660%

1417.7 Optional Redemption Dates



An example of the first situation is provided by 212% Consols. When this stock
was issued, the UK government reserved the right to repay the stock at par on 5
April 1923 or at any later interest date, so it may now be repaid at any interest
date the government chooses. An illustration of a range of redemption dates is
given by 12% Exchequer 2013e2017. This stock was issued in 1978 and the UK
government reserved the right to redeem it at par on any 12 June or 12
December between 12 December 2013 and 12 December 2017 inclusive at the
government’s choice. (The government has since redeemed this stock on 12
December 2013, reflecting the considerably lower borrowing rates available on
the market at that time.)

The latest possible redemption date is called the final redemption date of the
stock, and if there is no such date (as in the case of 212% Consols), then the stock
is said to be undated. It is also possible for a loan to be redeemable between two
specified interest dates, or on or after a specified interest date, at the option of
the lender, but this arrangement is less common than when the borrower
chooses the redemption date.

An investor who wishes to purchase a loan with redemption dates at the option
of the borrower cannot, at the time of purchase, know how the market will
move in the future and hence when the borrower will repay the loan.
He therefore cannot know the net yield that he will obtain. However, by using
Eq. 7.6.2 or Eq. 7.6.3, he can determine either

1. The maximum price to be paid, if his net yield is to be at least some specified
value; or

2. The minimum net yield he will obtain, if the price is some specified value.

We shall now show how hemay do so. Suppose that the outstanding term of the
loan, n years, may be chosen by the borrower subject to the restriction that n1� n
� n2. (We assume that n1 is an integer multiple of 1/p and that n2 is an integer
multiple of 1/p or is infinite.) Using the notation of Section 7.6, we let A(n, i) be
the price to provide a net annual yield of i, if the loan is redeemed at time n.

Suppose that the investor wishes to achieve a net annual yield of at least i.
It follows from Eq. 7.6.2 that

(a) If i(p) < (1 e t1)g, then A(n1, i) < A(n, i) for any value of n such that n1 < n
� n2. In this case, therefore, the investor should value the loan on the
assumption that redemption will take place at the earliest possible date.
If this does, in fact, occur, his net annual yield will be i. If redemption
occurs at a later date, the net annual yield will exceed i.

(b) If i(p) > (1 e t1)g, then A(n2, i) < A(n, i) for any value of n such that n1 � n
< n2. In this case, therefore, the investor should value the loan on the
assumption that redemption will occur at the latest possible date. (If n2 ¼
N, the loan should be valued as a perpetuity.) This strategy will ensure
that his net annual yield will be at least i.
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(c) If i(p) ¼ (1 e t1)g, the net annual yield will be i, irrespective of the actual
redemption date chosen.

Suppose, alternatively, that the price of the loan is given. What can be said about
the yield that the investor will obtain? As before, let P and R be the purchase price
per unit nominal and the redemption price per unit nominal, respectively. The
minimum net annual yield is obtained by solving an appropriate equation of
value. The following are immediate consequences of Eq. 7.6.3.

(a) If P < R, the investor should determine the net annual yield on the
assumption that the loan will be repaid at the latest possible date. If this
does, in fact, occur, his net annual yield will be that calculated.
If redemption takes place at an earlier date, the net annual yield will be
greater than that calculated.

(b) If P > R, the investor should determine the net annual yield on the
assumption that the loan will be repaid at the earliest possible date. The
actual yield obtained will then be at least the value calculated on this basis.

(c) If P ¼ R, the net annual yield is i, where i(p) ¼ g(1 e t1), irrespective of the
actual redemption date chosen.

EXAMPLE 7.7.1EXAMPLE 7.7.1

A fixed-interest security bears interest at 7% per annum
payable half-yearly and is to be redeemed at 105% at an
interest date n years from the present, where 10 � n � 15
and n is to be determined by the borrower. What price per
cent should be paid for this stock by

(a) A tax-free investor who requires a net yield of at least
5% per annum?

(b) An investor subject to income tax at 40% who also
requires a net yield of at least 5% per annum?

Solution
(a) We have

g ¼ 0:07
1:05

¼ 0:06667; t1 ¼ 0; iðpÞ ¼ 0:05ð2Þ

¼ 0:04939

so

gð1� t1Þ > iðpÞ

and there is a capital loss. It is then prudent to assume
redemption as early as possible, i.e., at time 10 years, to
calculate the price for the minimum yield. By Make-
ham’s formula, the required price per unit nominal is

K þ g
iðpÞ

ðC � K Þ ¼ 1:05v10 þ 0:06667
0:04939

�ð1:05� 1:05v10Þ at 5% ¼ 1:1918

Therefore, the maximum price is £119.18.

(If the investor pays this price and the loan is redeemed
after 15 years, his net annual yield will be 5.42%.)

(b) We now have

t1 ¼ 0:4 and gð1� t1Þ ¼ 0:04

so

gð1� t1Þ < ið2Þ

and there is a capital gain. It is then prudent to assume
redemption after 15 years (i.e., as late as possible) to
calculate the price for the minimum yield. By Make-
ham’s formula, the required price per unit nominal is

1:05v15 þ 0:04
0:04939

ð1:05� 1:05v15Þ at 5%

¼ 0:9464

Therefore, the maximum price is £94.64.

(If the investor pays this price and the loan is redeemed
after 10 years, his net annual yield will be 5.35%.)
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Note that if the stock is being valued between two interest dates (or between the
issue date and the first interest date), the preceding rules concerning prices and
yields may not be correct, as the assumption that n1 is an integer multiple of 1/p
and n2 is an integer multiple of 1/p, or is infinite, does not hold. In this case the
term which gives the greatest price (or least yield) should be determined by
further analysis or by numerical calculations.

7.8 VALUATION BETWEEN TWO INTEREST DATES:
MORE COMPLICATED EXAMPLES
In the preceding sections we generally assumed that a fixed-interest security was
being valued at the issue date or just after receipt of an interest payment. If one
is valuing a stock at an interest date immediately before receipt of the interest
payment, the value to an investor who pays income tax at rate t1 is clearly

A� ¼ Aþ ð1� t1ÞDN=p ¼ Aþ ð1� t1ÞgC=p (7.8.1)

where A denotes the corresponding “ex dividend” value, which may be found
by Makeham’s formula or otherwise.

When valuing between two interest dates, or between the date of issue and the
first interest date, wemay use one of the followingmethods, (a) and (b). Let the
valuation date be a fraction m of a year (0 < m < 1/p) after the preceding
interest date or the date of issue, and hence a fraction m’ (¼ 1/p e m) of a year
from the next interest date.

Method (a): Let A denote the value of the security, at rate of interest i per
annum, just after the last interest payment was made, or at the issue date if
there has been no such payment; Amay be found byMakeham’s formula or
by other methods. The value a fraction m of a year later is then

A0 ¼ ð1þ iÞmA (7.8.2)

EXAMPLE 7.7.2EXAMPLE 7.7.2

A loan bearing interest of 12% per annum payable quarterly is
to be issued at a price of £92. The entire loan will be redeemed
at par on any interest date chosen by the borrower between 20
and 25 years (inclusive) from the issue date. Find the minimum
net annual yield that will be obtained by an investor, liable to
income tax at 30%, who purchases part of the loan.

Solution
Since the issue price is less than the redemption price, our
preceding remarks indicate that the investor should value
the loan on the assumption that it will be redeemed at the

latest possible date. Net interest each year is £8.40 per £100
nominal, so that the appropriate equation of value is

92 ¼ 8:40að4Þ
25

þ 100v25 at rate i

The yield is clearly somewhat greater than 9%. By interpola-
tion, we find that i¼ 0.095 46; hence, the net annual yield will
be at least 9.546%. (If the loan is, in fact, repaid after 20 years,
the net annual yield will be 9.612%.)
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Method (b): Instead of working from the preceding interest date (or issue
date), let us work from the next interest date. Let A* be the value of the
stock, at rate of interest i per annum, just before the next interest payment is
made; A*may be found by Eq. 7.8.1. It follows that the present value of this
stock is

A0 ¼ ð1þ iÞ�m0
A� (7.8.3)

Our first example illustrates the use of both these methods. In the subse-
quent examples, we consider how to deal with the valuation of securities
when the redemption price, coupon rate, or rate of income tax is not
constant. In some cases it is simplest to proceed from first principles, while
in others Makeham’s formula may be used to value the loan in sections, or
in other ways. Our final example, the solution of which may at first seem
difficult, illustrates how a clear grasp of the principles underlying Makeham’s
formula enables an indirect valuation of the capital to shorten the solution
considerably.

In more complicated problems involving varying redemption prices, it is often
helpful to use one of the following approaches:

Method (a): Consider a fixed redemption price, value using Makeham’s
formula, and then adjust the answer to take “excess” or “shortfall” in the
redemption money into account.

EXAMPLE 7.8.1EXAMPLE 7.8.1

The middle market price (i.e., the average of the buying and
selling prices) quoted on the London Stock Exchange on 15
December 2011 for a 6% stock redeemable at par at the
end of September 2016 was £66. If this stock paid interest
half-yearly on 1 April and 1 October, find the gross yield
per annum obtainable on a purchase of this stock at this
price.

Solution
Method (a): The value per £100 nominal of this stock on
1 October 2011 after the payment of the interest then due
is, by Makeham’s formula,

A ¼ K þ 0:06
ið2Þ

ð100� K Þ

where K ¼ 100v5 at rate i (the gross annual yield). Hence, the
value on 15 December 2011 is

A0 ¼ ð1þ iÞ75=365A

and we now solve the equation A’ ¼ 66 to give ix0:1776 so
that the gross annual yield is 17.76%.

Method (b): The value per £100 nominal just after receipt of
the interest payment on 1 April 2012 is, by Makeham’s
formula,

A ¼ K þ 0:06
ið2Þ

ð100� K Þ

where K ¼ 100v4.5 at rate i, the gross annual yield. The value
just before receipt of this interest payment is (A þ 3) and the
value on 15 December 2011 is

A0 ¼ ð1þ iÞ�107=365 ðAþ 3Þ

We then find the gross yield per annum by solving A’ ¼ 66.
This gives ix0:1776 as before.
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Method (b): Split the loan into sections, for each of which the redemption
price is constant, and value each section by Makeham’s formula.

Method (b) is generally more suitable when the redemption price R has only
two or three values, whereas method (a) may be more suitable when R takes
many values.

Similar methods apply when the coupon rate D or the rate of
income tax t1 varies. One may use first principles or either of the following
methods.

Method (a): Consider the net rate of interest to be constant, value by
Makeham’s formula, and adjust the answer to allow for the actual net
interest rates.
Method (b): Split the loan into sections, assume that for each the net
rate of interest is constant, and value each section by Makeham’s formula.
Note, however, that adjustments will generally have to be made, since
the net interest rate for some sections may not be constant (see
Example 7.8.5.).

In certain, rather complicated, examples, the redemption price and the net rate
of interest may vary. Such problems should be tackled by a combination of the
methods described previously.

EXAMPLE 7.8.2

An issue of 1,000 debentures each of £100 nominal bears
interest at 112% per annum, payable yearly, and is redeemable
as follows:

250 bonds after 30 years at £110%
250 bonds after 40 years at £120%
250 bonds after 50 years at £130%
250 bonds after 60 years at £140%

Find the price payable for the issue by an investor requiring
a yield of 212% per annum. (Ignore taxation.)

Solution
Method (a): If the bonds were redeemed at 60%, a yield of
2.5% per annum would be obtained, and their total value
would be £60,000 (since they each carry an interest payment
of £1.50 per annum on an outlay of £60). The value of the
“extra” redemption money is

250� ð50v30 þ 60v40 þ 70v50 þ 80v60Þ at 212%

¼ £21;183

The total price is then 60,000 þ 21,183 ¼ £81,183.

Method (b): Makeham’s formula can be used for each of the
four distinct components:

Component 1: R ¼ 1.1, g ¼ 0.015/1.1, n ¼ 30, leading to
A1 ¼ 83.84
Component 2: R ¼ 1.2, g ¼ 0.015/1.2, n ¼ 40, leading to
A2 ¼ 82.35
Component 3: R ¼ 1.3, g ¼ 0.015/1.3, n ¼ 50, leading to
A3 ¼ 80.37
Component 4: R ¼ 1.4, g ¼ 0.015/1.4, n ¼ 60, leading to
A4 ¼ 78.18

The total price is then 250 � (A1 þ A2 þ A3 þ A4) ¼ £81,183.
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EXAMPLE 7.8.4EXAMPLE 7.8.4

A loan of nominal amount £10,000 is issued in bonds of £100
nominal bearing interest at 9% per annum payable annually
in arrears. Five bonds will be redeemed at the end of each of
the first 10 years and 10 bonds at the end of each of the next
5 years. During the first 10 years redemption will be at
£112.50 per bond; thereafter, it will be at £120 per bond.

An investor has been offered the entire issue of bonds for
£10,190. At present, the investor pays tax on income at the
rate of 40%, but a date has been fixed after which the rate
will be 30%. Given that these terms offer the investor a yield
of 7% per annum net effective, find how many interest
payments will be subject to the higher rate of tax.

Solution
Assume first that the redemption price is constant at 112.5%.
The value of the capital repayments is

K ¼ 562:5a10 þ 1;125v10a5 at 7% ¼ 6;295:63

and the value of the issue, assuming income tax to be at
30%, is

K þ 0:08� 0:7
0:07

ð11;250� K Þ ¼ 10;259

The addition for the higher redemption price in the last
5 years is

1;000� 0:075ða15 � a10 Þ at 7% ¼ 156

Hence, the total value of the loan, assuming that income tax
is constant at 30%, is £10,415. From this must be deducted
the value of the additional income tax on the first n interest
payments, where n is such that the value of the loan is
reduced to £10,190. We draw up the following schedule:

(1) (2) (3) (4) (5)

Year
(t)

Nominal
Amount
Outstanding
at Beginning
of Year t

Gross
Interest
at Time
t 0.09 3 (2)

Value of 10%
of Gross
Interest at
Time t
0:13ð3Þ3vt

0:07

Cumu-
lative
Total
of (4)

1 10,000 900 84.1 84.1

2 9,500 855 74.7 158.8

3 9,000 810 66.1 224.9

4 8,500 765 58.4

Since the actual price is £225 less than £10,415, we have n¼ 3;
i.e., the 40% rate of income tax applies to the interest payments
made at the end of the first 3 years, but not to thosemade later.

EXAMPLE 7.8.3EXAMPLE 7.8.3EXAMPLE 7.8.3

A loan stock of £1,000,000 nominal is redeemable at 110%
by ten equal annual installments of capital, the first due in
1 year’s time. Interest is payable half-yearly in arrears at the
rate of (4.5 þ t)% per annum in year t (t ¼ 1, 2, . . . , 10).
What price should be paid for the stock to yield 8% per annum
convertible half-yearly? (Ignore taxation.)

Solution
Work in half-yearly periods so that the effective rate is
ið2Þ=2 ¼ 4%. The value of the capital repayments is

K ¼ 110;000
�
v2 þ v4 þ/þ v20

�
at 4%

¼ 110;000a20
s 2

at 4% ¼ 732;810

Assume firstly that interest is constant at 5.5% per annum, or
2.75% per period. By Makeham’s formula, the value of the
loan is

K þ 0:0275
1:1� 0:04

ð1;100;000� K Þ ¼ 962;300

To this must be added the value of the extra interest
payments, which is

1
2

�
9;000

�
v3 þ v4

�
þ 2� 8;000

�
v5 þ v6

�

þ 3� 7;000
�
v7 þ v8

�
þ/þ 9� 1;000

�
v19 þ v20

�	

¼ 1; 000
2

�
v3 þ v4

��
9
�
1þ v16

�
þ 16

�
v2 þ v14

�

þ 21
�
v4 þ v12

�
þ 24

�
v6 þ v10

�
þ 25v8

	
¼ 106;680

Hence, the total value of the loan is £1,068,980.

1477.8 Valuation between Two Interest Dates: More Complicated Examples



EXAMPLE 7.8.5EXAMPLE 7.8.5

A loan of £3,000,000 nominal bears half-yearly interest at 312%
per annum for the first 10 years and at 4% per annum there-
after. It is redeemable at par by equal annual installments of
capital over the next 30 years. Find the net yield per annum to
a financial institution, subject to income tax at the rate of
37.5%, which bought the loan at par.

Solution
We split the loan into two sections: the first section, of
nominal amount £1,000,000, consists of that part of the loan
which is redeemable in the first 10 years, and the second
section, of nominal amount £2,000,000, is the remainder of
the loan. Makeham’s formula may be applied to value each
section, but an adjustment must be made to allow for the
fact that interest on the second section is at 312%, not 4%,
during the first 10 years. Let the unknown yield be i; we
have (in an obvious notation)

K1 ¼ 100;000a10 at rate i
K2 ¼ 100;000ða30 � a10 Þ at rate i

The value of the first section is

A1 ¼ K1 þ 0:035� 0:625
ið2Þ



1;000;000� K1

�

We now value the second section. If interest on this section
were always at 4%, its value would be

A2 ¼ K2 þ
0:04� 0:625

ið2Þ



2;000;000� K2

�

During the first 10 years, interest is actually at 312% per
annum, so we must deduct the value of the “excess” net
interest, i.e.,

2;000;000� 0:005� 0:625� a ð2Þ
10

at rate i

We therefore solve the equation

3;000;000 ¼ A1 þ A2 � 6;250a ð2Þ
10

A rough solution is 3:75%� 0:625z2:3%, and interpolation
can be used to determine that i ¼ 2:32%.

EXAMPLE 7.8.6

A loan of £1,000,000 is to be repaid over 40 years by a level
annuity payable monthly in arrears. The amount of the annuity
is determined on the basis of an interest rate of 8% per annum
effective. An investor, liable to income tax at the rate of 40% on
the interest content (according to the original schedule) of
each annuity payment, wishes to purchase the entire loan
on the issue date at a price to obtain a net yield of 6% per
annum convertible half-yearly. What price should he pay?

Solution
Note first that the amount of the repayment annuity per
annum is £X, where

Xa ð12Þ
40

¼ 1;000;000 at 8%

This gives X ¼ 80,933.82.

The required net yield is 6% per annum convertible half-
yearly. Choose a half-year as the unit of time and note that
the required net yield is 3% per unit time. Per half-year, the
annuity is of amount X/2 ¼ 40,466.91. Since the annuity is
payable six times per half-year, the value of the entire loan
(ignoring tax) is

A ¼ 40;466:91a ð6Þ
80

at 3% ¼ 1;237;320

(1)

(Note that 0.03(6) ¼ 0.029 632.)

Let K be the value (at 3% per half-year) of the capital
payments. Interest is paid each month of amount 0.08(12)/12
times the outstanding loan. If, in fact, interest were payable
each month of amount 0.03(6)/6 times the outstanding loan,
the value of the loan would be £1,000,000. Hence, using
Makeham’s formula “backwards”, we have

Continued
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EXAMPLE 7.8.6 (cont'd)

1;237;320 ¼ K þ 0:08ð12Þ=12
0:03ð6Þ=6

�
1;000;000� K

�

from which we immediately obtain

K ¼ 216;214 (2)

Clearly, (A e K) is the value of the gross interest payments.
Allowing for tax, the investor should pay

K þ ð1� 0:4ÞðA� K Þ ¼ A� 0:4ðA� K Þ ¼ 0:6Aþ 0:4K

From Eqs 1 and 2, this is easily calculated to be £828,878 (or,
say, £82.89%).

Note that the value of K may, of course, be obtained directly
as

K ¼
"
80;933:82

12
� 1;000;000� 0:08ð12Þ

12

#

�
X480
t ¼ 1

ð1:08Þðt�1Þ=12ð1:03Þ�t=6

However, the evaluation of this expression is somewhat
longer, and more liable to error, than the indirect method
described previously.

7.9 REAL RETURNS AND INDEX-LINKED STOCKS
Inflationmay be defined as a fall in the purchasing power of money. It is usually
measured with reference to an index representing the cost of certain goods and
(perhaps) services. In the UK the index used most frequently is the Retail Prices
Index (RPI), which is calculated monthly by the Office for National Statistics. It
is the successor to various other official indices dating back many years.

Real investment returns, as opposed to the money returns we have so far
considered, take into account changes in the value of money, as measured by
the RPI or another such index. It is possible for all calculations relating to
discounted cash flow, yields on investments, etc., to be carried out using units
of real purchasing power rather than units of ordinary currency, provided, of
course, that one defines the index being used.

It is a simple matter to write down the equation of value in “real” terms for any
transaction. Suppose that a transaction involves cash flows c1, c2, . . . , cn, the rth
cash flow occurring at time tr. (Note that the cash flows are monetary amounts.)
If the appropriate index has value Q(t) at time t, the cash flow cr at time tr will
purchase cr/Q(tr) “units” of the index. By the real yield on the transaction, we
mean the yield calculated on the basis that the investor’s receipts and outlays
are measured in units of index (rather than monetary units). The real internal
rate of return (or yield) on the transaction, measured in relation to the indexQ,
is then that value of i for which

Xn
r¼ 1

cr
QðtrÞð1þ iÞ�tr ¼ 0 (7.9.1)
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This equation is, of course, equivalent to

Xn
r¼ 1

cr
QðtkÞ
QðtrÞð1þ iÞ�tr ¼ 0 for any tk: (7.9.2)

EXAMPLE 7.9.1EXAMPLE 7.9.1

On 16 January 2009 a bank lent £25,000 to a businessman.
The loan was repayable 3 years later, and interest was
payable annually in arrears at 5% per annum. Ignoring taxa-
tion and assuming that the RPI for any month relates to the
middle of that month, find the real annual rate of return, or
yield, on this transaction. Values of the RPI for the relevant
months are as follows:

Calendar Year 2009 2010 2011 2012

Value of RPI for January 210.1 217.9 229.0 238.0

Solution
In money terms, the yield is, of course, 5% per annum. To
obtain the annual yield in real terms, we work in units of
purchasing power, so, for this example, the equation of value
7.9.1 becomes

25;000
Qð0Þ ¼ 1;250

�
v

Qð1Þ þ
v2

Qð2Þ þ
v3

Qð3Þ
	
þ 25;000

v3

Qð3Þ

where v ¼ 1/(1 þ i) and Q(t) is the RPI at time t years,
measured from mid-January 2009. We then have

1 ¼ 0:05


210:1
217:9

�
v þ 0:05



210:1
229:0

�
v2 þ 1:05



210:1
238:0

�
v3

i.e.,

1 ¼ 0:048 210v þ 0:045 874v2 þ 0:926 912v3

When i ¼ 0, the right side of the last equation is greater than
1, so the real rate of return is positive. When i¼ 0.01, the right
side is 0.992 354. By linear interpolation, iz0:0073, so the real
rate of return is approximately equal to 0.73% per annum.

EXAMPLE 7.9.2EXAMPLE 7.9.2

An investment trust bought 1,000 shares at £135 each on
1 July 2005. The trust received dividends on its holding on
30 June each year that it held the shares. The rate of dividend
per share was as given in the following table:

30 June in Year 2005 2006 2007 2008 2009 2010

RPI 192.2 198.5 207.8 216.8 213.4 224.1

Rate of Dividend Per
Share (£)

e 7.9 8.4 8.8 9.4 10.1

On 1 July 2010, the investment trust sold its entire holding of
the shares at a price of £151 per share. Using the RPI values
shown in the table, calculate the real rate of return per annum
effective achieved by the trust on its investment.

Solution
In real terms, the equation of value for this investment is

135;000 ¼ 7;900
192:2
198:5

yþ 8;400
192:2
207:8

y2 þ 8;800
192:2
216:8

y3

þ 9;400
192:2
213:4

y4 þ
�
10;100þ 151;000

�192:2
224:1

y5

measured from 30 June 2005. By linear interpolation, i ¼
0.0522%, and so the real yield is approximately equal to 5.2%
per annum.

In money terms, the equation of value is

35;000 ¼ 7;900yþ 8;400y2 þ 8;800y3 þ 9;400y4

þ
�
10;100þ 151;000

�
y5

This can be solved to give a rate of yield approximately equal
to 8.5% per annum.
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Equation 7.9.2 may be considered as the equation of value for the transaction,
measured in units of purchasing power at a particular time tk. Similar equations
may, of course, be developed for continuous cash flows.

In the remainder of this chapter, we shall, unless it is otherwise stated, calculate
real yields with reference to the RPI.

Note that the RPI for any month relates to a specific applicable date in that
month (usually the second or third Tuesday), and is normally published on the
Friday of the second or third week of the following month. For example, the
RPI for October 2012 was 245.6, and this value was published on 13 November
2012. It is important to note that on 13 January 1987, the RPI reverted to the
base of 100. Care should be taken to ensure that any data used for months prior
to this has been converted to the new base.

Formanypurposes, it isnecessary topostulate a valueof theRPI for adatebetween
the applicable dates in consecutive months. Such a value may be estimated by
interpolation. It is generally better to interpolate between values of lnQ(t) rather
than between values of Q(t), since ln Q(t) is usually more nearly linear.

In conditions of relatively stable money, such as existed in Britain for about 100
years before 1914, real and money rates of return are roughly equal. In modern
times, rates of inflation have been relatively high, and the real return on UK
government stocks, even to a tax-free investor, has fluctuated between positive
and negative values. The real rate of return on fixed-interest investments, after
allowing for taxation, has often been negative.

Theoretically, at least, the idea of index-linking the outlays and receipts on any
particular transaction is quite straightforward. In its simplest form, an index-
linked investment has a series of cash flows of “nominal” amount c1, c2, . . . ,
cn, the rth cash flow being due at time tr. The actual monetary amount of the rth
cash flow is defined to be

cr
RðtrÞ
Rðt0Þ (7.9.3)

where R is some specified index and t0 is a prescribed base date. (It is, of course,
essential that, for r¼ 0, 1, . . . , n, the value of R(tr) is known at time tr.) The real
rate of return per annum on such an investment, measured in relation to an
index Q, is (see Eq. 7.9.1) that value of i for which

Xn
r¼ 1

cr
RðtrÞ
Rðt0Þ

1
QðtrÞð1þ iÞ�tr ¼ 0 (7.9.4)

Note that if Q, the index used to measure the real rate of return, were to be
identically equal to R, the index used to determine the amount of each cash
flow, then Eq. 7.9.4 would simplify to

Xn
r¼1

crð1þ iÞ�tr ¼ 0
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so the real rate of return would be the same as the money rate of return on
the corresponding “unindexed” transaction (with cash flows of monetary
amounts c1, c2, . . . , cn). In this special case, therefore, the real rate of return does
not depend on the movement of the index. In general, however, the indices Q
and R are distinct, and the real rate of return on any index-linked transaction
does depend on the movement of the relevant indices.

In reality this simplest form of index-linking, in which the same index is
used both to determine the cash flows and to measure the real rate of
return, is not feasible, since there does not exist a suitable index with
values which form a continuous function and are immediately known at all
times. There are clearly essential requirements, at least for the index relative
to which the real rate of return is calculated. We have already remarked that
the RPI, for example, is known accurately on only 1 day in each month, its
value on that day being known (somewhat misleadingly) as the value “for
the month”. Moreover, the value for any 1 month is not known until around
the middle of the following month. Therefore, although real returns are,
in the UK, nearly always measured in relation to the RPI (interpolation being
used as necessary to estimate the index values Q(tr) in Eqs 7.9.1 and 7.9.4),
the index R used to determine cash flows for an index-linked transaction is
generally a step function, constant over any calendar month and based on the
RPI with a time lag. The use of a time lag overcomes difficulties which would
otherwise arise since the index value for a given month is not published
during that month.

An important example of an index-linked investment in the UK is an index-
linked government stock. The UK government issued its first index-linked
stock in March 1981, and this particular stock (2% I-L Treasury Stock 1996)
carried a coupon of 2% per annum payable half-yearly on 16 March and
16 September. The final interest payment on the particular stock was
16 September 1996, on which date the stock was redeemed at par. Both interest
and redemption price were indexed by the RPI with a time lag of 8 months.

A more recent example is the 114% I-L Treasury Gilt 2055, which carries coupon
payments of 114% payable half-yearly on 22 May and 22 November each year.
The gilt was issued on 23 September 2005 and will be redeemed on 22
November 2055. Both the coupons and redemption are indexed by RPI with
a lag of 3 months. The 114% I-L Treasury Gilt 2055 was the first index-linked
stock to be issued with a lag of 3 months and this is now standard practice
(replacing the 8-month lag).

All index-linked stocks have essentially the same method of indexation. Each
stock is redeemable on a single date at an indexed par. The indexation is simply
described, if we recall our previous definition of the value of the RPI applicable
at any time and let
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RðtÞ ¼ value of RPI applicable three calendar months before time t

(7.9.5)

(Although note that for securities issued prior to 2005, the required lag is 8
months.) For an index-linked stock issued at time t0 with annual coupon rateD
(e.g., 0.02 or 0.025) payable half-yearly, the monetary amount of an interest
payment due at any particular time tr is

D
2
100

RðtrÞ
Rðt0Þ

per £100 nominal stock. Similarly, the redemption money per £100 nominal is

100
RðtnÞ
Rðt0Þ

where tn denotes the time of redemption.

The use of a 3-month time lag for indexation means that an investor who
purchases stock at any time within the 3 months prior to the interest payment
will, at the time of purchase, always know the monetary amount of the first
interest payment he will receive. For example, an investor who purchased 114%
I-L Treasury Gilt 2017 (issued 8 February 2006) ex dividend on 1 September
2011 would have received his first interest on 22 November 2011, on which
date the amount of interest paid per £100 nominal was

0:0125
2

100
RPI value for August 2011

RPI value for November 2005
¼ 0:0125

2
100

236:1
193:6

On 1 September 2011 the value of this expression was known to be £0.76 (to
two decimal places, rounded down).

EXAMPLE 7.9.3

On 21 March 2011, an investor, who is not liable to taxation,
purchased a quantity of 178% I-L Treasury Gilt 2021 at a price
of £106.375 nominal. At the time of purchase, using the latest
available RPI value, he estimated his real yield on the trans-
action on the assumption that he would hold the stock until
redemption and that the RPI would grow continuously at
a constant rate of 5% per annum. Find the estimate made
by the investor of his real yield.

Note that the stock was issued in July 2007, and interest
payments are made on each 22 May and 22 November. The
values of the RPI for April 2007 and February 2011 are 205.4
and 231.3, respectively.

Solution
This example is typical of the kind of calculation that must be
carried out in practice. Although with hindsight we see that
neither of the underlying assumptions has been realized, we
are required to obtain the investor’s original estimates.
Accordingly, our solution assumes that the calculation is
being made at the time of purchase.

The first interest payment will be received on 22 May 2011.
Interest is payable half-yearly. The final interest payment will
be made on 22 November 2021, which is the redemption
date of the stock. It is convenient to label successive calendar
months by an integer variable as follows: February 2011 as
month 0, March 2011 as month 1, April 2011 as month 2, etc.

Continued
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EXAMPLE 7.9.3 (cont'd)

We measure time in half-years from the date of purchase and
let i be the real yield per half-year. The period from 21 March
2011 (the purchase date) to 22 May 2011 consists of 62 days,
so the first interest payment will be received at time f where
f ¼ 62/182.5. Over the entire transaction, the investor will
receive 22 interest payments, the kth payment being at
time k e 1 þ f, measured in units of half-years.

Let r be the assumed compound rate of growth of the RPI per
half-year. (We shall later assume that 1 þ r ¼ 1.051/2.) Then

Q
�
t
� ¼ Q

�
0
�ð1þ r Þt

where Q(t) is the RPI value at exact time t. The RPI value for
month 0 is 231.1. We assume that, if l � 0, the RPI value for
month l will be 231.1 � (1 þ r)l/6. As we do not know the
precise day for the official calculation of the index each
month, this is a reasonable hypothesis.

We work per £100 nominal of stock. Recalling the 3-month
time lag for indexation, we note that the first interest
payment will be of amount

0:01875
2

� 100� RPI February 2011
RPI April 2007

¼ 0:9375� 231:3
205:4

¼ 1:0557

The amount of this payment is known on the purchase date.
The payment will be made at time f, when the value of the
RPI will be Q(f) ¼ Q(0) (1 þ r)f.

For j � 2, the investor’s jth interest payment will be received
in month (6j e 3), and will be of amount (i.e., in each May and
November)

0:01875
2

� 100� RPI month ð6j � 6Þ
RPI April 2007

Using the assumed behavior of the RPI index, we estimate
this to be

0:01875
2

� 100� 231:3ð1þ rÞð6j�6Þ=6

205:4

¼ 0:01875
2

� 100� 231:3
205:4

ð1þ rÞj�1 ¼ 1:0557ð1þ r Þj�1

This payment will be received at time j e 1 þ f (measured
in half-years) when the value of the RPI will be Q(0)
(1 þ r)j e 1 þ f.

The redemption proceeds will be paid at time (21þ f ) with
the final (22th) interest payment. The estimated redemption
proceeds will then be

100� 231:3
205:4

ð1þ r Þ22�1 ¼ 112:6095ð1þ r Þ22�1

Combining the preceding results, we use Eq. 7.9.1 to deter-
mine the real yield per half-year. It is that value of i for which

0 ¼ �106:375
Qð0Þ þ 1:0557

Q
�
0
�ð1þ rÞf

ð1þ iÞ�f

þ1:0557
P22
j ¼ 2

ð1þ rÞj�1 1

Q
�
0
�ð1þ rÞj�1þf ð1þ iÞ�ðj�1þf Þ

þ112:6095ð1þ r Þ22�1 1

Q
�
0
�ð1þ rÞ21þf ð1þ iÞ�ð21þf Þ

Since the factorQ(0) cancels throughout, this equation can be
expressed as

106:375 ¼ðð1þ iÞð1þ rÞÞ�f(
1:0557

X22
j ¼ 1

ð1þ iÞ�ðj�1Þ þ 112:6095ð1þ iÞ�21

)

or

106:375 ¼ðð1þ iÞð1þ rÞÞ�fn
1:0557€a22 i þ 112:6095ð1þ iÞ�21

o

If 1 þ r ¼ 1.051/2 and f ¼ 62/182.5, we can solve the expres-
sion to give i ¼ 1.23% per half-year. The investor therefore
estimated an annual real yield of 2.47%.
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The calculation of observed real returns for index-linked stocks is carried out
quite simply using Eq. 7.9.1 (or 7.9.2). In order to estimate prospective future
real yields, we must make explicit assumptions about the future movement of
the RPI. In any given situation, it may be desirable to estimate future real
returns on the basis of alternative assumptions relating to future values of the
RPI. This approach is illustrated in Example 7.9.3.

SUMMARY
n Many practical examples of fixed-interest securities and related assets are

amenable to analysis using compound-interest theory. Examples include,
but are not limited to, gilts, debentures, ordinary shares, and property.

n The price of a fixed-interest security can be obtained from the present value
of its proceeds at a particular interest rate.

n The yield on fixed-interest security of particular price can be obtained from
solving the equation of value for i.

n Makeham’s formula is a particular representation of the equation of value for
a fixed-interest security. Its use often simplifies price and yield calculations
in practical situations. Furthermore, Makeham’s formula can be used to
determine optimal redemption times for securities with optional
redemption dates.

n The real yield on a fixed-interest security can be obtained by incorporating
an appropriate inflation index into the equation of value. Index-linked
securities can also be analysed in this way.

EXERCISES
7.1 For each of the following issues, indicate whether the price of the

issue should be at the nominal value, above the nominal value, or
below the nominal value. You should assume that each issue is
redeemed at par.

Issue Annual Coupon Rate (%)
Annual Yield Required by
Market (%)

(a) A 5.25 7.25
(b) B 6.625 7.15
(c) C 0 6.2
(d) D 5.875 5
(e) E 4.5 4.5

7.2 What is the value of a 5-year 7.4% coupon bond selling to yield 5.6% per
annum (nominal converted semi-annually) assuming the coupon
payments are made semi-annually and the bond is redeemed at par?
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7.3 What is the value of a zero-coupon bond that matures in 20 years, has
a maturity of $1 million, and is selling to yield 7.6% per annum
(nominal converted semi-annually)?

7.4 An investor, who is liable to income tax at 20%, but is not liable to
capital gains tax, wishes to earn a net effective rate of return of 5% per
annum. A bond bearing coupons payable half-yearly in arrears at a rate
6.25% per annum is available. The bond will be redeemed at par on
a coupon date between 10 and 15 years after the date of issue, inclusive.
The date of redemption is at the option of the borrower. Calculate the
maximum price that the investor is willing to pay for the bond.

7.5 (a) Describe the characteristics of an index-linked government bond.
(b) On 1 July 2002, the government of a country issued an index-linked

bond of term 7 years. Coupons are paid half-yearly in arrears on
1 January and 1 July each year. The annual nominal coupon is 2%.
Interest and capital payments are indexed by reference to the value
of an inflation index with a time lag of 8 months.
You are given the following values of the inflation index.

Date Inflation Index

November 2001 110.0
May 2002 112.3
November 2002 113.2
May 2003 113.8

The inflation index is assumed to increase continuously at the rate of
2½% per annum effective from its value in May 2003.
An investor, paying tax at the rate of 20% on coupons only,
purchased the stock on 1 July 2003, just after a coupon payment had
been made. Calculate the price to this investor such that a real net
yield of 3% per annum convertible half-yearly is obtained and
assuming that the investor holds the bond to maturity.

7.6 An investor bought a number of shares at 78 pence each on 31
December 2005. She received dividends on her holding on 31
December 2006, 2007, and 2008. The rate of dividend per share is given
in the following table:

Date
Rate of Dividend Per
Share Retail Price Index

31.12.2005
31.12.2006
31.12.2007
31.12.2008

e
4.1 pence
4.6 pence
5.1 pence

147.7
153.4
158.6
165.1
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On 31 December 2008, she sold her shares at a price of 93 pence per
share. Calculate, using the retail price index values shown in the table, the
effective annual real rate of return achieved by the investor.

7.7 A bond pays coupons in perpetuity on 1 June and 1 December each year.
The annual coupon rate is 3.5% per annum. An investor purchases
a quantity of this bond on 20 August 2009. Calculate the price per £100
nominal to provide the investor with an effective rate of return per
annum of 10%.

7.8 For a certain perpetuity, interest is payable on 1 June and 1 December
each year. The amount of each interest payment is £1.75 per £100
nominal. Find the effective annual yield obtained by an investor, not
liable to taxation, who purchased a quantity of this stock on 14 August
2012, when the market price was 35.125%.

7.9 A fixed-interest loan bears interest of 10% per annum payable half-yearly
in arrears. The loan will be redeemed at 105% by five installments, of
equal nominal amount, on 31 July in each of the years 2036 to 2040
inclusive. An investor, who is liable to income tax at the rate of 40%,
purchased the entire loan on 19 June 2006, at a price to obtain a net yield
of 9% per annum effective. Find the price per cent paid, assuming that
the purchase was made
(a) “Ex dividend”,
(b) “Cum dividend”.
in relation to the interest payment due on 31 July 2006.

7.10 A loan of nominal amount £300,000 in bonds of nominal amount £100
is to be repaid by 30 annual drawings, each of 100 bonds, the first
drawing being 1 year after the issue date. Interest will be payable
quarterly in arrears at the rate of 8% per annum. Redemption will be at
par for the first 15 drawings and at 120% thereafter. An investor, who will
be liable to income tax at the rate of 40%, purchases the entire loan on
the issue date at a price to obtain a yield per annum of 7% net effective.
What price does the investor pay for each bond?

7.11 On 7 April 2006, the government of a certain country issued two index-
linked stocks, with terms of 20 years and 30 years, respectively. For each
stock, interest is payable half-yearly in arrears, and the annual coupon
rate is 3%. Both interest and capital payments are indexed by reference to
the country’s “cost of living index” with a time-lag of 8 months. The
index value for August 2005 was 187.52, and at the issue date of the
stocks, the latest known value of the index was 192.10 (i.e. at February
2006). The issue price of each stock was such that, if the cost of living
index was to increase continuously at the rate of 6% per annum
effective, a pur-chaser of either stock would obtain a real yield on his
investment of 3% per annum convertible half-yearly. (This real yield is
measured in relation to the cost of living index.)
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(a) Show that the issue prices of the stocks were equal and find the
common issue price.

(b) Show that, if the cost of living index was to increase continuously at
the rate of 4% per annum effective, the 20-year stock would provide
a greater real yield than the 30-year stock but that, if the cost of
living index was to increase continuously at the rate of 8% per
annum effective, the opposite would be true.

7.12 On 31 December 2001, a loan was issued to be repaid over 12 years by
a level annuity payable quarterly in arrears on the last days of March,
June, September, and December. The amount of the annuity was
calculated on the basis of an interest rate of 12% per annum convertible
quarterly. The total interest paid in 2005, according to the original
schedule, was £6,374.41. On 31 December 2005, an investor, liable to
income tax at the rate of 40% on the interest content (according to the
original schedule) of each annuity installment, purchased the annuity
installments due after that date.
Find the purchase price, if the net yield obtained by the investor was
(a) 8% per annum convertible quarterly;
(b) 8% per annum effective.

7.13 A loan of nominal amount £30,000 is to be redeemed at par in three
installments, each of nominal amount £10,000, at the end of 8, 16, and
24 years. Interest will be payable annually in arrears at the rate of 6% per
annum for the first 8 years, 4% per annum for the next 8 years, and 2%
per annum for the final 8 years.
An investor, who will be liable to income tax on the interest payments at
the rate of 30% for 12 years and at the rate of 50% thereafter, pays
£26,000 to purchase the entire loan on the issue date. Calculate the net
effective annual yield obtained by the investor.

7.14 A loan of £100,000 is to be repaid over 15 years by a level annuity
payable monthly in arrears. The amount of the annuity is calculated on
the basis of an interest rate of 16% per annum convertible quarterly. An
investor, liable to income tax at the rate of 80% on the interest content
(according to the original schedule) of each annuity installment, wishes
to purchase the entire loan on the issue date and calculates that, in order
to obtain a yield on his investment of 5% per annum net effective, he
should pay £86,467 for the loan. In the event, however, he has to pay
£88,000 for this investment.
Find (a) the amount of each monthly annuity repayment and (b) the net
effective annual yield that the investor will obtain.

7.15 A loan of nominal amount £8,000 is to be issued bearing interest of 10%
per annum payable quarterly in arrears. At the end of the second, fourth,
sixth, and eighth years, a nominal amount of £2,000 of the loan is to be
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redeemed at a premium, which is to be proportional to the time elapsed
from the issue date.
An investor, who will be liable to income tax on the interest payments at
the rate of 40% for 5 years and at the rate of 50% thereafter, calculates
that, in order to obtain a yield of 7% per annum net effective on his
investment, he should offer a price of £7,880.55 for the entire loan. Find
the redemption prices of the loan.

7.16 A loan of £100,000 will be repayable by a level annuity, payable annually
in arrears for 15 years. The amount of the annuity is calculated on the
basis of an interest rate of 8% per annum effective. An investor, who is
liable to income tax at the rate of 40% on the interest content (according
to the original schedule) of each annuity payment, wishes to purchase
the entire loan on the issue date.
Find the price he should pay in order to achieve a net effective annual
yield of (a) 7% and (b) 8%.
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CHAPTER 8

Capital Gains Tax

Capital gains tax, which was introduced in the UK by the Finance Act 1965, is
a tax levied on the difference between the sale or redemption price of a stock (or
other asset) and the purchase price, if lower. In contrast to income tax, this tax is
normally payable once only in respect of each disposal, at the date of sale or
redemption. Certain assets, including some fixed-interest securities, may be
exempt from capital gains tax; in addition, exemption from this tax may be
granted after an asset has been held for a certain period. In some cases capital
losses may be offset against capital gains on other assets (see Section 8.5).
Unless there is some form of “indexation”, capital gains tax may be criticized as
unfair in that in times of inflation it does not take into account the falling value
of money: it taxes “paper” gains, as well as real ones. A system of indexation of
capital gains was first introduced in the UK in 1981 and subsequently modified.
After assets have been held for a year, the calculation of any capital gains tax
liability takes into account movements in the Retail Prices Index.

In this chapter we will be concerned with the effect of capital gains tax on the
prices and yields of fixed-interest securities. In general, we shall assume that the
stock in question will be held to redemption. If a stock is sold before the final
maturity date, the capital gains tax liability will, in general, be different, since it
will be calculated with reference to the sale proceeds rather than the corre-
sponding redemption money. (See Examples 8.3.2 and 8.3.3 for illustrations of
these calculations.) For simplicity, we shall ignore the possibility of indexation
in our calculations. In theory, it is relatively simple to allow for indexation; in
practice, however, changes in legislation may make some capital gains tax
calculations extremely complicated.

8.1 VALUING A LOAN WITH ALLOWANCE FOR
CAPITAL GAINS TAX
We begin with a simple example demonstrating how capital gains tax can be
included in a yield calculation.
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Example 8.1.1 is straightforward, as it is evident that there is a capital gain at
redemption. Typically, however, this may not be clear from the outset, and
a more sophisticated approach is required, in general.

Consider a loan which bears interest at a constant rate and is redeemable by
installments. Suppose that at a particular time the total nominal amount of
loan outstanding is N ¼ ðN1 þN2 þ/þNrÞ and that a nominal amount Nj

will be redeemed after a further nj years (1 � j � r), where n1, n2, . . . , nr are
integer multiples of 1/p. Suppose further that the redemption price per unit
nominal is constant and equal to R.

What price should be paid by an investor who wishes to purchase the
entire outstanding loan to obtain a net yield of i per annum, allowing for
his tax liability? Assume that interest is payable p times per annum at the rate
g per annum on the capital outstanding, measured in cash, not nominal,
terms. Let C¼ RN. If the investor has no tax liability, the price to be paid is, of
course,

A ¼ K þ g

iðpÞ
ðC� KÞ (8.1.1)

or

A ¼ K þ I

where K and I denote the present value of the gross capital and interest
payments, respectively.

EXAMPLE 8.1.1EXAMPLE 8.1.1

A loan of nominal amount £100,000 will be repaid at 110%
after 15 years. The loan bears interest of 9% per annum
payable annually in arrears. On the issue date the loan is
purchased for £80,000 by an investor who is liable to income
tax at the rate of 40% and to capital gains tax at the rate of
30%. Find the investor’s net effective annual yield for the
transaction.

Solution
It is important to understand the operation of capital gains
tax. Since the redemption price is 110%, the purchase price
of £80,000 acquires redemption proceeds of £110,000. There
is then a capital gain of £30,000 on redemption. The capital
gains tax payable is therefore £9,000 (i.e., 30% of £30,000),

so that after tax the investor retains £101,000 of the redemp-
tion proceeds.

Interest payable each year is £9,000 before tax. The net
interest received by the investor is then £5,400 per annum
(after tax at 40%). The investor’s net yield per annum is there-
fore that rate of interest for which

80;000 ¼ 5;400a15 þ 101;000v15

The reader should verify that the solution for the rate of
interest is 0.07737. The net annual yield is then 7.74% per
annum.

162 CHAPTER 8: Capital Gains Tax



If the investor is liable to income tax at rate t1, but is not liable to capital gains
tax, the value of the tax payable must be deducted from the interest income and
the price to be paid is then A0, where

A0 ¼ K þ gð1� t1Þ
iðpÞ

ðC� KÞ (8.1.2)

This is Makeham’s formula, as discussed in Chapter 7.

Finally, consider the price to be paid by an investor who is liable to capital gains
tax at the rate t2 in addition to income tax at the rate t1. If

gð1� t1Þ � iðpÞ (8.1.3)

then A0 � C, so the price paid allowing for only income tax is not less than the
total redemption monies receivable. If this price is paid, there will be a capital
loss on redemption. In this case, therefore, the price to be paid is simply A0 (as
given by Eq. 8.1.2), and, in fact, no capital gains tax is payable. (We are
assuming that it is not permissible to offset the capital loss against any other
capital gain; see Example 8.5.1.)

If, however,

gð1� t1Þ < iðpÞ (8.1.4)

then A0, the price paid to allow for only income tax, is less than the total
redemption monies; this will obviously be true also for the price allowing in
addition for capital gains tax. In this case, let A00 be the price to be paid allowing
for both income tax and capital gains tax. At time nj, when a nominal amount
Nj is repaid, the redemption money received is NjR. If the price paid for the
entire outstanding loan is A00, under current UK practice, the tranche redeemed
at time nj is considered (for tax purposes) to have cost (Nj/N) A00 (i.e., for capital
gains tax calculations, the total purchase price paid is divided among the
different tranches in proportion to the nominal amounts redeemed). The capital
gain at time nj is therefore deemed to be NjR e (Nj/N)A00, and the total value of
the capital gains tax payable is

Pr
j¼ 1

t2

�
NjR�Nj

N
A00

�
vnj ¼ t2

NR� A00

NR

Xr
j¼ 1

NjRv
nj

¼ t2
C� A00

C
K

(8.1.5)

¼ t2
R� P00

R
K (8.1.6)

where P00 is the price per unit nominal.
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It is essential to understand the derivation of the last expression. It may be
recalled simply by the following argument, which depends crucially on the fact
that a constant proportion of each loan repayment is absorbed by capital gains
tax. The total capital repayment (i.e., the redemption monies actually paid) is
C, and this has present value K. The total capital gains tax payable is t2(Ce A00).
By proportion, therefore, the present value of the capital gains tax is t2(C e
A00)(K/C), as given by Eq. 8.1.5.

The price A00 is the present value of the net proceeds, after allowance for all tax
liability. This implies that

A00 ¼ K þ gð1� t1Þ
iðpÞ

ðC� KÞ � t2
C� A00

C
K (8.1.7)

from which we immediately obtain

A00 ¼
�
1� t2

�
K þ �

1� t1
��
g=iðpÞ

��
C� K

�
1� t2K=C

(8.1.8)

If the principles underlying Eqs 8.1.5 and 8.1.6 are fully understood, the
valuation of a stock with allowance for capital gains tax often involves little
more work than when this form of taxation is ignored.

For future reference, it is convenient to summarize the preceding results as
follows.

If A00(i) denotes the price to provide a net annual yield of i, and K and I are the
present values (at rate of interest i) of the gross capital and interest payments,
respectively, we have

A00ðiÞ ¼

8>>><
>>>:

K þ ð1� t1ÞI if iðpÞ � g
�
1� t1

�

ð1� t2ÞK þ ð1� t1ÞI
1� t2K=C

if iðpÞ > g
�
1� t1

� (8.1.9)

where I¼ (g/i(p))(C e K). Note that the condition i(p) > g(1 e t1) is
equivalent to

i >

�
1þ gð1� t1Þ

p

�p
� 1

As i increases, A00(i) decreases. When i(p)¼ g(1 e t1), each of the expressions on
the right side of Eq. 8.1.9 is equal to C.

Equation 8.1.9 is Makeham’s formula modified for capital gains tax.
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EXAMPLE 8.1.2EXAMPLE 8.1.2

A loan is to be issued bearing coupons payable quarterly in
arrears at a rate of 5% per annum. Capital is to be redeemed
at 103% 20 years after the date of issue. An investor who is
liable to income tax at 20% and capital gains tax of 25%
wishes to purchase the entire loan at the date of issue. Calcu-
late the price which the investor should pay to ensure a net
effective yield of at least 4% per annum.

Solution
We first need to check whether a capital gain is made by the
investor. The required yield is i¼ 4%, and so i(4)¼ 0.039414.
The net return generated from the loan is g(1et1)¼ (0.05/
1.03) � 0.8¼ 0.038835 < i(4), and so there is a capital gain
on the contract from Eq. 8.1.3.

The price of the stock from Eq. 8.1.9 is then

A ¼
�
1� 0:25

�� 103v20 þ 0:038835� ð103� 103v20Þ
1� 0:25v20

¼ 102:09%

Alternatively, we can calculate this from first principles by
forming the equation of value

A ¼ ð1� 0:2Þ � 5að4Þ
20

þ 103v20 � 0:25� ð103� AÞv20

where the third term on the right side is the reduction in the
capital gain from the tax that is due. Rearranging this
expression for A leads to the same A¼ 102.09%.

EXAMPLE 8.1.3EXAMPLE 8.1.3

A loan of nominal amount £500,000 was issued bearing
interest of 8% per annum payable quarterly in arrears. The
loan will be repaid at 105% by 20 annual installments, each
of nominal amount £25,000, the first repayment being 10 years
after the issue date. An investor, liable to both income tax and
capital gains tax, purchased the entire loan on the issue date
at a price to obtain a net effective annual yield of 6%. Find the
price paid, given that his rates of taxation for income and
capital gains are

(a) 40% and 30%, respectively;
(b) 20% and 30%, respectively.

Solution
Note that C¼ 500,000 � 1.05¼ 525,000. Also,

K ¼ 25;000� 1:05ða29 � a9 Þ at 6% ¼ 178;211

and

I ¼ 0:08
1:05

1
0:06ð4Þ

ðC � K Þ ¼ 450;158

The price payable if there had been no tax liability is

A ¼ K þ I ¼ 628;368

(a) t1¼ 0.4 and t2¼ 0.3.
In this case the price allowing for income tax only is

A� t1ðA� K Þ ¼ K þ ð1� t1ÞI ¼ 448;306

which is less than 525,000 (i.e., C). Therefore, capital
gains tax is payable, and the price actually paid by the
investor is given by Eq. 8.1.7 as

A00 ¼ 448;306� t2
C � A00

C
K

Therefore,

A00 ¼ 448;306� 0:3
�
1� A00

525;000

�
178;211

so that

A00 ¼ 448;306� ð0:3� 178;211Þ
1� ð0:3� 178; 211=525;000Þ ¼ 439;610

The price paid was therefore £439,610 or 87.922%.
(b) t1¼ 0.2 and t2¼ 0.3.

In this case the price allowing for income tax only is

178;211þ ð1� 0:2Þ � 450;158 ¼ 538;337

Since this exceeds £525,000, the price paid by the
investor was £538,337, and, in fact, he has no liability
for capital gains tax.

Note that the above could also be approached by first
comparing i (p) to g (1�t1).
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8.2 CAPITAL GAINS TAX WHEN THE REDEMPTION
PRICE OR THE RATE OF TAX IS NOT CONSTANT
When (in relation to a loan repayable by installments) either the redemption
price or the rate of capital gains tax is not constant, it is important to fall back
on first principles in order to value the capital gains tax. As we have already
remarked, it is vital to appreciate that for taxation purposes the “price” deemed
to have been paid for a part of the loan redeemed at any one time is calculated
from the total price paid in proportion to the nominal amount redeemed.

EXAMPLE 8.2.1EXAMPLE 8.2.1

Fifteen years ago a loan of nominal amount £300,000 was
issued bearing interest of 8% per annum payable annually
in arrears. The loan was to be repaid over 30 years, a nominal
amount of £10,000 being repayable at the end of each year.
The redemption price is par for the first 10 years, 105% for
the next 10 years, and 110% for the final 10 years.

The 15th capital repayment has just been made, and an
investor wishes to purchase the entire outstanding loan.
The investor is not liable for income tax, but will be liable
for capital gains tax (CGT) at the rate of 35% for the next 10
years and at the rate of 30% thereafter. What price should
the investor pay if he wishes to realize a net effective annual
yield of 10% on his investment?

Solution
The loan has an outstanding term of 15 years, during which
three distinct situations will pertain:

(a) First 5 years: redemption price 105%, CGT rate 35%;

(b) Second 5 years: redemption price 110%, CGT rate 35%;

(c) Final 5 years: redemption price 110%, CGT rate 30%.

Ignoring the premiums on redemption, the investor may
value the future capital repayments, as (K1þ K2þ K3), where
K1¼10;000a5 ; K2¼10;0005ja5 , and K3¼10;00010ja5
ðat 10%Þ: Therefore, K1¼ 37,907.87, K2¼ 23,537.80,
K3¼ 14,615.12, and K1þ K2þ K3¼ 76,060.79.

The nominal amount of loan outstanding at the time of
purchase is £150,000. Hence, the value of the loan without
any allowance for tax (but with allowance for the redemption
premiums) is

76;060:79þ 0:08
0:10

ð150;000� 76;060:79Þ þ 0:05� 37;907:87

þ 0:1� ð23;537:80þ 14;615:12Þ ¼ 140;922:84

We must now value the capital gains tax. Let A00 be the price
paid by the investor. Since equal nominal amounts are
redeemed each year, each outstanding tranche is considered
as having costA00/15, so that the capital gains tax has present
value

0:35
P5
t ¼ 1

�
ð10; 000� 1:05Þ � A00

15

�
vt

þ 0:35
P10
t ¼ 6

�
ð10;000� 1:1Þ � A00

15

�
vt

þ 0:3
X15
t ¼ 11

�
ð10;000� 1:1Þ � A00

15

�
vt

or

ð0:35� 1:05� K1Þ þ ð0:35� 1:1� K2Þ þ ð0:3� 1:1� K3Þ

�A00

15
ð0:35a10 þ 0:310ja5 Þ

which equals

27;816:18� 0:172 603 A00

Hence, A00 is given by the equation

A00 ¼ 140;922:84� ð27;816:18� 0:172 603A00Þ

from which it follows that A00 ¼ 136,701.80. Note that since
the outstanding nominal loan is £150,000, this price could be
quoted as 91.13%.
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Suppose, as before, that when the loan is purchased, the total nominal amount
outstanding is N ¼ ðN1 þN2 þ/þNrÞ: Suppose further that a nominal
amount Nj will be redeemed after nj years, at which time the redemption price
per unit nominal will be Rj and the rate of capital gains tax t�j :

If the price paid for the entire loan is A00, the tranche redeemed at time nj for an
amount NjRj is considered as having cost (Nj/N)A00. This means that the total
capital gains tax payable has present value

Xr
j¼ 1

t�j

�
NjRj �

Nj

N
A00

�
vnj (8.2.1)

¼
Xr
j¼1

t�j

�
Rj � P00

Rj

�
Kj (8.2.2)

where Kj¼NjRjv
nj is the value of the capital repayment for the jth tranche and

P00 is the price per unit nominal. In practice, either of these summations is
evaluated quite simply by grouping together those terms for which the tax rate
and the redemption price are constant (see Example 8.2.1).

If the value obtained for P00 by using the preceding expression for the value of
the capital gains tax payable is such that (for certain values of j) Rj < P00, there
will be no tax liability in respect of these tranches. In this case P00 must be
recalculated by omitting the appropriate terms from Eqs 8.2.1 and 8.2.2. If
these capital losses can be offset against capital gains on other tranches, more
detailed calculations are required (see Section 8.5).

8.3 FINDING THE YIELD WHEN THERE IS CAPITAL
GAINS TAX
An investor who is liable for capital gains tax may wish to determine the net
yield on a particular transaction in which he has purchased a loan at a given
price.

One possible approach is to determine the price on two different net yield bases
and then estimate the actual yield by interpolation. This approach, which is
obviously comparable with that described in previous chapters, is not always
the quickest method. Since the purchase price is known, so too is the amount of
the capital gains tax, and the net receipts for the investment are therefore
known. In this situation one may more easily write down an equation of
value that will provide a simpler basis for interpolation, as illustrated by
Example 8.3.1.
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EXAMPLE 8.3.1

A loan of £1,000 bears interest of 6% per annum payable
yearly and will be redeemed at par after 10 years. An investor,
liable to income tax and capital gains tax at the rates of 40%
and 30%, respectively, buys the loan for £800. What is his net
effective annual yield?

Solution
Note that the net income each year of £36 is 4.5% of the
purchase price. Since there is a gain on redemption, the net
yield is clearly greater than 4.5%.

The gain on redemption is £200, so that the capital gains tax
payable will be £60, and the net redemption proceeds will be
£940. The net effective yield per annum is then that value of i
for which

800 ¼ 36a10 þ 940v10

If the net gain on redemption (i.e., £140) were to be paid in
equal installments over the 10-year duration of the loan rather
than as a lump sum, the net receipts each year would be £50
(i.e., £36þ £14). Since £50 is 6.25% of £800, the net yield actu-
ally achieved is less than 6.25%. When i¼ 0.055, the right
side of the preceding equation takes the value 821.66, and
when i¼ 0.06, the value is 789.85. By interpolation, we esti-
mate the net yield as

i ¼ 0:055þ 821:66� 800
821:66� 789:85

ð0:06� 0:055Þ ¼ 0:0584

The net yield is then 5.84% per annum.

EXAMPLE 8.3.2EXAMPLE 8.3.2EXAMPLE 8.3.2EXAMPLE 8.3.2

Assume that in respect of the loan described in Example 8.1.3
the investor’s tax rates for income and capital gains were
40% and 30%, respectively, and that he purchased the entire
loan on the issue date at a price to obtain a net yield of
6% per annum effective. Assume further that 8 years after
purchasing the loan (immediately after receiving the interest
payment then due), the investor sold the entire loan to
another investor who was liable to the same rates of income
tax and capital gains tax. The price paid by the second
investor was such as to provide him with a net effective yield
of 6% per annum, and the original purchaser paid capital
gains tax on the proceeds of the sale. Find the net effective
annual yield obtained on the completed transaction by the
first investor.

Solution
The price paid by the first investor was £439,610 (see the
solution to Example 8.1.3). At the time he sells the loan, it
has an outstanding term of 21 years and the first payment
of capital will occur after 2 years. The second investor values
the gross capital payments as

K ¼ ð25;000� 1:05Þða21 � a1 Þ ¼ 284;043

and the gross income payments as

I ¼ 0:08
1:05

1
0:06ð4Þ

ðC � K Þ ðwhere C ¼ 525;000Þ

¼ 312;778

For the second investor the value of the gross receipts less
income tax (only) is

K þ ð1� 0:4ÞI ¼ 471;710

which is less than £525,000. Hence, capital gains tax will be
payable by the second investor, and the price he actually paid
is A00, where

A00 ¼ 471;710� 0:3� ð525;000� A00Þ
525;000

284;043

from which it follows that A00 ¼ 461,384.

The capital gain realized by the sale for the first investor is
therefore £21,774 (i.e., £461,384 e £439,610). The capital
gains tax payable is therefore £6,532.2, and the net sale
proceeds are £454,851.8. The net yield per annum for the first
investor is then the value of i for which

439;610 ¼ ð1� 0:4Þ � 40;000að4Þ
8

þ 454;851:8v8

The reader should verify that i¼ 0.0593 or 5.93%.

Note that because of the earlier incidence of capital gains tax,
the net yield is less than 6%, although this rate was used as
the net yield basis for both purchasers. This is in contrast to
the situation that applies when only income tax is involved.
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8.4 OPTIONAL REDEMPTION DATES
In Section 7.7 we considered the consequences for a lender, subject only to
income tax, of the borrower having a choice of redemption dates. In fact, even
with the additional complication of capital gains tax, a lender should adopt the
same strategy when valuing a loan for which the borrower has optional
redemption dates. In the latter situation, however, a little more care is needed
with the argument to see that this is, indeed, the case.

Suppose then that a person, liable to both income and capital gains tax, wishes
to realize a net annual yield of at least i on a given loan. Suppose further that,
subject to specified conditions, the borrower (i.e., the issuer) has a choice as to
when he repays the loan. What price should the lender offer to achieve a net
annual yield of at least i?

As before, we assume that interest is payable p times per annum at the rate g per
annum on the capital outstanding (measured by cash, rather than nominal,
amount). Note first that, if i(p)¼ g(1 e t1), the lender should pay C. In this case,
whenever the loan is repaid, the lender will achieve a net annual yield of i, and
no capital gains tax will be due.

If i(p)< g(1e t1), it follows fromEq. 8.1.9 that the price to provide a net yield of i is

A� ¼ K þ ð1� t1ÞI

¼ K þ gð1� t1Þ
iðpÞ

ðC� KÞ

¼ gð1� t1ÞC
iðpÞ

�
�
gð1� t1Þ

iðpÞ
� 1

�
K

Since, by hypothesis i(p) < g(1 e t1), it follows that the least value of A* will
occur when K takes its greatest value. Therefore, the lender should value the

EXAMPLE 8.3.3EXAMPLE 8.3.3

A certain irredeemable stock bears interest at 512% per
annum, payable quarterly on 31 March, 30 June, 30
September, and 31 December. On 31 August of a certain
year, an investor bought a quantity of the stock at a price
of £49.50; he sold it exactly 1 year later at a price of £57.71.
Given that the investor was liable to capital gains tax at
the rate of 30% and income tax at the rate of 40%, find the
net yield per annum he obtained.

Solution
Consider the purchase of £100 nominal of the stock. This
cost £49.50 and provided net annual income of £3.30 (i.e.,

0.6 � £5.50). The net sale proceeds, after payment of capital
gains tax, were

57:71� 0:3� ð57:71� 49:50Þ ¼ 55:25

The net annual yield is that rate of interest for which

49:50 ¼ 3:3v30=365€að4Þ
1

þ 55:25v

We obtain i¼ 0.1895, or 18.95% by interpolation.
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loan on the basis that no capital gains tax will be due (from condition 8.1.3),
and the borrower will choose that option for which the capital payments have
the greatest possible value. In particular, if the entire loan must be repaid at one
time, the lender should assume that the loan will be repaid as soon as possible.
If this option is, in fact, chosen, the lender’s net yield will be i; otherwise, it will
exceed i.

If i(p)> g(1e t1), capital gains tax will be due (by condition 8.1.4) and the price
to provide a net yield of i is (see Eq. 8.1.9) f(K), where K is the value at rate i of
the gross capital payments and

f ðxÞ ¼
�
1� t2

�
xþ �

g
�
1� t1

�
=iðpÞ

	�
C� x

�
1� t2x=C

(8.4.1)

It is readily verified from this last equation that

f 0ðxÞ ¼ ð1� t2Þ
�
1� gð1� t1Þ

iðpÞ

�
�x
C

�2

Since, by hypothesis i(p) > g(1 e t1), it follows that f0 (x) > 0, so f is an
increasing function. Hence, the smaller the value of K, the smaller the value of
f(K). Therefore, if i(p) > g(1 e t1), the lender should value the loan on the basis
that capital gains tax will be due and the borrower will choose that option for
which the capital payments have the least possible value. In particular, if the
entire loan must be repaid at one time, the lender should assume that the loan
will be repaid as late as possible. This strategy will ensure that the actual net
yield to the lender is at least i.

EXAMPLE 8.4.1

A loan of nominal amount £100,000 is to be issued bearing
interest payable half-yearly in arrears at the rate of 8% per
annum. The terms of the issue provide that the borrower shall
repay the loan (at par) in ten consecutive annual installments
each of nominal amount £10,000, the first repayment being
made any time (at the borrower’s option) between 10 and
25 years from the issue date.

An investor, liable to income tax at the rate of 40% and to
capital gains tax at the rate of 30%, wishes to purchase the
entire loan on the issue date at a price to guarantee him
a net yield of at least 7% per annum.

(a) What price should he pay?

(b) Given that he paid the price as determined here and
that the first capital repayment will actually be made
after 14 years, find the net yield which the lender will in
fact achieve on this transaction.

Solution
(a) Using the standard notation, we have C¼ 100,000,

p¼ 2, g¼ 0.08, t1¼ 0.4, t2¼ 0.3, and i¼ 0.07. Since
g(1 e t1)¼ 0.048, which is clearly less than 0.07(2), the
lender should assume that capital gains tax will be due
and the capital repayments have the least possible
value. Since the repayments must be made in 10
consecutive years, the lender should assume that

Continued

170 CHAPTER 8: Capital Gains Tax



8.5 OFFSETTING CAPITAL LOSSES AGAINST
CAPITAL GAINS
Until now we have considered the effects of capital gains tax on the basis that it
is not permitted to offset capital gains by capital losses. In some situations,
however, it may be permitted to do so. This may mean that an investor, when
calculating his liability for capital gains tax in any year, is allowed to deduct
from his total capital gains for the year the total of his capital losses (if any). If
the total capital losses exceed the total capital gains, no “credit” will generally
be given for the overall net loss, but no capital gains tax will be payable.

A detailed treatment of this topic is beyond the scope of this book, but the
following elementary example, 8.5.1, indicates the kind of situation that may
arise.

Example 8.5.1 indicates how the investor may exploit the offsetting of gains by
losses to obtain a greater net yield than he could obtain from either stock alone.

EXAMPLE 8.4.1 (cont'd)

redemption occurs as late as possible, i.e., the first
repayment will be after 25 years. On this basis

K ¼ 10;00024ja10 at 7%

¼ 10;000ða34 � a24 Þ
¼ 13;846:75

The value of the net interest payments is therefore (by
Makeham’s formula)

0:08� ð1� 0:4Þ
0:07ð2Þ

�
100;000� 13;846:75

� ¼ 60;092:87

Hence, the price to be paid is A00, where

A00 ¼ 13;846:75þ 60;092:87� 0:3� ð100;000� A00Þ
100;000

� 13;846:75;

from which we obtain

A00 ¼ 72;810:14

Therefore, he should pay £72,810.14 for the loan. If the
borrower delays repaying the loan until the latest

permitted date, the lender’s net annual yield will be
7%. If redemption occurs earlier than this, the net
annual yield to the lender will exceed 7%.

(b) Now suppose that the price paid for the entire loan was
£72,810.14 and that the first capital repayment will be
made after 14 years. Each tranche of the loan is deemed
to have cost £7,281.01, so that the capital gains tax
payable with each redemption is 0.3 (10,000 e 7,281.01),
i.e., £815.70. The net proceeds of each redemption
payment are therefore £9,184.30. Note that the value on
the issue date (at rate i) of the gross redemptionmonies is

10;000ða23 � a13 Þ at rate i

Hence, using Makeham’s formula, we obtain the net
yield to the lender as that interest rate for which

72;810:14 ¼ 9;184:30
�
a23 � a13

�þ 0:08� ð1� 0:4Þ
ið2Þ

�
�
100;000� 10;000

�
a23 � a13

��

The reader should verify that the yield is 7.44%.
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EXAMPLE 8.5.1EXAMPLE 8.5.1

Two government stocks each have an outstanding term of
4 years. Redemption will be at par for both stocks. Interest
is payable annually in arrears at the annual rate of 15% for
the first stock and 8% for the second stock. Interest payments
have just been made, and the prices of the stocks are £105.80
and £85.34, respectively.

(a) Verify that an investor, liable for income tax at the rate of
35% and capital gains tax at the rate of 50%, who
purchases either of these stocks (but not both) will
obtain a net yield on his transaction of 8% per annum.

(b) Assume now that the investor is allowed to offset
capital gains by capital losses. Show that, if the
proportion of his available funds invested in the 8%
stock is such that the overall capital gain is zero, he will
achieve a net yield on the combined transaction of
8.46% per annum.

Solution
(a) It is clear that there will be no capital gain on the 15%

stock and a capital gain on the 8% stock. Both these
stocks can be valued at i¼ 8% using the appropriate
version of Eq. 8.1.9 in each case.
For the 15% stock, g¼ 0.15 and

A ¼ 100v4 þ
�
1� 0:35

�
� g

i

�
100� 100v4

�
¼ 105:80%

For the 8% stock, g¼ 0.08 and

A ¼

�
1� 0:5

�
� 100v4 þ

�
1� 0:35

�g
i

�
100� 100v4

�
1� 0:5v4

¼ 85:34%

as required.

(b) Assume that the investor uses a fraction l of his funds to
purchase the 8% stock (and a fraction 1 e l to the 15%
stock). We shall work on the basis of a total investment
of £1,000. The nominal amounts of each stock
purchased are then

1;000l
85:34

� 100 of the 8% stock

1;000ð1� lÞ
105:80

� 100 of the 15% stock

The net income received each year is

0:65
�
1;000l
85:34

8þ 1;000ð1� lÞ
105:80

15
�
¼ 92:16� 31:22l

The total gross redemption proceeds are

1;000l
85:34

� 100þ 1;000ð1� lÞ
105:80

� 100 ¼ 945:18þ 226:60l

If l¼ (1,000e 945.18)/226.60 (i.e., 0.2419), the total
gross redemption proceeds will be 1,000. In this case
the capital gain on the 8% stock will be exactly offset
by the capital loss on the 15% stock. In this situation
no capital gains tax will be payable, and the net
redemption proceeds will be £1,000 (i.e., the amount
originally invested). Since, for this value l, the combined
net annual income from the two stocks is

92:16� ð31:22� 0:2419Þ ¼ 84:61

the net yield on the combined transaction is 8.461%, as
required.

SUMMARY
n A full treatment of the yields and prices of fixed-interest security for tax-

paying investors requires consideration of both income tax and capital gains
tax.

n It is not always evident at the outset that a capital gain will be made, and it is
necessary to determine this before the calculation can proceed.

n A modified version ofMakeham’s formula can be used to determine the yield
and price of fixed-interest securities when both income and capital gains
taxes are due.
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n Similar arguments to those used in Chapter 7 can be used to price securities
with optional redemption dates for investors subject to both income and
capital gains tax.

EXERCISES

8.1 A loan of nominal amount £100,000 is to be issued bearing coupons
payable quarterly in arrears at a rate of 5% per annum. Capital is to be
redeemed at 103% on a single coupon date between 15 and 20 years
after the date of issue, inclusive. The date of redemption is at the option
of the borrower.
An investor who is liable to income tax at 20% and capital gains tax of
25% wishes to purchase the entire loan at the date of issue. Calculate the
price which the investor should pay to ensure a net effective yield of at
least 4% per annum.

8.2 A loan of nominal amount £100,000 is to be issued bearing coupons
payable quarterly in arrears at a rate of 7% per annum. Capital is to be
redeemed at 108% on a coupon date between 15 and 20 years after the
date of issue, inclusive. The date of redemption is at the option of the
borrower.
An investor who is liable to income tax at 25% and capital gains tax at
35% wishes to purchase the entire loan at the date of issue. Calculate the
price which the investor should pay to ensure a net effective yield of at
least 5% per annum.

8.3 An investment manager is considering investing in the ordinary shares of
a particular company. The current price of the shares is 12 pence per
share. It is highly unlikely that the share will pay any dividends in the
next 5 years. However, the investment manager expects the company to
pay a dividend of 2 pence per share in exactly 6 years’ time, 2.5 pence per
share in exactly 7 years’ time, with annual dividends increasing thereafter
by 1% per annum in perpetuity.
In 5 years’ time, the investment manager expects to sell the shares. The
sale price is expected to be equal to the present value of the expected
dividends from the share at that time at a rate of interest of 8% per
annum effective.
(a) Calculate the effective gross rate of return per annum the investment

manager will obtain if he buys the share and then sells it at the
expected price in 5 years’ time.

(b) Calculate the net effective rate of return per annum the investment
manager will obtain if he buys the share today and then sells it at the
expected price in 5 years’ time if capital gains tax is payable at 25%
on any capital gains.

(c) Calculate the net effective real rate of return per annum the
investment manager will obtain if he buys the share and then sells it
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at the expected price in 5 years’ time if capital gains tax is payable at
25% on any capital gains and inflation is 4% per annum effective.
There is no indexation allowance.

8.4 A loan is to be issued bearing interest of 9% per annum payable half-
yearly in arrears. The loan will be redeemed after 15 years at 110%.
An investor, liable to income tax at the rate of 45% and to capital gains
tax at the rate of 30%, is considering the purchase of part of the loan on
the issue date.
(a) What price (per cent nominal) should he pay in order to achieve

a net effective annual yield of 8%?
(b) Given that the price actually payable by the investor will be £80%,

find his net effective annual yield.
8.5 A loan is to be redeemed in 15 annual installments of equal nominal

amount, the first installment being paid 5 years after the issue date.
The redemption price is 120%, and the loan will bear interest of 8.4%
per annum payable half-yearly in advance.
An investor, liable to income tax at the rate of 30% and to capital gains
tax at the rate of 25%, purchased the entire loan on the issue date at
a price to obtain a net effective annual yield of 7%. What price per cent
nominal did the investor pay?

8.6 Investors A and B are both liable to capital gains tax at the rate of 40%,
but neither is liable to income tax.
Investor A bought a bond of nominal amount £1,000 bearing interest of
6% per annum payable half-yearly in arrears. The bond was to be
redeemed at par 10 years after the date of purchase, and the price paid by
A was such that, if he had held the bond until it was redeemed, he would
have obtained a net yield on his investment of 10% per annum.
Five years after purchasing the bond (and immediately after receiving the
interest then due), A sold it to B, paying capital gains tax on the excess of
his selling price over his original price. The bond was held by B until it
was redeemed.
(a) If the purchase price paid by Bwere such that he obtained a net yield

on his investment of 10% per annum, find the net annual yield
obtained by A over his completed transaction.

(b) If the purchase price paid by B were such that A obtained a net yield
over his completed transaction of 10% per annum, find the net
annual yield obtained by B on his investment.

8.7 A loan of nominal amount £100,000 is redeemable at 115% by triennial
(i.e., every 3 years) payments of capital. The cash amount of the tth
repayment is

£ð15;000þ 1;000tðt�1ÞÞ
and the first repayment is due 10 years after the loan is issued. Interest on
the loan is payable half-yearly in arrears at the rate of 6% per annum.
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Find the value of the whole loan to a lender, liable to tax on income at
30% and to tax on capital gains at 40%, who wishes to obtain a net yield
of 7% per annum on his investment.

8.8 A redeemable stock was issued on 1 January 2005 in bonds of £100
nominal. Interest was payable half-yearly in arrears at 4% per annum
for the first 10 years and at 3% per annum for the next 10 years.
Redemption was at par after 20 years.
On 1 July 2009 the stock was quoted at a price which would have given
a tax-free investor a yield of 6% per annum. A bond was bought on that
date by an investor who was subject at all times to income tax at 40%
and to capital gains tax at 20%. This investor held the bond until
redemption. What net annual yield did he obtain?

8.9 A loan of £1,000,000 nominal has just been issued in bonds of £100
nominal bearing interest at 4% per annum payable half-yearly in arrears.
The loan is redeemable by drawings at the end of each year of 400 bonds
per annum for the first seven years and 600 bonds per annum thereafter.
Redemption is at par during the first 7 years and at 115% thereafter. The
issue price is such as to give the purchaser of the entire loan, which is
a life office subject to income tax at 35% and to capital gains tax at 30%,
a net yield of 6% per annum.
(a) Calculate the price per bond paid by the life office.
(b) Determine the number of individual bonds which will give the life

office a net yield of less than 6% per annum.
8.10 A loan of nominal amount £500,000 is issued to be repaid by drawings

of equal nominal amount at the end of each year for 20 years. Interest is
payable monthly in arrears at the rate of 12% per annum, and
redemption is at par for the first ten drawings and at 110% thereafter.
An investor is liable to income tax at the constant rate of 40%, and to
capital gains tax at the rate of 40% until the first five drawings have been
made, and at the rate of 30% thereafter. He purchases the entire loan on
the issue date at a price to obtain a net yield of 8% per annum. What
price does he pay?

8.11 A loan of nominal amount £100,000 is to be repaid at par by 20
installments each of nominal amount £5,000, the first installment being
payable at the end of 10 years and subsequent installments at intervals of
2 years thereafter. Interest is payable annually in arrears at the rate of
6% per annum during the first 30 years and at 7% per annum thereafter.
Find the issue price paid to earn 8% per annum net by a purchaser of the
whole loan who is subject to income tax at 35% and capital gains tax
at 30%.

8.12 An insurance company has just purchased, at a price of 94.5%, a loan of
£880,000 nominal bearing interest at 512% per annum payable half-
yearly in arrears. The loan is repayable at par by annual installments, the
first being in 5 years’ time. The first installment is £50,000, and the
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amount of each subsequent installment is £6,000 more than the
preceding one.
Find the net annual yield that will be obtained by the insurance
company, given that it pays income tax at 37.5% and capital gains
tax at 30%.

8.13 A loan of nominal amount £300,000 in bonds of nominal amount £100
is to be repaid by 30 annual drawings, each of 100 bonds, the first
drawing being 1 year after the date of issue. Interest will be payable
quarterly in arrears at the rate of 8% per annum. Redemption will be at
par for the first 15 drawings and at 120% thereafter.
An investor is liable to income tax at the constant rate of 40%, and to
capital gains tax at the rate of 40% for 10 years and 25% thereafter. He
purchases the entire loan on the issue date at a price to obtain a net yield
of 7% per annum. What price does the investor pay for each bond?
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CHAPTER 9

Term Structures and Immunization

In this chapter we discuss various further topics relating to fixed-interest
securities and the valuation of assets and liabilities. Some of these topics are
of interest to private investors, life assurance offices (in connection with valu-
ations, for example), pension funds, and other financial institutions. We begin
by considering the term structure of interest rates with a discussion based on the
Institute and Faculty of Actuaries’ CT1 core reading. We then consider the
concepts of matching and immunization.

9.1 SPOT AND FORWARD RATES
Consider a particular type of fixed-interest security actively traded in the
market. For a given coupon rate (or range of coupon rates), we may fit an
appropriate curve to a set of observed redemption yields, regarded as a func-
tion of t, the term to redemption. The resulting curve is known as a redemption
yield curve and shows what is commonly referred to as the term structure of
interest rates, i.e., how the yield depends on term to redemption. In practice,
because of the effects of taxation and other economic factors, the shape of the
redemption yield curve can vary somewhat. This will be discussed further in
Section 9.2. However, it is necessary to first introduce the concepts of spot and
forward rates.

The equation of value for a general fixed-interest security, of course, requires
each individual cash flow (coupon payments and redemption payment) to be
discounted back to the issue date. If, however, the discount rate or yield to be
used for discounting is dependent on the discounting period, we cannot assume
a fixed rate of annual interest as we have in previous chapters. Instead, we are
required to introduce new notation, the first of which is the n-year spot rate, yn.
This quantity is best thought of as the annualized yield on a unit zero-coupon
bond with term n years. (Recall that a zero-coupon bond pays only a redemp-
tion payment at maturity.)

If the price of such a zero-coupon bond is Pn, we have

Pn ¼ 1
ð1þ ynÞn (9.1.1)
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and so

yn ¼ Pn
�1=n � 1

It is assumed that, in general, yss yt for ss t, i.e., there is a term structure to the
interest rates. The curve of spot rates against n is an example of a yield curve,
mentioned previously.

Every fixed-interest security can be regarded as a combination of zero-coupon
bonds. For example, in the absence of tax, the nominal amount N of a security
with price A, characterized in terms of a time to redemption T and coupon rate
D, has an equation of value which can be written as

A ¼ DN

 
1

1þ y1
þ 1

ð1þ y2Þ2
þ $$$þ 1

ð1þ yTÞT
!

þ RN

ð1þ yTÞT

¼ DNðP1 þ P2 þ $$$þ PTÞ þ RNPT

(9.1.2)

This expression demonstrates the use of spot rates. It should be clear howmuch
of our previous work can be amended to include spot rates.

The key characteristic of a spot rate is that it applies from time zero to a future
time; a natural generalization of this is then the forward rate, ft,r. The forward

EXAMPLE 9.1.1EXAMPLE 9.1.1

Three bonds, paying coupons in arrears of 6%, are redeem-
able at £105 per £100 nominal and reach their redemption
dates in exactly 1, 2, and 3 years’ time, respectively. The price
of each of the bonds is £103 per £100 nominal. Calculate the
gross redemption yield of the 3-year bond. Calculate all
possible spot rates.

Solution
The gross redemption yield for the 3-year bond is computed
from solving the equation of value

103 ¼ 6a3 þ 105v3

We try i¼ 6%, and evaluate the right side to be 101.1981,
indicating that we need a lower value of i. At i¼ 5% the right
side is 107.0424. Using linear interpolation we find the gross
redemption yield to be 6.44%. (Alternatively, Makeham’s
formula could be solved for the yield.)

To evaluate the spot rates, we begin with the 1-year bond

103 ¼ ð6þ 105Þ � ð1þ y1Þ�1; leading to y1

¼ 7:767% per annum

For the 2-year bond,

103 ¼ 6� ð1þ y1Þ�1 þ ð6þ 105Þð1þ y2Þ�2

¼ 6� ð1:07767Þ�1 þ 111� ð1þ y2Þ�2

leading to y2¼ 6.736% per annum.

For the 3-year bond,

103 ¼ 6� ð1þ y1Þ�1 þ 6� ð1þ y2Þ�2

þð6þ 105Þð1þ y3Þ�3

¼ 6� ð1:07767Þ�1 þ 6� ð1:06736Þ�2

þ111� ð1þ y3Þ�3

leading to y3¼ 6.394% per annum.
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rate is the annual interest rate agreed at time zero for an investment made at t
>0 for a period of r years. The n-year forward rates at time t¼ 0 are, of course,
the n-year spot rates, i.e., f0;n ¼ yn:

Forward rates, spots rates, and zero-coupon bond prices are connected through
the principle of consistency introduced in Chapter 2.

The accumulation at time t of a unit investment made a time zero is (1þyt)
t. If

we agree at time zero to invest this accumulated amount at time t for r years, we
would earn an annual rate of ft,r, and accumulate to

ð1þ ytÞtð1þ ft;rÞr

However, we could also have invested the unit amount at the (t þ r)-spot rate
over t þ r years. Under the principle of consistency, these accumulations must
be equal and we therefore have

ð1þ ytÞtð1þ ft;rÞr ¼ ð1þ ytþrÞtþr

from which we can determine that

ð1þ ft;rÞr¼ ð1þ ytþrÞtþr

ð1þ ytÞt
¼ Pt

Ptþr
(9.1.3)

With this in mind, it is clear that the full term structure can be determined given
the spot rates, the forward rates, or the zero-coupon bond prices.

It is useful to introduce the n-year par yield. This is defined as the coupon rate
per unit time of the stock with term n, which has price 1 (per unit redemption
money). Simply put, the par yield is the fixed-interest coupon rate per annum
such that the security is redeemed at par. In terms of equations of value, if ycn is
the n-year par yield, then

1 ¼ ycn �
 

1
1þ y1

þ 1

ð1þ y2Þ2
þ $$$þ 1

ð1þ ynÞn
!
þ 1
ð1þ ynÞn

EXAMPLE 9.1.2EXAMPLE 9.1.2EXAMPLE 9.1.2EXAMPLE 9.1.2

An investor agrees at time 0 to deposit £1,000 at time 4 for
5 years. If f4,5¼ 6% per annum, calculate the value of the
investment at time t¼ 9.

Solution
The spot rate f4,5 is that annual rate which applies from time 4
for 5 years. When we use the concepts from Chapter 2, the
accumulated value of the investment at t¼ 9 is then

1;000� ð1þ 0:06Þ5 ¼ 1;338:23
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EXAMPLE 9.1.3EXAMPLE 9.1.3

Two bonds paying annual coupons of 5% in arrears and
redeemable at par have terms to maturity of exactly 1 year
and 2 years, respectively. The gross redemption yield from
the 1-year bond is 4.5% per annum effective; the gross
redemption yield from the 2-year bond is 5.3% per annum
effective. You are informed that the 3-year par yield is 5.6%
per annum. Calculate all zero-coupon yields and all 1-year
forward rates implied by the stated yields.

Solution
It is possible to obtain 1-year, 2-year, and 3-year spot rates
(i.e., zero-coupon yields) from the information provided. We
do this first and then infer the 1-year forward rates at times
0, 1, and 2.

The gross redemption yield of the 1-year bond is, of course,
equal to the 1-year spot rate, and we have y1¼ 4.5% per
annum.

For the 2-year bond, we can determine the price from the
gross redemption yield and equate this to that obtained
from using the spot rates

5
1:053

þ 105
1:0532

¼ 5
1þ y1

þ 105

ð1þ y2Þ2

Using y1 from above, we can determine that y2¼ 5.3202% per
annum.

Our approach for the 3-year spot rate is slightly different, as
we are required to use the par yield. The equation of value
is then

100 ¼ 5:6�
 

1
1þ y1

þ 1

ð1þ y2Þ2
þ 1

ð1þ y3Þ3
!

þ 100

ð1þ y3Þ3

Using the values for the 1-year and 2-year spot rates, calcu-
lated above, we can determine that y3¼ 5.6324% per annum.

The 1-year forward rate at time 0 is f0,1¼ f0¼ y1¼ 4.5% per
annum.

The 1-year forward rate at time 1, f1,1¼ f1¼ 6.1469% per
annum, is obtained from

ð1þ y1Þð1þ f1Þ ¼ ð1þ y2Þ2

Finally, the 1-year forward rate at time 2, f2,1¼ f2¼ 6.2596%
per annum, is obtained from

ð1þ y2Þ2ð1þ f2Þ ¼ ð1þ y3Þ3

The interval over which each rate applies is indicated in
Figure 9.1.1.

FIGURE 9.1.1
Spot and forward rates calculated in Example 9.1.3
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Note that in Example 9.1.3 new notation was introduced for the one-period
forward rate. In particular, the one-period forward rate at time t is often
denoted ft,1¼ ft; this contraction of the notation is common practice in actu-
arial notation. Furthermore, we have f0¼ y1.

When we employ the principle of consistency argument used previously, it is
clear that we can relate the n-year spot rate to the 1-year forward rates in each
prior year

ð1þ ytÞt ¼ ð1þ f0Þð1þ f1Þð1þ f2Þ$$$ð1þ ft�1Þ (9.1.4)

We have so far discussed spot and forward rates in the context of discretely
paying fixed-interest securities, i.e., those that pay coupons at discrete time
intervals. Indeed, the quantities yt and ft,r are often referred to as discrete time
spot and discrete time forward rates. However, as we have seen in previous
chapters, it is possible to consider continuously paying fixed-interest securities,
and we introduce the notion of continuous time spot rates and continuous time
forward rates.

For consistency with the discrete time analogue in Eq. 9.1.1, we define the t-year
spot force of interest or continuously compounded spot rate, Yn, in terms of the
price of a zero-coupon bond of term n as

Pn ¼ e�Ynn (9.1.5)

and so

Yn ¼ �1
n
ln Pn (9.1.6)

It is clear that Yn and its corresponding discrete annual rate yn are related in the
same way that a constant continuous force of interest d and constant effective
interest i are. It then follows that

Yn ¼ eYn � 1

Similarly, a continuous time forward rate Ft,r is the force of interest equivalent
to the annual forward rate of interest ft,r. We then have

ft;r ¼ eFt;r � 1

The relationship between the continuous time spot and forward rates may be
derived by considering the accumulation of a unit investment at a continuous
time spot rate, Yt, for t years, followed by the continuous time forward rate, Ft,r,
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for r years. Equating this to the accumulation of a unit investment under the
continuous spot rate Ytþr for tþ r years leads to

etYt erFt;r ¼ eðtþrÞYtþr

Considering the exponents and Eq. 9.1.6 leads us to

Ft;r ¼ ðt þ rÞYtþr � tYt
r

¼ 1
r
ln
�

Pt
Ptþr

� (9.1.7)

With continuous time, it is possible to modify the definition of the forward rate
to identify the instantaneous forward rate. In other words, this is the instanta-
neous rate of interest that applies at a time t in the future. Mathematically, it is
obtained from the following limit:

Ft ¼ lim
r/0

Ft;r

Using Eq. 9.1.7, we can express this in terms of the prices of zero-coupon
bonds:

Ft ¼ lim
r/0

1
r
ln
�

Pt
Ptþr

�

¼ � lim
r/0

ln Ptþr � ln Pt
r

¼ � d
dt

ln Pt

¼ �1
Pt

d
dt

Pt

Integrating this expression and imposing the condition that P0¼ 1, i.e., the
price of a unit zero-coupon bond at the moment of redemption is 1, we see that

Pt ¼ e
�
Rt
o

Fsds
(9.1.8)

When we compare Eq. 9.1.8 to Eq. 2.4.10, it is clear that the instantaneous
forward rate can be thought of as the forward force of interest.

Spot and forward rates (both discrete and continuous) can be thought of as
existing on the market; therefore, an investor can obtain access to these rates
through investments. For example, the gross redemption yield obtained from
a fixed-interest security is, in some sense, an average of the market rates at each
term and reflects the relative weighing of the cash flows at each time.
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9.2 THEORIES OF THE TERM STRUCTURE
OF INTEREST RATES
A number of factors influence the distribution of spot rates with term. Many
people believe that there is an underlying pure rate of interest available on
fixed-interest securities, irrespective of term. For a government issue, for
example, the pure rate would be related to the long-term growth in that
particular economy. In times of economic stability, this rate has been typically
around 2%e3% per annum. However, it is also widely accepted that this pure
rate cannot exist for investments of all terms because there is a correlation
between long-term investments and risk. The longer the term of the security, the
greater the risk; investors would therefore demand a higher yield to compensate
for this risk. This is the essence of liquidity preference theory, discussed next, and
would suggest an increasing yield curve. However, increasing yield curves do
not necessarily always occur in practice, and there are a number of explanations
for this; the two most popular explanations are expectations theory and market
segmentation theory.

Liquidity Preference Theory
Longer dated securities are more sensitive to interest rate movements than
shorter dated bonds. This is true because, as we have seen elsewhere in this
book, the effects of compound interest are much more significant over a long
term. Furthermore, longer dated securities issued by non-government institu-
tions are more sensitive to the fortunes of the institutions. Because of this
increased risk with term, risk-averse investors will require compensation, in the
form of high yields, for investing in longer dated securities. This leads to an
increasing yield curve.

Expectations Theory
Under expectations theory, the relative attraction for short- and long-term
investments will vary according to expectations of future movements in
market interest rates. An expectation of a fall in prevailing rates will make short-
term investments less attractive, as one is expecting to soon be able to borrow
more cheaply. Conversely, long-term investments will become more attractive.
The demand for short-term investments will then decrease and, consequently,
their price will fall, leading to higher yields. The demand for long-term
investments will rise, and their price will rise, leading to lower yields. An
expectation of a rise in interest rates would have the opposite effect.

Under expectations theory, the demand at each term based on the market
expectations will modify the tendency for an increasing yield curve that arises
from liquidity preference theory.
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Market Segmentation Theory
Under market segmentation theory, it is acknowledged that securities of
different terms are attractive to different investors. For example, liabilities of
many pension funds are long term, and consequently, they demand longer
term assets. The liabilities of banks are very short term (investors may withdraw
funds at short notice); hence, banks invest in very short-term assets. The
demand for securities therefore differs for different terms. The supply of secu-
rities will also vary with term, as governments’ and companies’ financing
requirements change. The market segmentation theory argues that a term
structure will emerge from the action of supply and demand at each different
term, and deviate from the tendency of the yield curve to increase under the
liquidity preference theory.

In what follows we neglect the term structure of interest rates and, for ease of
explanation, return to assuming that yields are independent of term. Of course,
the material presented throughout this book can be generalized to include the
effects of a term structure if required.

9.3 THE DISCOUNTED MEAN TERM OF A PROJECT
Consider a business project or investment that will produce a series of cash
flows. The net present value of the project at a force of interest d per annum is

NPVðdÞ ¼
X

cte�dt (9.3.1)

where the summation extends over those values of t for which ct, the net cash
flow at time t, is non-zero. At this force of interest, ifNPV(d)s 0, the discounted
mean term of the project, T(d), is defined to be

TðdÞ ¼
P

tcte�dtP
cte�dt (9.3.2)

Note that the discounted mean term is a weighted average of the future times at
which there are cash flows. The ‘weight’ associated with any given time is the
present value (at force of interest d) of the net cash flow due at that time. The
discounted mean term is sometimes known as theMacauley duration, or simply
duration.

In the more general situation in which there is also a continuous cash flow, the
net rate of payment being r(t) per annum at time t years, the net present value
of the project at force of interest d per annum is

NPVðdÞ ¼
X

cte�dt þ
ZN
0

rðtÞe�dtdt (9.3.3)
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and the discounted mean term of the project is defined to be

TðdÞ ¼

P
tcte�dt þ RN

0
trðtÞe�dtdt

P
cte�dt þ RN

0
rðtÞe�dtdt

(9.3.4)

provided that NPV(d)s 0.

EXAMPLE 9.3.1EXAMPLE 9.3.1

A mine owner estimates that the net cash flow from his
mining operations will be as follows:

Calculate the discounted mean term of the project at an
effective interest rate of 6% per annum.

Solution
By Eq. 9.3.2, the discounted mean term is

5v þ ð2� 4v2Þ þ ð3� 3v3Þ þ ð4� 2v4Þ þ 5v5

5v þ 4v2 þ 3v3 þ 2v4 þ v5 at 6%

¼ 4:7170þ 7:1200þ 7:5566þ 6:3367þ 3:7363
4:7170þ 3:5600þ 2:5189þ 1:5842þ 0:7473

¼ 29:4666
13:1274

¼ 2:245 years

EXAMPLE 9.3.2EXAMPLE 9.3.2EXAMPLE 9.3.2

Ten years ago an investor purchased an annuity-certain
payable continuously for 25 years. Throughout the tth year
of payment (0� t� 25), the rate of payment of the annuity
is £t per annum. Find the duration of the remaining annuity
payments on the basis of an effective annual interest rate of
(a) 5% and (b) 10%.

Solution
Measure time in years from the present. Note that over the
coming year, the rate of annuity payment is £11 per annum,
in the following year £12 per annum, etc. In the final year of
payment (i.e., the year commencing 14 years from now),
the rate of payment is £25 per annum.

Using Eq. 9.3.4, we may express the duration (i.e., discounted
mean term) of the future payments, at force of interest d per
annum, as

R1
0
t � 11e�dtdt þ R2

1
t � 12e�dtdt þ R3

2
t � 13e�dtdt þ/þ R15

14
t � 25e�dtdt

R1
0
11e�dtdt þ R2

1
12e�dtdt þ R3

2
13e�dtdt þ/þ R15

14
25e�dtdt

The reader should verify that on simplification this expression
becomes

11

d2
þ 1

d
ðIaÞ14 þ 1

d2
a14 � 25

�
15v15

d
þ v15

d2

�
10a15 þ ðI aÞ15

which equals

11
d
þ ðIaÞ14 þ 1

d
a14 � 25

�
15v15 þ v15

d

�
i½10a15 þ ðI aÞ15 �

Evaluating the last expression at rates of interest 5% and 10%,
we obtain the answers (a) 7.656 years and (b) 6.809 years,
respectively.

Time (Years) Net Cash Flow (£)

1 500,000

2 400,000

3 300,000

4 200,000

5 100,000
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9.4 VOLATILITY
Consider an investment or business project with net cash flows as described in
Section 9.3. Suppose that the net present value of the project is currently
determined on the basis of an annual force of interest d0, but that this may
change at very short notice to another value, d1 say, not very different from d0. If
this were to happen, the proportionate change in the net present value of the
project would be

DNPVðd0Þ
NPVðd0Þ ¼ NPVðd1Þ �NPVðd0Þ

NPVðd0Þ

xðd1 � d0ÞNPV 0ðd0Þ
NPVðd0Þ

(9.4.1)

Note that we use the notation NPV’ (d) to denote the derivative with respect to
d of NPV(d). We also assume that NPV(d0)s 0.

We now define the volatility (with respect to d) of the project at force of interest
d0 to be

�NPV 0ðd0Þ
NPVðd0Þ (9.4.2)

With this definition, Eq. 9.4.1 may be expressed in words as�
proportionate change
in net present value

�
x� ðchange in force of interestÞ � ðvolatilityÞ

(9.4.3)

Note that the definition of the volatility at force of interest d0 (Eq. 9.4.2) may be
expressed as �

� 1
NPVðdÞ

d
dd

NPV

�
d¼d0

¼
�
� d
dd

lnNPVðdÞ
�
d¼d0

(9.4.4)

By combining Eq. 9.4.3 with our definition 9.4.2, we see that, at force of interest
d, the volatility of the project equalsP

tcte�dt þ RN
0
trðtÞe�dtdt

P
cte�dt þ RN

0
rðtÞe�dtdt

(9.4.5)

It is clear from Eqs 9.3.4 and 9.4.5 that, at any force of interest, we have the
identity

discounted mean termh volatility (9.4.6)

We shall therefore use the symbol T(d) to refer to the discounted mean term,
(Macauley) duration, or the volatility of an investment or business project.
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Returning to Eq. 9.4.1, we see that the proportionate change in the net present
value on a small immediate change in the force of interest is approximately
equal to e (d1 e d0)T(d0). Therefore, the proportionate profit or loss on a small
change in interest rates depends more or less directly on

(a) the size of the change in the force of interest, which is similar to the size of
the change in the rate of interest, and

(b) the volatility of the investment; if interest rates rise, there will, of course, be
a loss; and if they fall, there will be a profit to the investor.

It follows that the volatility (i.e., duration) of a fixed-interest investment is of
some interest to actual and prospective investors, and often appears in the
financial press. In practical applications the volatility of a fixed-interest stock is
calculated by Eq. 9.3.2, although in theoretical work, other formulae are also
useful. In the next section we shall give expressions for the volatility of
particular fixed-interest stocks and discuss the variation of volatility with the
coupon rate and the term to redemption.

From the preceding description, it is clear that the volatility as defined by
Eq. 9.4.2 gives the sensitivity of the net present value of a cash flow to changes
in the force of interest, d. However, it is also useful to consider how this is
related to the sensitivity of the net present value to changes in the discretely
compounding interest rate, i. By similar arguments to those used previously, it
is clear that this sensitivity at interest rate i0 (i.e., that value consistent with d0)
can be expressed as

� 1
NPVði0Þ

dNPVði0Þ
di

¼ dd
di

���
i0
Tðd0Þ

where T is the duration as defined by Eq. 9.3.4. By noting that d ¼ Inð1þ iÞ, we
can write the preceding expression as

vði0Þ ¼ Tði0Þ
1þ i0

(9.4.7)

The quantity vði0Þ is often referred to as the effective duration or the volatility
with respect to i.

EXAMPLE 9.4.1EXAMPLE 9.4.1

If the duration of a cash flow stream at d0 ¼ 5% per annum is
T¼ 10.629 years, calculate the effective duration.

Solution
If d0 ¼ 5%, i0 ¼ e0:05 � 1 ¼ 5:127%. By Eq. 9.4.7, the effective
duration is then

vð5:127%Þ ¼ 10:629
1:05127

¼ 10:111 years
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9.5 THE VOLATILITY OF PARTICULAR
FIXED-INTEREST SECURITIES
Consider aunitnominal amountof afixed-interest stock,whichbears interest atD
per annum and is redeemable in n years’ time at price R. Let g¼D/R (see Section
7.5) and let the annual force of interest implied by the current price of this stock
be d0 (i.e., the current price of the stock equals the present value, at force of
interest d0 per annum, of the future interest and capital payments). We suppose
an investor has purchased the stock, so his future net cash flows are all positive.

If interest is payable annually in arrears and n is an integer, the discounted
mean term of the stock at force of interest d0 is given by Eq. 9.3.2 as

Tðd0Þ ¼ gðIaÞn þ ne�dn

gan þ e�dn at force of interest d0 (9.5.1)

In the particular case when g equals i0, the rate of interest per annum corre-
sponding to the annual force of interest d0, we obtain

Tðd0Þ ¼ ð€an � nvnÞ þ nvn

ð1� vnÞ þ vn
at rate of interest i0

¼ €an at rate of interest i0

(9.5.2)

By letting n tend to infinity in Eq. 9.5.1, we obtain the volatility at force of
interest d0 of a perpetuity as

Tðd0Þ ¼ gðIaÞN
gaN

at force of interest d0

¼ 1
d

at rate of interest i0

(9.5.3)

Note that the volatility does not depend on the coupon rate of the perpetuity.

Note also that for a zero-coupon bond redeemable in n years’ time, it is an
immediate consequence of Eq. 9.5.1 that

Tðd0Þ ¼ n (9.5.4)

for all values of d0.

It is clear from Eq. 9.5.1 that the volatility at force of interest d0 of a fixed-
interest stock depends on both the annual interest rate per unit indebtedness
g and the term to redemption n of the stock. We wish to consider the variation
of the volatility T(d0) with g and n. In order to simplify our calculations, we
assume that interest is payable continuously. Equation 9.3.4 then implies that

Tðd0Þ ¼ gðIaÞn þ nvn

gan þ vn
at force of interest d0 (9.5.5)

188 CHAPTER 9: Term Structures and Immunization



We first show that, for each fixed term n years, the volatility of the stock
decreases as g increases. To prove this, we note that

vTðd0Þ
vg

¼ ðIaÞn
�
gan þ e�d0n

�� an
	
g
�
Ia
�
n þ ne�d0n



ðgan þ e�d0nÞ2

¼ e�d0n
	ðIaÞn � nan



ðgan þ e�d0nÞ2 < 0

since

ðIaÞn ¼
Zn
0

te�d0tdt < n
Zn
0

e�d0tdt ¼ nan

This result is illustrated in Figure 9.5.1.

FIGURE 9.5.1
Variation of volatility with term
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We now consider the variation of volatility with the term to redemption for
a fixed value of g. Equation 9.5.5 implies that

lim
n/N

Tðd0Þ ¼ ðIaÞN
aN

at force of interest d0

¼ 1
d0

(9.5.6)

and also that

lim
n/0

Tðd0Þ ¼ 0 (9.5.7)

Note that neither of these limiting values depends on the annual coupon rate.
By straightforward (but somewhat tedious) calculation, it can be shown that

vTðd0Þ
vn

¼
	
d0 þ gðg � d0Þn� ðg � d0Þ2an



e�d0n

d0ðgan þ e�d0nÞ2 at force of interest d0

(9.5.8)

and hence that the sign of vTðd0Þ=vn is the same as that of

d0 þ ðg � d0Þ½gðn� an Þ þ d0an � at force of interest d0

Since n� an is a non-negative increasing unbounded function of n, we have the
following results.

(a) If g� d0, the volatility T(d0) increases steadily from zero when n¼ 0 to the
limiting value 1/d0 as n tends to infinity.

(b) If g< d0, the volatility T(d0) increases from zero when n¼ 0 until n is such
that

gðn� an Þ þ d0an ¼ d0

d0 � g
at force of interest d0 (9.5.9)

after which term the volatility decreases steadily to the limiting value 1/d0 as
n tends to infinity. Equation 9.5.9 may be solved numerically.

We therefore have the possibly unexpected fact that, at a given force of interest
d0, the volatility of certain long-dated, low-coupon redeemable stocks exceeds
that of a perpetuity. The redeemable stocks in question are those such that
T(d0)> (1/d0), i.e., those for which

g

d20

�
1� e�d0n

�þ �1� g
d0

�
ne�d0n

g
d0

�
1� e�d0n

�þ e�d0n
>

1
d0
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This inequality holds if and only if

g

d20

�
1� e�d0n

�þ �1� g
d0

�
ne�d0n >

g

d20

�
1� e�d0n

�þ e�d0n

d0

i.e., if and only if
d0 > g þ 1

n
(9.5.10)

The last inequality may be written in either of the forms

n >
1

d0 � g

g < d0 � 1
n

Therefore, if g and d0 are given with 0< g< d0, a redeemable stock with interest
rate g per unit indebtedness will have greater volatility (at force of interest d0)
than a perpetuity if and only if the term to redemption exceeds 1/(d0 e g).
Alternatively, if d0 and n are given, a redeemable stock with term n will have
greater volatility (at force of interest d0) than a perpetuity if and only if the
interest rate per unit indebtedness is less than d0 e (1/n).

The variation of volatility with term (when d0¼ 0.05) is illustrated in
Figure 9.5.1.

An explanation of the fact that certain low-coupon, long-dated securities are
more volatile than a perpetuity is that, in the case of the redeemable stock, the

EXAMPLE 9.5.1

A speculator buys large quantities of a fixed-interest security
when he expects interest rates to fall, with the intention of
selling in a short time to realize a profit. At present, he is
choosing between the following two secure fixed-interest
stocks:

n Security 1,which bears interest at 5% per annum payable
annually in arrears and is repayable at par in 5 years’
time;

n Security 2, which bears interest at 11% per annum
payable annually in arrears and is repayable at par in
6 years’ time.

These stocks always have the same gross yield per annum, at
present 10%. Which should he buy in order to obtain the
larger capital gain on a small fall in interest rates? (Ignore
taxation.)

Solution
We calculate the volatilities of each of the securities using
Eq. 9.5.1.

The volatility of Security 1 is

0:05� ðIaÞ5 þ 5v5

0:05a5 þ v5 at 10% interest

¼ 4:488

The volatility of Security 2 is

0:11� ðIaÞ6 þ 6v6

0:11a6 þ v6 at 10% interest

¼ 4:725

Hence, the speculator should buy Security 2 because it is
more sensitive to changes to interest rates.
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main ‘weight’ attaches to the repayment of capital, which is very distant,
whereas for the perpetuity the main ‘weights’ attach to the next few years’
interest payments. Hence, the discounted mean term of the redeemable stock
may be expected to be greater than that of the perpetuity.

9.6 THE MATCHING OF ASSETS AND LIABILITIES
In a general business context, thematching of assets and liabilities of a company
requires that the company’s assets be chosen as far as possible in such a way as
to make the assets and liabilities equally responsive to the influences which
affect them both. In this wide sense, matching includes the matching of assets
and liabilities in terms of currencies and the degree of inflation linking. In this
chapter, however, we shall consider both assets and liabilities to be in money
terms. Accordingly, we shall use the word ‘matching’ to refer only to a suitable
choice of the terms of the assets in relation to the terms of the liabilities, so as to
reduce the possibility of loss arising from changes in interest rates.

The liabilities of a business are the amounts it has contracted to pay in the
future. Let St denote the liability at time t (i.e., the money which must be paid
out at that time). Let Pt be the money to be received by the company at time t

EXAMPLE 9.5.2

Suppose that the force of interest per annum for valuing
secure fixed-interest stocks is d. When d¼ 0.08, the prices
per unit nominal of two secure fixed-interest stocks, A and
B, are equal. Furthermore, it is known that when
0.05� d� 0.08, the volatility of stock A is not less than that
of stock B. Prove that, if the force of interest changes imme-
diately from 0.08 per annum to 0.05 per annum, then the new
price of stock Awill not be less than the new price of stock B.

Solution
Let VA(d) and VB(d) denote the prices per unit nominal of
stocks A and B, respectively, when the force of interest is
d per annum. We are given that

VAð0:08Þ ¼ VBð0:08Þ

and so

ln VAð0:08Þ ¼ ln VBð0:08Þ

Also, by Eq. 9.4.4,

� d
dd

½ln VAðdÞ � ln VBðdÞ� � 0 0:05 � d � 0:08

It follows that if we set

f ðdÞ ¼ ln VAðdÞ � ln VBðdÞ

then f(0.08)¼ 0 and f’(d)� 0 for 0.05� d� 0.08. Hence, by the
mean value theorem of elementary calculus, f(0.05)� 0, we
have

lnVAð0:05Þ � ln VBð0:05Þ

i.e.,

VAð0:05Þ � VBð0:05Þ

as required.
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from its business operation, excluding any investment proceeds due at that
time. We define the net liability-outgo at time t to be

Lt ¼ St � Pt (9.6.1)

The net liabilities of the business are the sums {Lt}. The net cash flow at time t is
ct¼eLt for all t. We shall assume that all the liabilities and receipts are discrete,
although the arguments given here may easily be generalized to include
continuous cash flows.

The proceeds at time t of the company’s investments, whether capital, interest,
or both, are referred to as the asset-proceeds at time t years, and are denoted by
At. The assets of the business are the collection of asset-proceeds (or, in ordinary
usage, the securities providing them).

Suppose first that Lt is never negative and that the asset-proceeds are such that,
for all values of t,

At ¼ Lt (9.6.2)

i.e., the asset-proceeds are equal to the net liability-outgo at each time. It is clear
that in this case the business will always have exactly sufficient cash to meet the
net liabilities, no matter what the pattern of interest rates may be at present or
in the future. The business is therefore said to be absolutely matched. If the net
cash flow is sometimes positive and sometimes negative (as in Example 9.6.1),
absolute matching is not possible, as some investment must take place in the
future (at unknown interest rates) to provide for the liabilities in the final stages
of the project.

Assume that at present the annual force of interest for valuing assets and
liabilities is d. The present value of the net liabilities is then

VLðdÞ ¼
X

Ltv
t at force of interest d (9.6.3)

and the present value of the assets is

VAðdÞ ¼
X

Atv
t at force of interest d (9.6.4)

EXAMPLE 9.6.1EXAMPLE 9.6.1

Consider a life office that issued a 20-year capital redemption
policy 10 years ago with a sum assured of £10,000 and an
annual premium of £288.02. Measuring time in years from
the present and assuming that the premium now due has
been paid and that expenses may be ignored, calculate the
net liabilities {Lt} in respect of this policy.

Solution
We have

Pt ¼ 288:02 for t ¼ 1; 2; . ; 9
St ¼ 10;000 when t ¼ 10

and so

Lt ¼
��288:02 for t ¼ 1; 2; . ; 9
þ10;000 for t ¼ 10
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We shall assume for the remainder of this section that VL(d)> 0 for all d, or at
any rate for all values of d under consideration.

If the force of interest per annum will remain constant at d0, at least until all
payments have been made and received, then it is clear that any set of secure
assets satisfying the condition

VAðd0Þ ¼ VLðd0Þ (9.6.5)

will be exactly sufficient to meet the net liabilities as they emerge in the future.

Consider, for example, the policy given in Example 9.6.1 and assume that the
force of interest per annum will remain constant at d0¼ ln1.05 (which corre-
sponds to a rate of interest of i ¼ 5% per annum). If the office possesses any
fixed-interest assets of value

VLðd0Þ ¼ 10;000v10 � 288:02a9 at 5%
¼ 6;139:13� 2;047:19 ¼ 4;091:94

then it will have exactly sufficient cash to meet the liability under the policy.

In practice, however, it cannot normally be assumed that the force of interest will
remain constant until all transactions have been completed, and the company
will wish tomake a profit (or, at any rate, notmake a loss) if interest rates change.
A degree of protection against changes in interest rates may be obtained by using
the concept of immunization, which we shall discuss in the next two sections.

It is possible, of course, that the investor or management of the business may
deliberately maintain an unmatched position in order to profit from an
anticipated rise, or fall, in interest rates: this policy is known as ‘taking a view of
the market’. Some businesses are, however, essentially custodians of money
belonging to othersdlife assurance companies and pension funds fall into this
categorydand such institutions are, as a rule, constrained by law or consider-
ations of solvency into a largely defensive position with respect to changes in
interest rates. (The real position is, however, more complicated: ‘with-profits’
policies may exist, and the life office may have shareholders, so an element of
risk in investment policy may be acceptable.) The theory of immunization is of
interest to many financial institutions (although certain modifications may be
necessary before it can be applied in practice).

9.7 REDINGTON’S THEORY OF IMMUNIZATION
In 1952, F. M. Redington1 presented a theory of immunization, under which the
investor (in Redington’s original paper a life office) is protected against small

1 Redington, F. M. ‘Review of the principles of life office valuations’, Journal of the Institute of Actuaries,
1952, 78(3), pp. 286e315.
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changes in the rate of interest. We now give a brief description of this
theory, referring the reader to Redington’s original paper for full details if
required.

Consider a financial institution, which for definiteness we take to be a life
office, which has net liability-outgo Lt and asset-proceeds At at time t years. We
assume that the current force of interest is d0, and that the present value at this
force of interest of the net liabilities equals that of the asset-proceeds, i.e.,

VAðd0Þ ¼ VLðd0Þ (9.7.1)

It is further assumed that the asset-proceeds may be altered without dealing
costs, and that the following additional conditions are satisfied:

V 0
Aðd0Þ ¼ V 0

Lðd0Þ (9.7.2)

and

V 00
Aðd0Þ > V 00

Lðd0Þ (9.7.3)

The notations V 0ðdÞ and V 00ðdÞ are used to denote the first and second deriva-
tives with respect to d of VA(d). We define V 0

LðdÞ and V 00
L ðdÞ similarly.

If these conditions are satisfied, it follows by elementary calculus that the
function

f ðdÞ ¼ VAðdÞ � VLðdÞ
equals zero when d¼ d0 and has a minimum turning point there. Therefore,
there is a neighbourhood of d0 such that, if d lies within but is not equal to d0,
then

VAðdÞ > VLðdÞ (9.7.4)

The position is illustrated by Figure 9.7.1.

An investor whose investments are such that conditions 9.7.1, 9.7.2, and 9.7.3
hold is then said to be immunized against small changes in the rate of interest, as it
is clear that any immediate small change in the rate of interest will lead to
a surplus, in the sense that the present value of the assets will exceed that of the
net liabilities. We now discuss how conditions 9.7.1, 9.7.2, and 9.7.3 may be
interpreted in practice.

Since

Lt ¼ St � Pt

Equations 9.7.1 and 9.7.2 are equivalent toX
ðPt þ AtÞvt ¼

X
Stv

t at force of interest d0 (9.7.5)
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and X
tðPt þ AtÞvt ¼

X
tStv

t at force of interest d0 (9.7.6)

These two equations imply thatP
tðPt þ AtÞvtPðPt þ AtÞvt ¼

P
tStvtP
Stvt

at force of interest d0 (9.7.7)

Therefore, at force of interest d0, the discounted mean terms of the total assets
(i.e., the receipts, Pt, plus the asset-proceeds, At) and of the liabilities, St, are
equal. Let their common value be denoted by T(d0).

Note that condition 9.7.3 may be expressed asX
t2Atv

t >
X

t2Ltv
t at force of interest d0

i.e., X
t2ðAt þ PtÞvt >

X
t2Stv

t at force of interest d0

FIGURE 9.7.1
Immunization against small changes in rate of interest
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Combined with Eqs 9.7.5 and 9.7.6, the last inequality is equivalent to the
conditionX

½t � Tðd0Þ�2ðAt þ PtÞvt >
X

½t � Tðd0Þ�2Stvt at force of interest d0

(9.7.8)

Hence, the ‘spread’ of the total assets about their discounted mean termmust, if
the conditions for immunization are satisfied, exceed that of the liabilities; that
is to say, the spread of the receipts and asset-proceeds about the discounted
mean term must exceed that of the liabilities. Since the net liabilities {Lt} are
predetermined, the asset-proceeds {At} must be chosen in such a way as to
satisfy conditions 9.7.5, 9.7.7, and 9.7.8. An equivalent formulation of these
conditions is easily shown to beX

Atv
t ¼

X
Ltv

t at force of interest d0 (9.7.9)P
tAtvtP
Atvt

¼
P

tLtvtP
Ltvt

at force of interest d0 (9.7.10)

X
t2Atv

t >
X

t2Ltv
t at force of interest d0 (9.7.11)

The preceding arguments given here may easily be generalized to include
continuous cash flows. In this case a more general statement of the conditions
of Redington immunization is as follows:

VAðd0Þ ¼ VLðd0Þ (9.7.12)�
� 1
VA

dVA

dd
¼ � 1

VL

dVL

dd

�
d¼d0

(9.7.13)

�
1
VA

d2VA

dd2
>

1
VL

d2VL

dd2

�
d¼d0

(9.7.14)

If we define the convexity of the cash flow by

convexity ¼ 1
V
d2V

dd2

it is clear that Redington’s conditions for immunization can be written as

1. The present value of the assets at the starting rate of interest is equal to the
present value of the liabilities;

2. The volatilities (or duration) of the asset and liability cash flows are equal;
and

3. The convexity of the asset cash flow is greater than the convexity of the
liability cash flow.
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As an illustration of how the conditions for an immunized position may be
satisfied, let us consider the capital redemption policy specified in Example
9.6.1. In order that Eqs 9.7.9 and 9.7.10 should hold, the value of the assets, at
5% interest, must be equal to the value of the net liabilities, i.e., £4,091.94 (see
Example 9.6.1), and the discounted mean term of the assets, at 5% interest,
must be equal to

P
tLtvtP
Ltvt

at 5% interest

¼ 10� 10;000v10 � 288:02ðIaÞ9
10;000v10 � 288:02a9

at 5% interest

¼ 12:66 years:

(9.7.15)

Condition 9.7.11 must also be satisfied as a condition of immunization.
Since Eqs 9.7.9 and 9.7.10 are satisfied, this last condition will be met if
inequality 9.7.8 holds. This inequality states that the spread of the total assets
(i.e., assets and receipts) about the common discounted mean term, T(d0),
should be greater than the spread of the liabilities about T(d0). Since, in this
case, all the liabilities are due at time 10 years, we have T(d0)¼ 10, and the
spread of the liabilities about this time is zero. It follows that any set of assets of
present value £4,091.94 and discounted mean term 12.66 years will be such
that the office will be immunized against any immediate small change in the
rate of interest. If a large variety of secure fixed-interest stocks exist, an appro-
priate portfolio of assets may be chosen in one of many ways. For example, if
the life office is able and willing to invest in a stock redeemable at par and
bearing interest at 5% per annum payable continuously, the term n years
should be such that

12:66 ¼ the volatility of the stock

¼ 0:05ðIaÞn þ nvn

0$05an þ vn
at an interest rate of 5% effective

from which it follows that

1:05n � 0:003 088n� 2:576 541¼ 0

Hence, nz 19 years.

Similar calculations may be performed for other coupon rates, and if a fixed
term (of at least 12.66 years) is required, the appropriate coupon rate may be
calculated.
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As time goes by, the portfolio of investments must be varieddin theory
continuously, but in practice at discrete intervalsdto achieve an immunized
position. If the annual force of interest used to value assets and net liabilities
may change only at certain defined dates, for example times t1, t2, . . . years (as
in Figure 9.7.2), then the portfolio of assets should be suitably chosen just before
these times. Since no change in the force of interest can occur between these
dates, no profit or loss may be made between the dates, and if the force of
interest changes slightly at times t1, t2, . . . , then a small profit will be made at
each of these times.

EXAMPLE 9.7.1EXAMPLE 9.7.1EXAMPLE 9.7.1

A company has a liability of £400,000 due in 10 years’ time.
The company has exactly enough funds to cover the liability
on the basis of an effective interest rate of 8% per annum.
This is also the interest rate on which current market prices
are calculated and the interest rate earned on cash. The
company wishes to hold 10% of its funds in cash, and the
balance in a zero-coupon bond redeemable at par in 12 years’
time and a fixed-interest stock, which is redeemable at 110%
in 16 years’ time bearing interest at 8% per annum payable
annually in arrears.

Calculate the nominal amounts of the zero-coupon bond and
the fixed-interest stock that should be purchased to satisfy
Redington’s first two conditions for immunization. Calculate
the amount that should be invested in each of the assets.
Can Redington immunization be achieved?

Solution
The two conditions required are those stated in Eqs 9.7.1 and
9.7.2. We let X be the nominal amount of 12-year zero-coupon
bond and Y the nominal amount of 8% bond.

If we work in units of £1,000, the present value of the liabili-
ties is

VL ¼ 400y10 ¼ 185:27740 at i ¼ 8%

The present value of the assets is from the 10% of 185.2774 in
cash, the zero-coupon bond, and the 8% bond; this is calcu-
lated as

VA ¼ 18:52774þ Xy12 þ Y
�
0:08 a16 þ 1:1y16



Equating these present values, as required under Redin-
gton’s first condition, leads to

166:74966 ¼ 0:39711X þ 1:02919Y

The second condition requires the first derivative of the
present values with respect to d. For the liabilities

V 0
L ¼ 4;000y10 ¼ 1; 852:7740

and for the assets,

V 0
A ¼ 12Xy12 þ Y

�
0:08ðIaÞ16 þ 1:1� 16y16



Equating these leads to

1;852:7740 ¼ 4:76537X þ 10:02650Y

Redington’s conditions have led to a pair of simultaneous
equations with two unknowns. These can be solved to find
that X¼ 254,583 and Y¼ 63,790; i.e., the nominal amounts
of the zero-coupon bond and the 8% bond are £254,583,000
and £63,790,000, respectively.

These nominal amounts are equivalent to investing
254,583,000n12¼ £101,098,000 and 185,277,000 e 18,528,000 e

101,098,000¼ £65,651,000 in the zero-coupon bond and 8%
bond, respectively, at time zero.

For Redington immunization to occur, the third condition
(given by Eq. 9.7.3) must also be satisfied. In this case it is
clear that the spread of assets is greater than the spread of
liabilities, as the liabilities are at a single point in time. All
conditions for Redington immunization have therefore been
satisfied.
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It is also true that, even if the preceding conditions hold, a loss may occur in the
event of a large change in the rate of interest: Redington’s theory covers only
small changes. There is, however, another theory of immunizationdwhich, to
avoid confusion with the theory presented by Redington, we refer to as ‘full’
immunizationdunder which the investor makes a profit on any immediate
changes in the rate of interest. We shall discuss this concept of ‘full’ immuni-
zation in the next section.

9.8 FULL IMMUNIZATION
Consider the investor to have a liability-outgo of S due at time t1 years and to
hold total assets (in the sense defined in Section 9.7) providing A at time t1 e
a and B at time t1 þ b. This is illustrated in Figure 9.8.1. It is assumed that a and
b are positive, and, for practical use, it is also necessary to assume that a� t1.
Suppose that exactly two of four values A, B, a, and b are known. It may be
shown that in many cases it is possible to determine the other two values
uniquely in such a way that the two equations

Aed0a þ Be�d0b ¼ S (9.8.1)

FIGURE 9.7.2
Force of interest per annum used at time t to value assets and liabilities
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and

Aaed0a ¼ Bbe�d0b (9.8.2)

are satisfied. There are exceptional cases when no solution exists, but if the
known quantities are (a) a, b; (b) B, b; (c) A, a; or (d) A, b, then unique values of
the other two quantities may certainly be found. See Question 9.15.

Let V(d) denote the present value at time t ¼ 0, at force of interest d per
annum, of the total assets less the present value of the liability, i.e., let

VðdÞ ¼ e�dt1
�
Aeda þ Be�db � S


(9.8.3)

It may easily be shown that conditions 9.8.1 and 9.8.2 are equivalent to
Vðd0Þ ¼ 0 and V 0ðd0Þ ¼ 0. Assume that these conditions are satisfied. We then
have

VðdÞ ¼ e�dt1
	
Aed0aeðd�d0Þa þ Be�d0be�ðd�d0Þb � S



¼ e�dt1Aed0a

h
eðd�d0Þa þ a

b
e�ðd�d0Þb �

�
1þ a

b

i (9.8.4)

using Eq. 9.8.2 and the fact that, by Eqs 9.8.1 and 9.8.2,

Aed0a
�
1þ a

b


¼ Aed0a

�
1þ Be�d0b

Aed0a

�
¼ S

Now consider the sign of the function

f ðxÞ ¼ eax þ a
b
e�bx �

�
1þ a

b


Note that f(0)¼ 0. Since

f 0ðxÞ ¼ a
�
eax � e�bx


it follows that

f 0ðxÞ
8<
:

> 0 for x > 0
¼ 0 for x ¼ 0
< 0 for x < 0

FIGURE 9.8.1
Cash flow diagram for full immunization
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and therefore that f(x)> 0 for all xs 0. Hence, by Eq. 9.8.4 (with d e d0¼ x),

VðdÞ > 0 for all dsd0 (9.8.5)

In order that the theory of ‘full’ immunization may be applied in a more general
context, we need to split up the liabilities in such a way that each item of
liability-outgo is linked to two items of the total assets, the earlier of which may
be a ‘receipt’ (an item of positive cash flow arising from the business itself) due
before the item of liability-outgo. It then follows by the argument given previ-
ously that the asset associated with this item of liability-outgo (or the later asset,
if there are two) may be varied in amount and date so that Eqs 9.8.1 and 9.8.2
hold. If this procedure is followed for all items of liability-outgo, the entire
business will be immunized against any immediate change in the rate of interest.

EXAMPLE 9.8.1EXAMPLE 9.8.1

Consider the 20-year capital redemption policy described in
Example 9.6.1, and let the current rate of interest per annum
be 5%. Show that the life office can, by suitable investment,
achieve a fully immunized position (in which it will make
a profit on any immediate change in the rate of interest).

Solution
As there is only one liability, and nine ‘receipts’ (i.e.,
premiums), we shall split the liability into nine equal sections,
each of amount 10,000/9¼ 1,111.11. Consider the item of
liability-outgo linked to the premium due at time r years.

We have the equations

288:02ð1:05Þ10�r þ Bð1:05Þ�b ¼ 1;111:11

and

288:02ð10� rÞð1:05Þ10�r ¼ Bbð1:05Þ�b

where B denotes the proceeds of a zero-coupon bond due at
time 10 þ b years from the present. By direct solution, we
obtain

b ¼

�
288:02
1;111:11

�
ð10� rÞð1:05Þ10�r

1�
�

288:02
1;111:11

�
ð1:05Þ10�r

and

B ¼ 1;111:11� 288:02ð1:05Þ10�r

ð1:05Þ�b

¼
the proceeds of a zero-coupon

bond due at time 10þ b years

The investments may then consist of nine zero-coupon bonds
of the following amounts maturing at the times shown:

This portfolio of zero-coupon bonds is such that the office is
fully immunized against any immediate change in the rate of
interest. Note that we do not claim that this is the only such
portfolio; many others can be constructed.

r
Amount of Zero-
coupon Bond, B (£)

Time to Maturity,
10 Db (years)

1 892.55 16.05

2 873.52 14.97

3 858.75 14.02

4 847.40 13.19

5 838.82 12.47

6 832.50 11.84

7 828.06 11.29

8 825.17 10.80

9 823.58 10.37
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As in the case of Redington’s theory of immunization, one must modify the
assets as time goes by so as to achieve an immunized position. If the force of
interest may change only at certain specified times, as in Figure 9.7.2, then
suitable assets may be chosen just before these times. Various practical diffi-
culties attend the application of this theory of immunization, notably the
absence in the market of appropriate zero-coupon securities and possible

EXAMPLE 9.8.2EXAMPLE 9.8.2

An investor has a single liability of £1,000 due in 15 years’
time. The yield on zero-coupon stocks of any term is currently
4% per annum, and the investor possesses cash equal to the
present value of his liability, i.e., 1,000v15 at 4%¼ £555.26. He
wishes to invest in 10-year and 20-year zero-coupon stocks in
such a way that he will make a profit on any immediate
change in the force of interest. How much of each security
should he buy, and how large a profit will he make if the
rate of interest per annum immediately becomes 0.01, 0.02,
0.03, 0.05, 0.06, 0.07, or 0.08?

Solution
Let A and B be the redemption values of the 10-year and
20-year zero-coupon stock holdings, respectively. At time
t ¼ 15, Eqs 9.8.1 and 9.8.2 give

Ae5d0 þ Be�5d0 ¼ 1;000

and

5Ae5d0 ¼ 5Be�5d0

where

d0 ¼ lnð1:04Þ

We therefore have the equations

A� ð1:04Þ5 þ Bv5 ¼ 1;000 at 4% interest
A� ð1:04Þ5 ¼ Bv5 at 4% interest

These equations may easily be solved, giving A¼ 410.96 and
B¼ 608.32. The quantities of zero-coupon stocks that he
should buy are therefore those providing £410.96 at time
10 years and £608.32 at time 20 years. The profit on an imme-
diate change in the rate of interest to i per annum is, by
Eq. 9.8.3,

v15
h
410:96ð1þ iÞ5 þ 608:32v5 � 1;000

i
at rate i

In the following table we give the present values of the
liability (1,000v15), the assets (410.96v10 þ 608.32v20), and
the profit to the investor for each of the specified rates of
interest:

Rate of Interest per
Annum

Present Value of
Liability

Present Value of
Assets

Present Value of
Profit

0.00 1,000.00 1,019.28 19.28

0.01 861.35 870.58 9.23

0.02 743.01 746.51 3.50

0.03 641.86 642.61 0.75

0.04 555.26 555.26 0.00

0.05 481.02 481.56 0.54

0.06 417.27 419.16 1.89

0.07 362.45 366.11 3.66

0.08 315.24 320.87 5.63

2039.8 Full Immunization



variations in the force of interest with the term to redemption and the coupon
rate.

SUMMARY
n The n-year spot rate, yn, is the annual interest rate that applies from the

present time for the next n years. This is in contrast to the forward rate, ft;r ,
which applies over an r-year period starting at some future time t.
Equivalent, but continuously compounding, rates are easily defined.

n The n-year par yield is the annual coupon rate required for an n-year fixed-
interest security to be redeemed at par under the prevailing term structure.

n The term structure of interest rates indicates how the spot rates available on
investments are distributed with term. The structure can be explained by the
interplay of liquidity preference theory, expectations theory, and market
segmentation theory.

n The discounted mean term (or [Macauley] duration) of a fixed-interest
investment is the weighted average of the future times at which there are
cash flows. The ‘weight’ associated with any given time is the present value
of the net cash flow due at that time.

n The discounted mean term of a cash flow is mathematically equal to its
volatility. This indicates the sensitivity of its present value to changes in the
underlying force of interest.

n The effective duration indicates the sensitivity of the present value of a cash
flow to changes in the underlying rate of interest.

n It is possible to immunize a surplus to small changes in interest rate using the
theory developed by Redington.

n It is possible to immunize a surplus against any change in interest rate using
full immunization.

EXERCISES
9.1 Consider the following bond issues:

Bond A: 5% 15-year bond
Bond B: 5% 30-year bond
Neither bond has an embedded option. Both bonds are trading in the
market at the same yield. Which bond will fluctuate more in price when
interest rates change? Why?

9.2 A portfolio manager wants to estimate the interest rate risk of a bond using
duration. The current price of the bond is 82. A valuation model found
that if interest rates decline by 30 basis points, the price will increase to
83.50, and if interest rates increase by 30 basis points, the price will
decline to 80.75. Estimate the effective duration of this bond.
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9.3 According to the expectations theory, what does a humped yield curve
suggest about the expectations of future interest rates?

9.4 Assume the following Treasury spot rates:

Compute
(a) The 6-month forward rate 6 months from now,
(b) The 6-month forward rate 1 year from now,
(c) The 6-month forward rate 3 years from now,
(d) The 2-year forward rate 1 year from now,
(e) The 1-year forward rate 2 years from now.

9.5 The 1-year forward rate of interest at time t¼ 1 year is 5% per annum
effective. The gross redemption yield of a 2-year fixed-interest stock
issued at time t¼ 0, which pays coupons of 3% per annum annually in
arrears and is redeemed at 102, is 5.5% per annum effective.
The issue price at time t¼ 0 of a 3-year fixed-interest stock bearing
coupons of 10% per annum payable annually in arrears and redeemed at
par is £108.9 per £100 nominal.
(a) Calculate the 1-year spot rate per annum effective at time t¼ 0.
(b) Calculate the 1-year forward rate per annum effective at time t¼ 2

years.
(c) Calculate the 2-year par yield at time t¼ 0.

9.6 (a) Explain what is meant by the expectations theory for the shape of
the yield curve.

(b) Short-term, 1-year annual effective interest rates are currently 8%;
they are expected to be 7% in 1 year’s time, 6% in 2 years’ time, and
5% in 3 years’ time.
(i) Calculate the gross redemption yields (spot rates of interest)

from 1-year, 2-year, 3-year, and 4-year zero-coupon bonds
assuming the expectations theory explanation of the yield
curve holds.

Period Years to Maturity Spot Rate (%)

1 0.5 5.0
2 1.0 5.4
3 1.5 5.8
4 2.0 6.4
5 2.5 7.0
6 3.0 7.2
7 3.5 7.4
8 4.0 7.8
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(ii) The price of a coupon-paying bond is calculated by
discounting individual payments from the bond at the zero-
coupon bond yields in (i). Calculate the gross redemption
yield of a bond that is redeemed at par in exactly 4 years and
pays a coupon of 5% per annum annually in arrears.

9.7 (a) State the conditions that are necessary for an insurance company to
be immunized from small, uniform changes in the rate of interest.
An insurance company has liabilities to pay £100m annually in
arrears for the next 40 years. In order to meet these liabilities, the
insurance company can invest in zero-coupon bonds with terms to
redemption of 5 years and 40 years.

(b) (i) Calculate the present value of the liabilities at a rate of interest
of 4% per annum effective.

(ii) Calculate the duration of the liabilities at a rate of interest of
4% per annum effective.

(c) Calculate the nominal amount of each bond that the fund needs to
hold so that the first two conditions for immunization are met at
a rate of interest of 4% per annum effective.

(d) (i) Estimate, using your calculations in (b), the revised present
value of the liabilities if there were a reduction in interest rates
by 1.5% per annum effective.

(ii) Calculate the present value of the liabilities at a rate of interest
of 2.5% per annum effective.

(iii) Comment on your results to (d) (i) and (ii).
9.8 (a) Calculate, at an effective annual interest rate of (i) 5% and (ii) 15%,

the discounted mean term of the following set of payments:
£100 payable now;
£230 payable in 5 years’ time;
£600 payable in 13 years’ time.

(b) An investor is considering the purchase of an annuity, payable
annually in arrears for 20 years. The first payment is £1,000. Using
a rate of interest of 8% per annum, calculate the discounted mean
term of the annuity when
(i) The payments remain level over the term;
(ii) The payments increase by £100 each year;
(iii) The payments increase at a rate of 8% per annum compound;
(iv) The payments increase at a rate of 10% per annum compound.

9.9 (a) At a given rate of interest, a series of payments has present value V1

and discounted mean term t1. At the same rate of interest, a second
series of payments has present value V2 and discounted mean term
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t2. Show that, if V1 þ V2s0, at the given rate of interest, the
discounted mean term of both series combined is

V1t1 þ V2t2
V1 þ V2

Generalize this result to the case of n different series of payments.
(b) An investor is entitled to receive an annuity of £10,000 per annum,

payable annually in arrears for 10 years. The first payment will be
made in 1 year’s time. The investor is under an obligation to make
two payments of £30,000, the first being due in 5 years’ time and the
second 10 years later.
On the basis of an interest rate of 10% per annum:
(i) Find the present value and the discountedmean term of (1) the

payments to be received by the investor and (2) the payments
to be made by the investor.

(ii) Using the result of (a), or otherwise, determine the discounted
mean term of the investor’s net cash flow.

9.10 A fixed-interest stock bears interest of 5% per annum payable
continuously and is redeemable at par in n years’ time, where n is not
necessarily an integer.
(a) On the basis of a constant force of interest per annum of 0.07,

determine the volatility of the stock if (i) n¼ 20 and (ii) n¼ 60.
(b) The volatility of the stock, on the basis of a specified constant force

of interest per annum d, may be considered to be a function of n.
When d¼ 0.07, for what value of n is this volatility greatest, and
what is its maximum value?

9.11 (a) A company is liable to make four payments at 5-yearly intervals, the
first payment being due 5 years from now. The amount of the tth
payment is £(1,000 þ 100t). The company values these liabilities at
an effective rate of interest of 5% per annum. On this basis, find (i)
the present value and (ii) the discounted mean term of these
liabilities.

(b) An amount equal to the total value of the liabilities (on the basis of
an effective annual interest rate of 5%) is immediately invested in
two newly issued loans, one redeemable at the end of 10 years and
the other at the end of 30 years. Each loan bears interest at 5% per
annum payable annually in arrears. Both loans are issued and
redeemable at par. Given that, on the basis of an effective annual
interest rate of 5%, the discounted mean term of the asset-proceeds
is the same as the discounted mean term of the liability-outgo,
determine how much is invested in each of the loans.
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9.12 In a certain country, investors may trade in zero-coupon stocks of any
term. There are no dealing expenses, and all zero-coupon stocks are
redeemable at par, exempt from taxation, and priced on the basis of the
same constant force of interest.
An investor, who owes £1million, due in 10 years’ time, possesses exactly
sufficient cash to meet this debt on the basis of the current constant
market force of interest per annum d0. Show that, by purchasing suitable
quantities of 5-year and 15-year zero-coupon bonds, the investor can be
sure of making a profit on any immediate change in the constant force of
interest used by the market to value zero-coupon stocks. Assuming
further that d0¼ 0.05, and that the appropriate quantities of each bond
are purchased, find the profit the investor will make now if this force of
interest per annum changes immediately to (a) 0.07 and (b) 0.03.

9.13 An insurance company has a liability of £100,000 due in 8 years’ time.
The company, which has exactly sufficient money to cover the liability on
the basis of a constant force of interest of 5% per annum (which is also
the market basis for pricing all stocks), now wishes to invest this money
in a mixture of the following securities:
a. Zero-coupon bonds redeemable at par in 20 years’ time;
b. Very short-term deposits (which may be regarded as interest-bearing

cash).
(i) The company requires that, on the basis of a constant force of

interest of 5% per annum, the discounted mean term of the
assets equal that of the liabilities. Find the amounts to be
invested in each security.

(ii) Suppose that these investments are, in fact, made. Find the
present value of the profit to the organization on the basis
of a constant force of interest per annum of (i) 3% and
(ii) 7%.

9.14 An insurance company has just issued a 15-year single premium capital
redemption policy with sum assured £10,000. The amount of the single
premium was calculated on the assumption that, for all values of t� 0,
d(t), the force of interest per annum in t years’ time, would equal
ln(1.08). Expenses were ignored.
The company immediately invested part of the single premium in cash
and the balance in a 20-year zero-coupon stock (redeemable at par), the
price of which was consistent with the constant value of d(t) assumed
above. The amount invested in cash was such that, on the basis of this
constant value of d(t), the discountedmean term of the assets equaled the
discounted mean term of the liability.
(a) Calculate the single premium and the nominal amount of stock

purchased.
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(b) Immediately after the investment of the single premium, economic
forces caused a change in market rates of interest. Calculate the
present value of the profit or loss to the company on the assumption
that future cash flows are discounted at the new market rates of
interest for which
(i) d(t)¼ ln(1.05) for all t;
(ii) d(t)¼ ln(1.1) for all t;
(iii) d(t) is a linear function of t, with d(0)¼ ln(1.05) and d(20)¼

ln(1.1).
9.15 Suppose that d0 and S are known positive numbers. Suppose further that

two of the four positive numbers a, A, b, and B are given. Consider the
system of simultaneous equations

Aed0a þ Be�d0b ¼ S
Aaed0a ¼ Bbe�d0b

�

for the two ‘unknown’ numbers from {a, A, b, B}.
(a) Show that if the given pair of values is either (i) a, b; (ii) B, b (with

Be�d0b < S); (iii) A, a (with Aed0a < S); or (iv) A, b (with A< S), then
there exists a unique pair of positive values for the two ‘unknown’
numbers which satisfies the system of equations.

(b) Let d0¼ 0.05 and S¼ 1. Show that, if a¼ 15 and B¼ 0.98, then
there are two distinct pairs of positive numbers (b, A) which satisfy
the above equations.
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CHAPTER 10

An Introduction to Derivative Pricing:
Forwards and Futures

Derivatives are a class of financial instruments distinct from stocks (e.g., equities
and fixed-interest securities) and commodities (oil, metals, food, etc.). There
are many examples of derivatives, but the simplest examples can be considered
as an agreement to trade an underlying asset (either stock or commodity) at
a future date for a pre-agreed price. In a sense, a derivative sits above the
underlying asset and derives its price from it. It is clear that derivative pricing is
complicated, as a derivative’s price depends not only on the terms of the
particular contract, but also on the price evolution of the underlying asset
during the term of the contract. Derivative pricing is a huge subject in the
literature, and the vast majority of it is beyond the scope of this introductory
text. However, it is possible to introduce the fundamental concepts common to
many pricing techniques by considering the simplest derivatives: forwards and
futures. We then proceed to consider swaps and options, which are more
complicated examples of derivatives, in the next chapter.

In what follows we will assume that there are no transaction costs or taxes
associated in buying, selling, or holding assets. Furthermore, we will simplify
the description by assuming that the risk-free rate of interest is independent of
the duration of investment. These are, of course, idealized assumptions, but
they enable the development of methodologies that can easily be extended. In
particular, the assumption regarding the term structure of the risk-free rates can
be removed by replacing the risk-free rates with the appropriate risk-free spot or
forward rates, as defined in Chapter 9. Rather than discussing this complication
explicitly, we present the theory without reference to the term structure of
interest rates but give some examples where it has been incorporated. Where
appropriate, some of the descriptions given in this chapter are based on the
Faculty and Institute of Actuaries’ CT1 core reading.

10.1 FUTURES CONTRACTS
A futures contract, often simply referred to as a future, is a standardized,
exchange tradable contract between two parties to trade a specified asset on
a set date in the future at a specified price. For example, the London Metal
Exchange (LME) provides a market for the active trading of aluminum futures
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on standardized 25-tonne lots with maturity (i.e., trade) dates of 3, 15, or
27 months from the time of issue. Futures require two parties: the buyer and the
seller. Under the futures contract, the buyer is committed to purchasing the
underlying asset for the pre-arranged price, and the seller is responsible for
delivering the asset in return for this price. The buyer is said to hold the long
forward position, reflecting that his exposure to the asset is in the long term. The
seller is said to hold the short forward position, reflecting that his exposure to the
asset is restricted to the short term.

There are two main classes of futures: commodity futures and financial futures.
The first futures contracts were traded on the Chicago Board of Trade (CBOT) in
1864 and were based on grain. These early commodity futures enabled consumers
of grain to reduce their exposure to fluctuations in the market price and started
a trend in futures contracts that spread to the trade of commodity futures and
then financial futures on exchanges around the word. Examples of commodi-
ties on which futures are traded today include, but are not restricted to, oil,
gold, silver, wheat, and coffee.

Rather than being based on an underlying physical commodity, financial futures
are based on an underlying financial instrument. Financial futures exist in four
main categories, which we introduce now.

Bond Futures
Bond futures are based on fixed-interest securitiesdfor example, gilts and
bondsdand require the physical delivery of a security at the maturity date.
However, rather than always being based on a particular named asset, many
bond futures allow the seller to deliver one of a range of bonds or gilts.

In the case that the bond future is specified in terms of a particular security, the
seller (short position) is required to simply deliver the required amount of that
stock. However, if the contract is specified in terms of a notional stock, the

EXAMPLE 10.1.1

A bond future is written on £100 of a notional 20-year fixed-
interest security with 5% annual coupon. The exchange lists
that the following securities are eligible for delivery under the
contract:

n £115 of a 19-year bond with 3% annual coupon per £100
of the notional bond;

n £90 of a 25-year bond with 7% coupons per £100 of the
notional bond.

If, at the expiry date of the future, the market prices of the
19-year stock and 25-year stock are £80% and £103%, respec-
tively, determine which security the seller will deliver.

Solution
The seller will deliver the cheaper of the two alternatives. The
market price of £115 of the 19-year stock is £115� 0.80 ¼
£92, and the market price of £90 of the 25-year stock is
£90� 1.03 ¼ £92.7. The seller should therefore opt to deliver
£90 of the 19-year stock.
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securities eligible for delivery are listed by the exchange. The seller will then
deliver the security from the list that is cheapest to deliver. The price paid by the
receiving party is adjusted to allow for the fact that the coupon rate may not be
equal to that of the notional stock that underlies the contract.

Short Interest Rate Futures
Short interest rate futures are based on a particular interest rate and settled for
cash. The structure of the quotation is such that as interest rates fall, the price
rises, and vice versa. The price of a short interest rate future is stated as 100
minus the 3-month interest rate. For example, with an interest rate of 6.25%,
the future is priced as 93.75. The contract is based on the interest paid on
a notional deposit for a specified period from the expiry of the future. However,
no principal or interest changes hands. On expiry, the purchaser will havemade
a profit (or loss) related to the difference between the final settlement price and
the original dealing price. The party delivering the contract will have made
a corresponding loss (or profit).

Stock Index Futures
Stock index futures are based on a notional portfolio of equities as represented by
a particular index, for example the FTSE100 in the UK or S&P 500 in the US. In
principle, the seller of the contract should deliver a portfolio of shares in the
same proportions as the particular index. However, this is impractical, and
a stock index future is typically settled in cash. The cash amount is calculated
from the difference between the futures price agreed at the start of the contract
and the index value at the date of the contract.

Currency Futures
Currency futures require the delivery of a set amount of a given currency on the
specified date in return for an amount of another currency. Common currencies
on which currency futures are based include, but are not limited to, sterling,
euros, yen, US dollar, and Swiss francs.

EXAMPLE 10.1.2EXAMPLE 10.1.2

On 16 May 2012, an investor enters into the short position of
$1,000 of 3-month S&P 500 stock futures with settlement
price $1,410. If, on 16 August 2012, the value of the S&P
500 index is actually $1,415.84, calculate the profit/loss
made by the investor from the future.

Solution
Under the contract, the investor is committed to provide
$1,000� 1,415.84 in return for $1,000� 1,410. The investor
therefore makes a loss of $5,840.
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10.2 MARGINS AND CLEARINGHOUSES
In principle, both parties to a future (both commodity or financial) face two
kinds of risk: market risk and credit risk. The market risk faced by an investor is
the risk that market conditions of the underlying asset change in an adverse way
and the terms of the future become unfavorable. The credit risk faced by an
investor is the risk that the counterparty will default on his obligations under
the contract. The credit risk is linked to the market risk, as the party adversely
affected by the market movements is more likely to default.

To mitigate investors’ exposure to credit risk, a clearinghouse sits between both
parties of a futures contract and acts as the counterparty to both. The clear-
inghouse takes on the credit risk of both parties and controls its own exposure
through the use ofmargins. Margins are effectively deposits paid by both parties
to the clearinghouse during the course of the contract. Futures markets are very
liquid, and an investor need not worry about finding a counterparty to his
intended position in a contract. In practice, the investor would lodge a request
with the exchange to enter into a futures contract (as either a buyer or a seller),
and the exchange would pair the request with an opposite position and execute
the contract. The clearinghouse (often operated by the exchange) is then placed
between the counterparties and, to all intents and purposes, an individual
investor sees only his account with the clearinghouse. If, at any time, an
investor wishes to remove his exposure to a futures contract, he can request to
enter an equal but opposite position and close out of the contract, thereby
removing all obligation to trade.

When the futures contract is first executed, both parties deposit an initial
margin to individual accounts held at the clearinghouse. Payments are then

EXAMPLE 10.2.1

Two investors enter into a futures contract to trade 1,000
barrels of oil in 3 months’ time. If the agreed delivery price
is $100 per barrel and the current market price is $98, discuss
possible price movements and how they would affect the risk
exposures of each investor.

Solution
If, after 2 months, the price of oil had risen to $102 per barrel,
the market has moved in favor of the long position (buyer).
The reason is that he is committed to buy each barrel for
$100 in 1 month, which, at the moment, is cheap relative to
the market. However, this is bad news for the short position
(seller), as he is committed to selling the oil for $100. The

seller is therefore likely to make a loss at expiry in 1 month
and may be tempted to default on the contract. This
increases the buyer’s exposure to credit risk.

Alternatively, if, after 2 months, the price of oil had fallen to
$95 per barrel, the market has moved in favor of the short
position (seller). The buyer is therefore likely to make a loss
on the contract at expiry, and the seller is exposed to the
increased credit risk of his defaulting.

As the market could still move in either direction within the
remaining month, both parties are still exposed to a market
risk in each example.
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made daily from the margin accounts to/from the clearinghouse to reflect
changes in the market price of the underlying stock. An amount reflecting the
market movement is taken from the margin account of the party that the
market has moved against, and that amount is added to the margin account of
the party that the market has moved in favor of. This process of reconciling the
changes in the market price of the underlying asset to the margin
deposit accounts is called marking to market. Eventually, it may be that the
market has moved significantly against one investor such that his account
falls below a stated level, called the maintenance margin. At this point the
investor will receive a margin call from the clearinghouse which requests
that either the investor exits the contract or deposits a further variation
margin with the clearinghouse to raise his margin account back to the initial
margin amount. If the investor decides to leave the contract he is able to
withdraw what remains in the margin account, resulting in a loss, and the
clearinghouse pairs the remaining position with a new counterparty from
the market. The margin account and variation margin are the means by
which the clearinghouse ensures that each party has sufficient funds to pay for
future adverse market movements, thereby mitigating its own exposure to
credit risk.

EXAMPLE 10.2.2EXAMPLE 10.2.2

An investor decides to enter into the short position of a
6-month crude oil future at $110 per barrel (each future repre-
sents 1,000 barrels). If the clearinghouse demands an initial
margin of 10% of the future’s value and marks to market at
the end of every day, determine the cash flows in the trading
account if the investor liquidates his position after 3 days. You
are given that the maintenancemargin level is $6,000 and the
market price of oil proceeds as follows for the first 3 months:

End of Day Market Price per Barrel

1 $117

2 $112

3 $114

Solution
The investor has entered into the short position, i.e., is
obliged to sell each barrel for $110 at the end of the 6 months.
An increase in the price above $110 is therefore an unfavor-
able movement.

The initial margin is 10% of $110,000, i.e., $11,000. After 1 day
the price has moved unfavorably to $117 per barrel. This
represents a loss of $7 per barrel, i.e., $7,000, which is sub-
tracted from the investor’s trading account, leaving $4,000.
This amount is below the maintenance margin of $7,000, so
a margin call is issued requesting that an additional $6,000
be deposited. The account now stands at $11,000 (the initial
margin level).

After a further day, the price has fallen $5 per barrel, which is
a favorable movement of $5,000 relative to the previous posi-
tion. The $5,000 is therefore credited to the investor’s trading
account, taking it to $16,000. No maintenance margin is
required.

After a yet further day, the price has moved unfavorably to
$114 a barrel, which represents a loss of $2,000. This amount
is subtracted from the investor’s trading account, which then
stands at $14,000. At this point the investor liquidates his
position and withdraws the $14,000. He has made a loss of
$4,000 over the 3 days.
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10.3 USES OF FUTURES
Investors in futures typically have one of two aims: speculation or hedging.
Speculation is a process in which an investor aims to benefit from the changes in
the market price of the underlying asset, but has no interest in taking delivery of
the actual asset. For example, an investor can enter into the short position of
a futures contract under which he is committed to sell an asset for a price that he
believes will be greater than the market price on the maturity date. At maturity,
the asset would be bought on the market and sold to the counterparty at
a profit. Alternatively, the investor could enter into the long position of
a futures contract under which he is committed to buy an asset at a price he
believes will be lower than will exist on the market at the maturity date. At
contract maturity, he would buy the asset under the contract and immediately
sell it for a higher price on the market.

Of course, the market can move in the opposite direction to the speculator’s
expectations and the trade result in a loss; speculation is therefore inherently
risky. Hedging, however, is a process in which an investor enters into a futures
contract in order to reduce his exposure to risk.

The downside of using hedging strategies involving futures is that, in
eliminating the exposure to potential unfavorable market movements,
investors also remove their exposure to potential favorable market move-
ments. For example, in Example 10.3.1, the terms of the contract are fixed
at the outset, and the manufacturer is obligated to sell the US$ at the pre-
arranged exchange rate at maturity. However, the foreign exchange market
may have moved by this time such that it would actually be favorable to
exchange the US$ on the market. As we shall see in Example 11.6.1, options
enable an alternative method of hedging that removes this downside of
futures.

EXAMPLE 10.3.1EXAMPLE 10.3.1EXAMPLE 10.3.1

A UK manufacturing company has a major order from a US
customer that will result in $500,000 being received in
3 months’ time. The company is concerned about its exposure
to adverse changes in the GBPeUS$ exchange rate over this
period and is seeking to fix the sterling value of the order
in advance. Discuss how futures contracts could be used to
do this.

Solution
To remove the exchange rate risk (i.e., currency market risk),
the manufacturer could enter into a futures contract to sell

US$ in exchange for sterling in 3 months’ time. This fixes
the exchange rate in advance, and the company is no longer
exposed to adverse movements in the exchange rate. If the
standardized unit of a currency future is $1,000, the company
would enter into 500 3-month futures contracts that require
the delivery of US$ at expiry for a pre-agreed amount of
sterling.
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10.4 FORWARDS
Prior to the introduction of grain futures in 1864, the Chicago Board of Trade
had provided a market for non-standardized grain trades, called forward
contracts, since 1848. Like a future, a forward contract, or forward, is a contract
between two parties that enter into an agreement to trade a specified asset for
a specified price at a later date. Forwards are negotiated agreements and, unlike
futures, are not standardized. The trading of forwards is said to be over the counter
and does not occur on an exchange. As a result, there is no clearinghouse to
guarantee the trade and both the credit and market risks remain with the
investors. To enter into a forward contract, one needs to find a counterparty that
wants the opposite position. Furthermore, unlike futures, the lack of stand-
ardization and a liquid market in forwards makes closing out of the trade prior
to delivery difficult. Forwards are therefore more likely to result in delivery of
the underlying asset. Investors in forwards who seek to close out must look for
an additional counterparty to reverse their position in the forward prior to
expiry; however, this essentially increases their exposure to credit risk, as they
are now reliant on two counterparties to fulfill their obligations.

10.5 ARBITRAGE
Before we study pricing within future and forward contracts, it is necessary to
first discuss the concept of arbitrage.

An arbitrage opportunity is said to exist if either

(a) An investor canmake a deal that would give him an immediate profit, with
no risk of future loss, or

(b) An investor can make a deal that has zero initial cost, no risk of future loss,
and a non-zero probability of a future profit.

In essence, either occurrence of arbitrage requires the opportunity for a risk-free
trading profit.

It is generally assumed that arbitrage opportunities do not exist in modern
financial markets. This assumption is called the no-arbitrage assumption, and is
fundamental to modern financial mathematics. It is not claimed that arbitrage
cannot exist, merely that when it does, the market will act quickly to remove it.
Indeed, arbitrageurs are investors who purposefully seek arbitrage opportuni-
ties and profit from them. When an arbitrage opportunity does exist within
a market, it would soon be spotted by arbitrageurs, and they will trade to
exploit it. In principle, an arbitrage opportunity requires the existence of an
underpriced asset and an equivalent (in some respects) overpriced asset; the
arbitrage profit would be made from buying the cheaper asset while simulta-
neously selling the more expensive asset. The buying and selling of these
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respective assets on the market would lead to price movements through the
action of supply and demand that would close the pricing discrepancy. In
a modern market, the trades would happen at such speed and volume that the
arbitrage opportunity would be very quickly removed. It is therefore sensible,
realistic, and prudent to assume that arbitrage does not exist.

It is clear that investment in security A inExample 10.5.1 is unattractive compared
with investment in B, in particular, PA0 > PB0=2. As a result, there will be little
demand for A and excessive demand for B; this will cause pressure to reduce
the price of A and to increase the price of B. Ultimately, there will be a balance
such that PA0 ¼ PB0=2, and the arbitrage opportunity will be eliminated.

In Example 10.5.2, investors will naturally choose to buy A and will want to sell
B. This will put upwards pressure on the price of A and downwards pressure on
the price of B. The arbitrage opportunity will be eliminated when the prices
have moved such that PA0 > PB0 .

If we assume that no arbitrage opportunities exist in a market, it follows that
any two securities (or combinations of securities) that give exactly the same
cash flows must have the same price. This is the law of one price, and means that
we can price a security by creating a portfolio (of known price) that exactly
replicates the payments from the security. This technique is often called the
replicating portfolio strategy.

EXAMPLE 10.5.1EXAMPLE 10.5.1EXAMPLE 10.5.1

Consider a simple securities market, consisting of just two
securities, A and B. At time t¼ 0, the prices of the securities
are PA

0 and PB
0 , respectively. The term of both securities is

1 year, and, at this time (t¼ 1), there are two possible
outcomes:

(1) The market has risen, in which case the securities pay
P0
A(u) and P0

B(u); or
(2) the market has fallen, in which case the securities pay

P0
A(d) and P0

B(d).

Investors can buy securities, in which case they pay the price
at time t¼ 0 and receive the proceeds at time t¼ 1. Or they
can sell the securities, in which case they receive the price at
time 0 and pay the proceeds at time t¼ 1. Identify any arbi-
trage opportunities if the payments are as follows:

Security P0 P1(u) P1(d)

A £6 £7 £5

B £11 £14 £10

Solution
At t¼ 0, an investor can buy one unit of security B for price
£11 and sell two units of security A for price £12, leading to
a net income of £1 at that time.

At t¼ 1,

n In the event of the market rising, the investor will receive
£14 and pay out £14;

n In the event of the market falling, the investor will receive
£10 and pay out £10.

We see that the net cash flows are zero at time t¼ 1, irrespec-
tive of the market movement.

This is therefore an arbitrage opportunity of type (a), as
defined previously.
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10.6 CALCULATING THE FORWARD PRICE
Despite forwards and futures having some different properties, they are very
similar in essence and can be studied using similar techniques. The main
difference arises from the fact that futures require daily marking to market
payments to a clearinghouse, and forwards do not. A full treatment of the
subtleties required for the accurate pricing of futures is beyond the scope of this
book, and we refer only to forwards in what follows. For short-term contracts,
however, the differences are negligible and can be ignored.

Recall that a forward contract is an agreement between two parties at time t¼ 0
to trade a specified amount S of an asset at a specified future date. We denote
the market price of the amount of the underling asset at general time u to be Su.
The market price of the underlying at any future time (u> 0) will not be
predictable in general; however, the price will be known at t¼ 0 and we can
assume that the price will vary more or less continuously.

We define the forward price, K, to be the price agreed at time t¼ 0 to be paid at
time t¼ T, where T is the mutually agreed expiry ormaturity date of the contract,
i.e., the date when the trade will happen. It is clear that to be acceptable to both
positions (the long and the short), the value of the forward contract must be zero
at time t¼ 0; however, the aim is to calculate the value of K that is also
acceptable to both positions and consistent with a zero initial value. We will see
that the forward price depends on the current price of the underlying asset, S0;
on the maturity time, T; and on the prevailing continuously compounding risk-
free rate of interest, r (i.e., the risk-free force of interest).

It is clear that a forward contract will generally lead to a non-zero profit
(or loss) at maturity. At time t¼ T, the buyer is required to purchase the security

EXAMPLE 10.5.2EXAMPLE 10.5.2

Consider the two securities as described in Example 10.5.1,
but now with payments as follows:

Security P0 P1(u) P1(d)

A £6 £7 £5

B £6 £7 £4

Identify an arbitrage opportunity.

Solution
At t¼ 0 an investor can by one unit of asset A for price £6 and
sell one unit of B for price £6, leading to a net cash flow of zero
at that time.

At t¼ 1,

n In the event of the market rising, the investor will receive
£7 and have to pay out £7, i.e., a zero net cash flow;

n In the event of the market falling, the investor will receive
£5 and pay out £4, i.e., a net cash flow of þ£1.

We therefore see that, for a zero initial outlay, there is a zero
risk of future loss and a non-zero probability of a future profit.
This is an arbitrage opportunity of type (b), as defined
previously.
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(of current market price ST) for price K. The payoff from the contract to the long
position (buyer) at maturity is therefore

ST � K

Similarly, the short position (seller) will receive K from the forward but could
have realized ST from themarket. The payoff from contract to the short position is
therefore

K � ST¼�ðST � KÞ
We see that if payoff to the long position is positive, the payoff to the short
position is equal, but negative, and vice versa. Figure 10.6.1 demonstrates the
possible payoffs for either party of the forward contract as a function of the
underlying stock price at maturity time.

Our strategy for determining the forward price will consist of forming a repli-
cating portfolio for the long position of the forward contract, assuming no
arbitrage, and invoking the law of one price.

At this stage, we take care to distinguish between forwards on non-income-
paying securities and forwards on income-paying securities. The crucial
difference between these cases is that, prior to maturity of the contract, income
generated by the underlying security is received by the short position, and not

FIGURE 10.6.1 Payoff function for forward contract
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by the long position. This has implications for each party’s perceived value of
the security at time t¼ 0.

Calculating the Forward Price for a Non-income-paying
Security
We begin with the simplest case where the underlying security does not pay an
income; examples include commodity forwards and forwards on zero-coupon
securities. The market price Su will be uncertain for all u> 0, but we now
demonstrate how to use the assumption of no arbitrage and a replicating
portfolio to find the forward price without requiring any assumptions about
the explicit behaviour of Su.

Consider the following two portfolios.

n Portfolio A: Enter into the long position of a forward contract on one unit of
asset S, with forward price K, and maturity time T. Simultaneously, invest
a cash amount of Ke�rTat the risk-free rate.

n Portfolio B: Buy one unit of the asset at the current market price, S0.

At time t¼ 0, the value of Portfolio A is Ke�rT (as the price of the forward is
zero). The value of Portfolio B is S0.

At time t ¼ T, the cash flows from Portfolio A are

(a) An amount K received from the risk-free investment accumulated at rate r
for time T; and

(b) An amount K spent under the forward contract leading to the receipt of one
unit of security S.

The net result from holding Portfolio A is receipt of S at time t¼ T. The result
from holding Portfolio B is one unit of asset S at time t¼ T. We therefore see
that the future proceeds from Portfolio A are identical to those from Portfolio
B, i.e., A and B are mutual replicating portfolios. If we assume no arbitrage, the
law of one price implies that the prices of the two portfolios must be identical
at time t¼ 0. We therefore conclude that

Ke�rT¼S0

and the forward price can be obtained by

K¼S0e
rT (10.6.1)

Equation 10.6.1 enables one to calculate the forward price that would be
acceptable to both parties of a forward contract, based on the maturity time, the
prevailing risk-free rate of return, and the current market price of the underlying
(non-income-paying) security.
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For forwards on an underlying security that pays income, it is important to first
establish how the income is paid before generating the replicating portfolio.
For example, if the income is a fixed cash amount regardless of the market price
of the security at the payment date (as they would be for fixed-interest securities),
we can assume that the income is invested at the risk-free rate. Alternatively, if
the income is proportional to the market price of underlying security (e.g., as in
the case of a dividend yield), we can assume that the income is reinvested in the
security. The reason is that when the payment is proportional to the stock price
we will know how many units of stock it will purchase, but we do not know
how much cash is paid out. We can therefore only predict the amount of stock
held at maturity if we assume the dividends are reinvested in the stock.
However, with a cash-paying security, we will not know how much stock could
be bought, but we do know how much cash would be generated from
investment at the risk-free rate. We consider these two cases separately.

Calculating the Forward Price for a Security with Fixed
Cash Income
We use the same notation as introduced previously, but assume now that at
some time ti (i¼ 1,2. , n) with 0� ti� T, the underlying security pays a cash
amount ci to the current holder.

EXAMPLE 10.6.1EXAMPLE 10.6.1

A 1-year forward contract on a commodity is entered into
when the commodity price is £25. If the 1-year risk-free force
of interest is 5% per annum, calculate the forward price for
the commodity under the contract. You should assume no
arbitrage.

Solution
The forward price is given by Eq. 10.6.1 with S0 ¼ £25,
T¼ 1, and r¼ 0.05.

K ¼25e0:05 ¼ £26:28

EXAMPLE 10.6.2EXAMPLE 10.6.2EXAMPLE 10.6.2

Calculate the forward price within a 7-year forward contract
on a non-income-paying security with current market price
£92. You are given that the risk-free rate of interest is
3% per annum for investments of all terms.

Solution
Assuming no arbitrage, the forward price is given by
Eq. 10.6.1 with S0¼ 92, T¼ 7, and r¼ ln (1.03).

K ¼92� ð1:03Þ7¼£113:15

Note that you are given the risk-free rate of interest, not the
continuously compounding value.
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Consider the following two portfolios.

n Portfolio A: Enter into the long position of a forward contract on one unit of
asset S, with forward price K, and maturity time T. Simultaneously invest an
amount Ke�rT þPn

i¼ 1 cie
�rti at the risk-free rate.

n Portfolio B: Buy one unit of the asset at the current price S0. Invest the income
ci at the risk-free rate at each time ti.

At time t¼ 0, the value of Portfolio A is Ke�rT þPn
i¼1 cie

�rti . The value of
Portfolio B is S0.

At time t¼ T, the cash flows for Portfolio A are

(a) An amount K þPn
i¼ 1 cie

rðT�tiÞ received from the risk-free investments
accumulated at r; and

(b) An amount K spent under the forward contract leading to the receipt of
one unit of asset.

The net result for Portfolio A is therefore receipt of S and a cash amountPn
i¼ 1 cie

rðT�tiÞ at time T.

For Portfolio B, the net result at time t¼ T is one unit of asset S and a cash
amount

Pn
i¼ 1 cie

rðT�tiÞ. We see that the future cash flows from Portfolio A are
identical to those from Portfolio B and, if we assume no arbitrage, the law of
one price implies that

Ke�rT þ
Xn

i¼ 1
cie

�rti ¼ S0

at t ¼ 0, and so

K ¼
�
S0 �

Xn

i¼ 1
cie

�rt1
�
erT

If we define I to be the present value at time t¼ 0 of the income received from
the underlying security over the term of the forward contract, the forward price
can be written as

K ¼ �
S0 � I

�
erT (10.6.2)

The quantity S0� I can be thought of as the fair price of the underlying
security at t¼ 0 to the long position. The long position will not receive the
income of value I prior to taking delivery at the maturity time, and so the price
of the asset at t¼ 0 must be reduced accordingly. The adjusted price S0� I is, of
course, a modification based on a discounted cash flow model of security
pricing. Equation 10.6.2 reduces to 10.6.1 when the underlying does not pay
income.
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Calculating the Forward Price for a Securitywith Known
Dividend Yield
If the security underlying the forward contract is one that pays a continuously
received dividend that can be immediately reinvested in the security, we calculate
the forward price using a replicating portfolio as follows. The approach is rele-
vant to forwards on equities (shares) with known dividend yield, for example.

Let D be the known dividend yield per annum, such that if we have a unit
holding of the security at time t¼ 0, the accumulated holding at later time T
(following reinvestment of the proceeds) would be eDT. We consider the
following two replicating portfolios.

n Portfolio A: Enter into a long position of a forward contract on asset S, with
forward price K, and maturity time T. Simultaneously, invest an amount
Ke�rTat the risk-free rate.

EXAMPLE 10.6.4EXAMPLE 10.6.4

An investor wishes to purchase a 1-year forward contract on
a risk-free 3-year bond that has a current market price of £90
per £100 nominal. The bond pays coupons at a rate of 6% per
annum half-yearly. The next coupon payment is due in
exactly 6 months, and the coupon payment following that
is due just before the forward contract matures. If the
6-month risk-free spot force of interest is 5% per annum
and the 12-month risk-free spot force of interest is 6% per
annum, calculate the forward price of the bond.

Solution
Here we have the added complication that the risk-free rates
are dependent on the term of investment. We consider £100

nominal of the bond and have S 0¼ 90 and T¼ 1. Two
payments are made during the term of the contract: the first
of amount 3 at time t¼ 0.5, for which r0.5¼ 0.05 per annum;
and the second is also of amount 3 at time t¼ 1, for which
r1¼ 0.06 per annum.

The forward price is therefore

K ¼
�
90� 3e�0:5�0:05 � 3e�1�0:06

�
e1�0:06 ¼ £89:46

i.e., £89.46 per £100 nominal.

EXAMPLE 10.6.3

Calculate the forward price in Example 10.6.2 if the under-
lying security is now expected to pay a coupon payment of
£3 at the end of each of the next 5 years (the first payment
being exactly 1 year from now).

Solution
Equation 10.6.2 can be used to calculate the forward price. In
particular, we have

I ¼ 3� ð1:03Þ�1 þ � � � þ 3� ð1:03Þ�5

¼ 3a5 ¼ 13:7391

which leads to

K ¼ ð92� 13:7391Þ � ð1:03Þ7
¼ 96:25

This forward price is significantly lower than that calculated
in Example 10.6.2.
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n Portfolio B: Buy e�DTunits of the asset at the current price S0. Reinvest the
dividend income in the asset immediately as it is received.

At time t¼ 0, the value of Portfolio A is Ke�rT . The value of Portfolio B is
e�DTS0.

At time t¼ T, the cash flows for Portfolio A are

(a) An amount K received from the risk-free investment accumulated at rate r;
and

(b) An amount K spent under the forward contract leading to the receipt of
one unit of asset S.

The net result is therefore receipt of S.

For Portfolio B, the result at time t¼ T is also one unit of asset S. Assuming no
arbitrage, the law of one price can be used to write that

Ke�rT¼S0e
�DT

at t¼ 0, and so

K¼S0e
ðr�DÞT (10.6.3)

EXAMPLE 10.6.5EXAMPLE 10.6.5

Calculate the forward price in Example 10.6.2 if the under-
lying security is now expected to pay a continuously com-
pounding dividend yield of 2% per annum.

Solution
Assuming no arbitrage, the forward price is given by
Eq. 10.6.3 with S0¼ 92, T¼ 7, r¼ ln(1.03 ), and D¼ 0.02.

K ¼ 92ð1:03Þ7e�0:02�7 ¼ £93:37

EXAMPLE 10.6.6

Calculate the forward price in Example 10.6.2 if the under-
lying security has paid and will continue to pay annually in
arrears a dividend of 1.5% per annum of the market price of
the security at the time of payment.

Solution
Here we have discrete dividends that depend on the market
price of the security. The replicating portfolio must therefore
be established under the assumption that the dividends are

reinvested back into the holding of the security. The value
of the holding relevant to the long position requires 7 years
of this reinvestment to be “removed”, and the forward price
is given by

K ¼ 92ð1:015Þ�7ð1:03Þ7 ¼ £101:95
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The three expressions for the forward price (10.6.1e10.6.3) can be summarized
by defining a new quantity, Sm,0, which denotes themodified market price of the
underlying within the replicating portfolio at time t¼ 0. The modified market
price is taken to be the present value of the asset as perceived by the long position,
i.e., the price that takes into account the income missed over the term of the
contract. It is clear that

Sm;0¼
8<
:

S0 for a non-income-paying asset
S0 � I for an asset that pays known cash amounts
S0e�DT for an asset that pays a known dividend yield

(10.6.4)

Using this equation, we can state the three expressions for the forward price as

K ¼ Sm;0e
rT (10.6.5)

Expression 10.6.5 can be read as saying that, under the condition of no arbi-
trage, the forward price can be computed by assuming that the current value of
underlying security (as perceived by the long position) grows at the risk-free
rate. If this were not true, there would exist the opportunity for arbitrage. For
example, if K< Sm;0erT , it would be possible to make profit from entering into
the long position of the forward contract at t¼ 0 and simultaneously investing
an amount Sm,0 at the risk-free rate.

10.7 CALCULATING THE VALUE OF A FORWARD
CONTRACT PRIOR TO MATURITY
In Section 10.6 we discussed how to calculate the forward price that would be
acceptable to both parties at the time the contract was struck. In doing this, we
needed to insist that the value of the contract to both parties was zero at time
t¼ 0. However, at an interim time prior to maturity, the market price for the
underlying asset will have moved and the terms of the forward contract will
naturally favor either the long or the short position. At that time, the forward
will have a positive value to the favored position and an equal, but negative,
value to the counterparty. We now discuss how to calculate this value at
a general interim time, 0< u< T.

Consider a forward contract agreed at time t¼ 0. Let K0 be the forward price
under the contract for one unit of security S, and T be the maturity time. At the
start of the contract, the value to both the long position (buyer) and short
position (seller) is zero. At maturity, the value to the parties is given by their
respective payoffs:

n ST � K0, for the long position; and
n �ðST � K0Þ, for the short position.
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In order to determine the value of the long forward contract at time u, Vl ( u ),
consider two portfolios purchased at that time. (For illustration, we assume
that the underlying stock does not generate income.)

n Portfolio A: Consisting of
(a) The existing long forward contract (entered into at time t¼ 0) with

current value Vl ( u ); and
(b) An investment of K0e�rðT�uÞ made at time u at the risk-free rate for T� u

years.
n Portfolio B: Consisting of

(a) A new long forward contract (on the same underlying) entered into at
time u, with maturity time T, and forward price Ku ¼ SuerðT�uÞ; and

(b) An investment of Kue�rðT�uÞ made at time u at the risk-free rate for T� u
years.

At time t¼ u, the value of Portfolio A is VlðuÞ þ K0e�rðT�uÞ, and the value of
Portfolio B is Kue�rðT�uÞ (since the value of the new forward contract in Port-
folio B is zero at this time).

At time t¼ T, the cash flows from Portfolio A are

(a) K0 received from the risk-free investment; and
(b) An amount K0 spent under the forward contract, leading to the receipt of

one unit of asset S.

The net result of holding Portfolio A is therefore receipt of S at time t¼ T.

For Portfolio B, the cash flows at t¼ T are

(a) Ku received from the risk-free investment; and
(b) An amount Ku spent under the new forward contract, leading to the receipt

of one unit of asset S.

The net result of holding Portfolio B is therefore also receipt of S.

If we assume that arbitrage does not exist, the law of one price enables us to
equate the value of the two portfolios at time t¼ u,

VlðuÞ þ K0e
�rðT�uÞ ¼ Kue

�rðT�uÞ

Further rearrangement enables this to be written as

VlðuÞ ¼ ðKu � K0Þe�rðT�uÞ (10.7.1)

From the reasoning given previously, the value of the short forward contract is
VsðuÞ ¼ �VlðuÞ and we have

VsðuÞ ¼ ðK0 � KuÞe�rðT�uÞ (10.7.2)
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Substituting K0 ¼ S0erTand Ku ¼ SuerðT�uÞ (from Eq. 10.6.1), the preceding
can be rearranged to give the value of the original forward contract at some time
prior to maturity in terms of the asset prices at time t¼ 0 (when the contract
was entered into) and that time u,

VlðuÞ ¼ Su � S0e
ru (10.7.3)

VSðuÞ ¼ S0e
ru � Su (10.7.4)

As previously discussed, Eq. 10.6.1 can be interpreted as showing that the forward
price is equal to the current market price accumulated at the risk-free rate of
interest. With this in mind, Eqs 10.7.2 and 10.7.3 are intuitive. In particular, they
can be read as saying that the value of the forward contract at some time prior to
maturity is the difference between the market price of the underlying at that time
and the expected value of the underlying as assumed under the original calculation
of the forward price. If, at time u, the market price of the underlying asset had
increased above S0eru, the market has acted in favor of the long position, and
Eqs 10.7.2 and 10.7.3 would show a positive value for the long position and
negative for the short. Alternatively, if the market price of the underlying asset was
to fall lower than S0eru, the market has acted in favor of the short position, and we
see a positive value to the short position and negative for the long position.

Taking limits of Eqs 10.7.2 and 10.7.3, we see that

lim
u/0

VlðuÞ ¼ S0 � S0e0 ¼ 0

limu/0Vs
�
u
� ¼ S0e0 � S0 ¼ 0

(10.7.5)

and
lim
u/T

VlðuÞ ¼ ST � S0erT ¼ ST � K0

limu/TVs
�
u
� ¼ S0erT � S0 ¼ K0 � ST

(10.7.6)

Equation 10.7.4 shows that the value of a forward contract tends to zero as time
approaches the time at which the contract was first written. This is entirely

EXAMPLE 10.7.1

A 1-year forward contract on a commodity was written when
the market price of the commodity was £30. Six months later,
the market price of the commodity has risen to £32. If the risk-
free force of interest has and will be 5% per annum on invest-
ments of any term, calculate the value of the forward contract
to both the long and short position at this time. Assume no
arbitrage.

Solution
We apply Eq. 10.7.2 with u¼ 0.5, Su¼ 37, r¼ 0.05, and
S0¼ 30, leading to

Vlð0:5Þ¼32� 30e0:5�0:05 ¼ £1:24

It can then be immediately stated that Vsð0:5Þ ¼ �1:24.
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consistent with the reasoning of Section 10.6. Furthermore, Eq. 10.7.5 shows
that the value tends to the payoffs for the appropriate position. This is as dis-
cussed previously.

The preceding discussions can be extended to consider the value of forwards
on income-paying securities using general reasoning similar to that used in
Section 10.6. From an intuitive point of view, it is clear that we can generalize
Eqs 10.7.2 and 10.7.3 to

Vl
�
u
� ¼ Sm;u � Sm;oeru

VS
�
u
� ¼ Sm;0eru � Sm;u

where Sm;u is the price relevant to the long position at time t¼ u (i.e., takes into
account the income missed between times t¼ u and t¼ T). The value of Sm,u is
obtained from an expression equivalent to Eq. 10.7.4, depending on the type of
income paid by the underlying. In practice, the original market price and
income of the underlying security may not be known, and it is therefore
sensible to recast the preceding equations in terms of the original forward price.

Vl
�
u
� ¼ Sm;u � K0e�rðT�uÞ

VS
�
u
� ¼ K0e�rðT�uÞ � Sm;u

(10.7.7)

EXAMPLE 10.7.2

An investor entered into a long forward contract on an under-
lying security 5 years ago with forward price £90. The
contract is due to mature in 7 years’ time. If the risk-free force
of interest is 3% per annum throughout the 12-year period,
calculate the value of the contract now if the security will
pay dividends of £3 in 2 years’ time and £4 in 4 years’ time,
and the current market price is £120. Assume no arbitrage.

Solution
We use the expression for Vl(u) from Eq. 10.7.6 with u¼ 5,
T� u¼ 7, r¼ 0.03, and K0¼ 90,

Vl ð5Þ ¼ Sm;5 � 90e�rðT�uÞ

The current modified price of the security is obtained as

Sm;5 ¼ 120� 3e�2r � 4e�4r ¼ 113:63

leading to

Vl ð5Þ ¼ 113:63� 90e�7�0:03 ¼ £40:67

EXAMPLE 10.7.3EXAMPLE 10.7.3

Calculate the value of the contract in Example 10.7.2 if the
security has paid and will continue to a continuously com-
pounding dividend yield of 2% per annum.

Solution
The modified price of the security holding is now

Sm;5 ¼ 120e�7�0:02 ¼ 104:32

and the value of the long position is calculated to be

Vl ð5Þ ¼ 104:32� 90e�7�0:03 ¼ 31:37
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10.8 ELIMINATING THE RISK TO THE
SHORT POSITION
An investor who agrees to sell an asset under a forward contract (i.e., holds
the short position) need not hold the asset at the start of the contract; this is
an example of short selling. However, by the end of the contract, he must
own the asset ready to sell. If the investor waits until the end of the contract
to buy the asset, the risk exists that the price will rise above the forward
price, and he will have to pay more than he will receive. However, if he
buys the asset at the start of the forward contract and holds it until
the contract matures, there is a risk that the price will have fallen by the
maturity date.

To hedge this market risk, the investor could enter into the short position and
simultaneously borrow an amount Ke�rT at the risk-free force of interest to
purchase the asset. The value of this hedge portfolio at time t¼ 0 is
�Ke�rT þ S0 ¼ 0. At maturity, the investor then owes K that is exactly
covered by the price received from selling the asset under the forward
contract. This way, if the investor holds the hedge portfolio, he is certain not
to make a loss on the forward contract. However, as in other hedging
strategies involving futures and forwards, there is also no chance of making
a profit.

We have assumed here that there is no cash or dividend income associated with
the underlying asset. However, the argument can be modified using the argu-
ments presented in section in Section 10.7.

EXAMPLE 10.7.4EXAMPLE 10.7.4EXAMPLE 10.7.4

A fixed-interest security is priced at £90 per £100 nominal,
has a coupon rate of 6% per annum payable half-yearly,
and has an outstanding term of 5 years. An investor holds
a short position in a forward contract on £200 nominal of
this security, with a delivery price of £98 per £100 nominal
and maturity in exactly 1 year, immediately following the
coupon payment then due. If the risk-free forces of interest
for investments of terms 6 months and 1 year are 4.5% and
5.4%, respectively, calculate the value of this forward
contract to the investor. Assume no arbitrage.

Solution
Consider £100 of the bond. The value of the short position
at this time can be calculated from the expression for Vs(r)

in Eq. 10.7.6 with K0¼ 98, T� u¼ 1, r0.5¼ 0.045, and
r1¼ 0.054 as

Vs ðuÞ ¼ 98e�1�r1 � Sm;u

The modified price of the security is

Sm;r ¼90� 3e�0:5�0:045 � 3e�1�0:054 ¼ 84:52

leading to VS (u)¼ 8.62. The total value of the forward
contracts held is £17.24.
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The hedge described here is called a static hedge since the hedge portfolio,
which consists of the asset to be sold plus the sum borrowed at the risk-free
rate, does not change over the term of the contract. For more complex finan-
cial instruments, the hedge portfolio is more complicated and requires (in
principle) continuous rebalancing to maintain the hedged position. This is
called a dynamic hedge.

SUMMARY
n Futures and forwards are the simplest examples of derivative contracts

(contracts that derive their price from underlying securities). Both examples
are agreements between two parties to trade a specified asset, for a specified
price, at a specified future date. The seller holds the short position; the buyer
holds the long position.

n Futures are standardized and exchange tradable contracts. Forwards are not
standardized and are said to be traded over the counter.

n In either example, both parties are exposed to a market risk and a credit risk.
A clearinghouse sits between each party of a futures contract and acts as
counterparty to both, thereby removing the credit risk exposure. The
clearinghouse mitigates its own credit risk exposure by requiring margin
payments. No such facility exists for a forward contract.

n The forward price is chosen such that the value of the contract at the outset is
zero to both parties. This is calculated as K¼S0erT , where S0 is the market
price of the underlying non-income-paying asset at the time the contract is
written, r is the risk-free force of interest, and T is the time to maturity.
Similar expressions exist for income-paying assets.

n The value of the forward contract to the long and short positions at some
time t prior to maturity is obtained from VlðtÞ¼St � Ke�rðT�tÞand
VsðtÞ ¼ �VlðtÞ, respectively. Here St is the market price of the underlying
non-income-paying asset at time t. Similar expressions exist for income-paying
assets.

n The previous expressions are derived under the assumption of no arbitrage.
Replicating portfolios are created and the law of one price used. Arbitrage is
said to exist if there is an opportunity to make a risk-free trading profit.

EXERCISES
10.1 Assume Sun Microsystems expects to receive V20,000,000 in 90 days. A

dealer provides a quote of $0.875 for a currency forward rate contract to
expire in 90 days. Suppose that at the end of 90 days, the rate is $0.90.
Assume that settlement is in cash. Calculate the cash flow at expiration if
Sun Microsystems enters into a forward contract expiring in 90 days to
buy dollars at $0.875.
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10.2 Assume that a security is currently priced at $200. The risk-free rate is 5%
per annum (discretely compounded).
(a) A dealer offers you a contract in which the forward price of the

security with delivery in 3 months is $205. Explain the transactions
you would undertake to take advantage of the situation.

(b) Suppose the dealer was to offer you a contract in which the forward
price of the security with delivery in 3 months is $198. How would
you take advantage of the situation?

10.3 Assume that you own a dividend-paying stock currently worth $150. You
plan to sell the stock in 250 days. In order to hedge against a possible
price decline, you wish to take a short position in a forward contract that
expires in 250 days. The risk-free rate is 5.25% per annum (discretely
compounding). Over the next 250 days, the stock will pay dividends
according to the following schedule:

(a) Calculate the forward price of a contract established today and
expiring in 250 days.

(b) It is now 100 days since you entered the forward contract. The stock
price is $115. Calculate the value of the forward contract at this point.

(c) At expiration, the price of the stock is $150. Calculate the value of
the forward contract at expiration.

10.4 The spot exchange rate for the British pound is $1.4390. The US interest
rate is 6.3% per annum, and the British interest rate is 5.8% per annum
(both with discrete compounding). A futures contract on the exchange
rate for the British pound expires in 100 days.
(a) Find the appropriate futures price for a US investor.
(b) Suppose the actual price $1.4650. Is the future contract mispriced? If

yes, how could an arbitrageur take advantage of the mispricing?
10.5 A bond is priced at £95 per £100 nominal, has a coupon rate of 5% per

annum payable half-yearly, and has an outstanding term of 5 years. An
investor holds a short position in a forward contract on £1 million
nominal of this bond, with a delivery price of £98 per £100 nominal
and maturity in exactly 1 year, immediately following the coupon
payment then due. The continuously compounded risk-free rates of
interest for terms of 6 months and 1 year are 4.6% per annum and
5.2% per annum, respectively.

Days to Next Dividend Dividends per Share ($)

30 1.25
120 1.25
210 1.25
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Calculate the value of this forward contract to the investor assuming no
arbitrage.

10.6 An investor is able to purchase or sell two specially designed risk-free
securities, A and B. Short sales of both securities are possible. Security A
has a market price of 20p. In the event that a particular stock market
index goes up over the next year, it will pay 25p and, in the event that
the stock market index goes down, it will pay 15p. Security B has
a market price of 15p. In the event that the stock market index goes up
over the next year, it will pay 20p and, in the event that the stock market
index goes down, it will pay 12p.

(a) Explain what is meant by the assumption of “no arbitrage” used in
the pricing of derivative contracts.

(b) Find the market price of B, such that there are no arbitrage
opportunities and assuming the price of A remains fixed. Explain
your reasoning.

10.7 An investor entered into a long forward contract for a security 5 years
ago and the contract is due to mature in 7 years’ time. Five years ago
the price of the security was £95 and is now £145. The risk-free rate of
interest can be assumed to be 3% per annum throughout the 12-year
period. Assuming no arbitrage, calculate the value of the contract
now if

(a) The security will pay dividends of £5 in 2 years’ time and £6 in
4 years’ time,

(b) The security has paid and will continue to pay annually in arrears
a dividend of 2% per annum of the market price of the security at
the time of payment.

10.8 A 1-year forward contract is issued on 1 April 2007 on a share with
a price of 900p at that date. Dividends of 50p per share are expected on
30 September 2007 and 31 March 2008. The 6-month and 12-month
spot, risk-free rates of interest are 5% and 6% per annum effective,
respectively, on 1 April 2007. Calculate the forward price at issue,
stating any assumptions.

10.9 An 11-month forward contract is issued on 1 March 2008 on a stock
with a price of £10 per share at that date. Dividends of 50 pence per
share are expected to be paid on 1 April and 1 October 2008. Calculate
the forward price at issue, assuming a risk-free rate of interest of 5% per
annum effective and no arbitrage.

10.10 An investor entered into a long forward contract for £100 nominal of
a security 8 years ago, and the contract is due to mature in 4 years’ time.
Eight years ago the price per £100 nominal of the security was £94.50
and is now £143.00. The risk-free rate of interest can be assumed to be
5% per annum effective throughout the contract.
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Calculate the value of the contract now if it were known from the outset
that the security will pay coupons of £9 in 2 years and £10 in 3 years
from now. You may assume no arbitrage.

10.11 An investor wishes to purchase a 1-year forward contract on a risk-free
bond which has a current market price of £97 per £100 nominal. The
bond will pay coupons at a rate of 7% per annum half-yearly. The next
coupon payment is due in exactly 6 months, and the following coupon
payment is due just before the forward contract matures. The 6-month
risk-free spot interest rate is 5% per annum effective and the 12-month
risk-free spot interest rate is 6% per annum effective.
Stating all necessary assumptions
(a) Calculate the forward price of the bond.
(b) Calculate the 6-month forward rate for an investment made in 6

months’ time.
(c) Calculate the purchase price of a risk-free bond with exactly 1 year

to maturity which is redeemed at par and which pays coupons of
4% per annum half-yearly in arrears.

(d) Calculate the gross redemption yield from the bond in (c).
(e) Comment on why your answer in (d) is close to the 1-year spot

rate.
10.12 A security is priced at £60. Coupons are paid half-yearly. The next

coupon is due in 2months’ time and will be £2.80. The risk-free force of
interest is 6% per annum. Calculate the forward price an investor
should agree to pay for the security in 3 months’ time assuming no
arbitrage.

10.13 A 9-month forward contract is issued on 1 March 2011 on a stock with
a price of £9.56 per share at that date. Dividends of 20 pence per share
are expected on both 1 April 2011 and 1 October 2011.
(a) Calculate the forward price, assuming a risk-free rate of interest of

3% per annum effective and no arbitrage.
(b) Explain why the expected price of the share in 9 months’ time is

not needed to calculate the forward price.
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CHAPTER 11

Further Derivatives: Swaps and Options

In this chapter we discuss two further examples of standard derivative contracts:
swaps and options. As we shall see, swaps are relatively simple contracts but are of
significant practical importance. We introduce the main types of swap contracts
and briefly discuss how they are used and priced. Our discussion of options will
be significantly longer and is the main focus of this chapter. Although options
arise from a seemingly simple modification to futures and forwards contracts,
we will see that they are actually significantly more complicated derivatives to
price.Option pricing formulaewill be stated without proof, and we give a detailed
discussion of standard option trading strategies and their importance in specu-
lation and hedging.

11.1 SWAPS
A swap is a contract between two parties under which they agree to exchange
(i.e., swap) a series of payments according to a prearranged formula. The
simplest examples of swaps are interest rate swaps and currency swaps.

In the most common form of an interest rate swap, one party agrees to pay to
the other a regular series of fixed amounts for a certain period, and, in exchange,
a counterparty agrees to pay a series of variable amounts based on the level of
a short-term interest rate. For example, the variable rate could be based on
LIBOR, the London Interbank Offered Rate. Both sets of payments are in the same
currency. Interest rate swaps are particularly useful to investors who have
floating interest (e.g., LIBOR-linked) liabilities and fixed-interest assets, or vice
versa. By entering into a swap, the investor is able to exchange fixed cash
amounts for floating cash amounts, thereby aligning his assets and liabilities.
This removes any exposure to unexpected changes in the floating rate that could
act to adversely affect the value of the liabilities relative to the assets.

The market for swaps is very large and has grown exponentially since they were
first formally used in 1981. The market for interest rate swaps alone (the most
popular type) was estimated to be around US$600 trillion in 2012. Most swaps
are traded over the counter, although a relatively small market for standardized
swaps does exist on futures markets. The over-the-counter nature of swaps
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means that it is necessary for another investor with opposite requirements to
exist who is willing to act as counterparty to the swap.

Another use of swaps is to exploit a comparative advantage that can exist
between two companies that are each seeking to borrow money from third
parties. For example, it could be that one company requires a loan with fixed-
interest repayments (to align with its assets, for example), and another requires
floating repayments (to align with its assets), but, for whatever reason, each has
a “better” quotation for the other type of loan. In this case there is an advantage
to be gained from both accepting the better quotations and entering into
a swap to exchange the interest payments to the preferred type. This is best
illustrated by Example 11.1.2.

In Examples 11.1.1 and 11.1.2, the fixed payments can be thought of as interest
payments on a deposit at a fixed rate, while the variable payments are the
interest payments on the same deposit at a floating rate. However, the deposit is
purely notional, and no exchange of capital actually takes place.

EXAMPLE 11.1.1

A company takes out a 2-year loan of £5m on 1 January 2012
with biannual (i.e., twice yearly) interest payments based on
a floating rate listed on that day. In order to reduce its expo-
sure to the floating rate, the company enters into a swap
under which it pays biannual interest equivalent to 5% per
annum and receives biannual payments of the value of the
floating rate on a notional £5m.

If, during the term of the swap, the floating rates due at each
date are as follows, calculate the cash flows required from the
company at each interest date.

Date
6-Month Floating
Rate

1 January 2012 2.3%

1 August 2012 2.9%

1 January 2013 2.2%

1 August 2013 2.7%

1 January 2014 3.0%

Solution
Cash flows are required under the loan and under the swap.
The cash flows under the loan are the original receipt of the
capital at 1 January 2012, the regular interest payments every

6 months, and the return of the capital on 1 January 2014.
Under the swap, the company pays a regular 2.5% of £5m
and receives the floating rates. The resulting cash amounts
are summarized as follows.

Date

Loan
Cash
Flow

Swap
Cash
Flow

Net
Cash
Flow

1 January
2012

þ5m N/A þ5m

1 August
2012

e0.145m þ0.145m
e0.125m

e0.125m

1 January
2013

e0.110m þ0.110m
e0.125m

e0.125m

1 August
2013

e0.135m þ0.135m
e0.125m

e0.125m

1 January
2014

e0.150m
e5m

þ0.150m
e0.125m

e5.125m

We see that by entering into the swap, the net cash flows for
the company are equivalent to a £5m loan with interest paid
biannually at 5% per annum, and the company has removed
its exposure to the variable rate.

236 CHAPTER 11: Further Derivatives: Swaps and Options

Spreads........ 257
Ratio
Spreads........ 258
Box Spreads 259
Straddles ..... 263
Strangles ..... 264
Butterfly
Spreads........ 266

Summary ..........267

Exercises..........268



As with forwards and futures, a swap is designed to have zero value at its outset,
but market movements of the underlying rates (e.g., LIBOR) act to give it
a positive or negative value at interim times. It is possible to value a swap at an
interim time by evaluating the present value of the series of future cash flows at
appropriate rates of interest; this is illustrated in Example 11.1.3.

Example 11.1.3 demonstrates that, in effect, the interest rate swap is valued as
opposite positions on two bonds, one with fixed-interest payments and the
other with floating. In the particular case of Example 11.1.3, the company
could be considered to have sold a floating rate bond (on which it must pay
variable interest) and bought a fixed rate bond (from which it receives fixed
interest) of the same notional amount. Of course, buying and selling bonds
involves the exchange of the capital amounts which are not required under
interest rate swaps; however, these initial and terminal cash flows cancel and
can be neglected. The pricing process therefore focuses on the relative cash
flows at each interest date.

A currency swap is an agreement to exchange a fixed series of interest payments
and a capital sum in one currency for a fixed series of interest payments and
a capital sum in another. The exchange of capital is a key difference between

EXAMPLE 11.1.2

Two investors, X and Y, are seeking to borrow £100m over
3 years, and have been quoted the following interest rates
for borrowing at fixed and floating rates.

Fixed Floating

X 5% 6-month LIBORþ 0.5%

Y 6.5% 6-month LIBORþ 1%

If X would like to borrow at the floating rate and Yat the fixed
rate, demonstrate that there is a comparative advantage to be
gained from X and Y entering into an interest rate swap. If,
under the swap, X agrees to pay LIBOR to Y, calculate the
fixed rate that Y should pay to X so that the comparative
advantage is equally shared.

Solution
If both individually borrow as they would prefer, the total
interest paid is

LIBORþ 0:5%þ 6:5% ¼ LIBORþ 7%

However, if X borrows at the fixed rate and Y at the floating
rate, the total interest paid would be

LIBORþ 1%þ 5% ¼ LIBORþ 6%

The total interest paid is therefore lower by 1%. A swap
should be established to share the 1% saving and enable
the investors to borrow at their preferred floating or fixed
rate. Under the swap

n X would borrow at the fixed rate of 5% and pay LIBOR
to Y; and

n Y would borrow at LIBORþ 1% and pay X a fixed rate
of x%.

The value of x needs to be determined such that X gains
a comparative advantage of 0.5%.

We require the net interest paid by X to be (LIBORþ 0.5%) e
0.5%¼ LIBOR; therefore,

LIBORþ 5%� x ¼ LIBOR

and so x¼ 5%.

From Y’s perspective, he is paying LIBORþ 1% þ 5% e

LIBOR¼ 6%, which is 0.5% better than is available to him
from the quotation. Both investors have then saved 0.5%
under the swap.
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interest rate and currency swaps. As with interest rate swaps, currency swaps are
motivated by comparative advantages available between two parties. Currency
swaps can be used to hedge exposure to foreign exchange markets, but it is
important to realize that the hedge is not complete as the capital sums remain
exposed.

As with forwards, both counterparties in a swap (of any type) are exposed to
a market risk and a credit risk. These two classifications of risk were discussed in
Chapter 10. Note, however, that the credit risk might be considered as less

EXAMPLE 11.1.4EXAMPLE 11.1.4

A UK company decides to issue $15m of US$ denominated
5-year Eurobonds with a 5% per annum coupon rate paid bi-
annually. A US company simultaneously decides to issue
£10m of sterling denominated 5-year Eurobonds with a 5%
per annum coupon rate paid biannually. Explain how the two
companies could limit their respective exposures to the foreign
exchange markets with respect to the interest payments. You
should assume the current exchange rate is 1:1.5 (£:US$).

Solution
The two companies could agree to enter into a currency
swap consisting of an initial capital exchange of $15m for

£10m and an agreement to exchange the regular coupon
payments. In effect, each company now takes on the liability
for paying the coupon payments of the other, with the advan-
tage that these are in their domestic currency. After 5 years,
the two parties exchange back the original capital amounts
resulting in a holding of foreign currency that can be con-
verted on the market at that time.

Although the exchange risk associated with the coupon
payments is removed by the swap, a significant exchange
risk remains on the principal amounts.

EXAMPLE 11.1.3EXAMPLE 11.1.3

Acompanyentered into a swap contract a number of years ago
under which it pays a rate of 1-year LIBORþ 0.25% and
receives 5% per annum fixed on a notional £10m. Interest is
paid annually with the next due in exactly 1 year’s time. If
the remaining term of the swap is 2 years and the current
continuously compounding LIBOR spot rates for 1 year and
2 years are 3.5% per annum and 4.0% per annum, respectively,
calculate the current value of the swap to the company.

Solution
We define now as t ¼ 0. At time t ¼ 1, the company will
receive a fixed-interest payment of 5% per annum and pay
a floating rate based on the 1-year LIBOR rateþ 0.25%, i.e.,
3.75%. The net present value of the cash flow at time t¼ 0
is therefore

10� ð0:05� 0:0375Þe�0:035 ¼ 0:1207

In order to determine the net cash flow at time t¼ 2, we need
to determine the 1-year forward (continuous compounding)
rate of LIBOR at time t¼ 1; we denote this R1,1. As the values
stated are continuously compounding, the principle of
consistency implies that

R1;1 ¼ 2� 0:04� 0:035 ¼ 4:5%

The net cash flow is therefore from a receipt of 5% per annum
and payment of R1,1þ 0.25%¼ 4.75%. This leads to the net
present value at time t¼ 0 of

10� ð0:05� 0:0475Þe�2�0:04 ¼ 0:0231

The total value of the swap at t¼ 0 is therefore
0.1207þ 0.0231¼ £0.1438m. The value to the counterparty
will be e £0.1438m.
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significant under a swap. The reason is that any loss of future income resulting
from the default of counterparty will be compensated for by the removal of the
liability under the swap.

A variation on the swap agreements discussed previously is the puttable
swap. In particular, a puttable interest rate swap is a swap agreement in which the
fixed rate receiver has the right to terminate the swap on one or more dates
prior to its scheduled maturity. This early termination provision is designed to
protect the party from the adverse effects of large changes in the prevailing
fixed rates.

11.2 OPTIONS
In contrast to futures and forwards where each party is committed to the trade
(see Chapter 10), the holder of an option has the right but not the obligation to buy
or sell a specified asset for a specified strike price at a future date. An option is
said to be written by the party that initially offers the option for sale to the
holder. It is the writer (i.e., the option’s short position) who has the responsi-
bility to fulfill the trade if the holder (i.e., the option’s long position) opts to
action it. A call option gives the right, but not the obligation, to the holder to buy
the underlying asset from the writer for the strike price. A put option gives the
right, but not the obligation, to the holder to sell the underlying asset to the
writer for the strike price.

Unlike forwards and futures, the option has an initial premium (i.e., cost) that
the holder must pay to the writer for the option; this is the upside for the writer.
Since the option to exercise the trade remains with the holder, his exposure to
the market risk is limited to the initial premium. The writer, however, is fully
exposed to the market risk, and the potential downside of writing an option is
unlimited. The writer therefore poses a credit risk to the holder, and clearing-
houses are involved with standardized, exchange traded option contracts to
remove this risk. Unlike futures, with an option, only the writer is required to
deposit a margin, and the process of marking to market is similar to that dis-
cussed in Section 10.2. More exotic options can be traded over the counter, and
the holder is exposed to the full credit risk.

Options can be further classified in terms of the timing of the trade relative to
the expiry date after which the option is said to have expired. The main clas-
sifications are European options and American options. A European option is an
option that can be exercised only on the expiry date, whereas an American option
can be exercised on any date before its expiry at the option of the holder.
Collectively, European and American options are often referred to as vanilla
options,meaning that they are the most common variety. However, more exotic
options are actively traded; for example, a Bermudan option enables the holder
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to action the trade at any one of a number of discretely spaced dates before
expiry. Other examples include, but are not limited to, Canary options, shout
options, and compound options.

11.3 OPTION PAYOFF AND PROFIT
We begin by defining the option payoff at expiry time, T, as the difference
between the strike price, K, and the market value of the asset at expiry, ST, as
relevant to the option holder. Clearly, the payoff for a call option is different for
a put option, and, as the option to exercise remains with the holder, the payoff
is limited to non-negative values.

EXAMPLE 11.3.1

An investor buys a European option to buy 10 tonnes of
coffee at a price of £130 per 50 kg in exactly 3 months’
time. Discuss whether the investor would exercise the option
if the market price of coffee at the expiry time is as stated and
give the payoff in each case:

(a) £150 per 50 kg;
(b) £100 per 50 kg;
(c) £130.20 per 50 kg.

Solution
It is clear that the investor has purchased a 6-month
European call option with strike price £130. He will
exercise the option only if the payoff from the trade is

positive, i.e., the market price at expiry is higher than the
strike price.

(a) At £150 per 50 kg, the market price is higher than the
strike price and the investor should exercise the option.
When he does this, the option generates a payoff of £20
per 50 kg, which is £4,000.

(b) At £100 per 50 kg, the market price is lower than the
strike price, and the investor would not exercise the
option. The payoff is zero.

(c) At £130.20 per 50 kg, the market price is higher than the
strike price, and the investor should exercise the option.
When he does this, the option generates a payoff of
£0.20 per 50 kg, which is £40.

EXAMPLE 11.3.2EXAMPLE 11.3.2

An investor buys a European option to sell 50g of gold at
a price £34 per gram in exactly 6 months’ time. Discuss
whether the investor would exercise the option if the market
price of gold at the expiry time is as stated and give the payoff
in each case:

(a) £40 per gram;
(b) £30 per gram;
(c) £33 per gram.

Solution
It is clear that the investor has purchased a 6-month Euro-
pean put option. He will exercise the option only if the market
price at expiry is lower than the strike price.

(a) At £40 per gram, the market price is higher than the
strike price, and the investor should sell the gold on the
market. He will then not action the option, and the
payoff is zero.

(b) At £30 per gram, the market price is lower than the
strike price, and the investor should exercise the put
option. When he does this, the option generates a payoff
of £4 per gram, which is £200.

(c) At £33 per gram, the market price is lower than the
strike price, and the investor should exercise the option.
When he does this, the option generates a payoff of
£1 per gram, which is £50.
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As demonstrated in Examples 11.3.1 and 11.3.2, the payoff, f(ST), at expiry
time t¼ T for a European option is given by

fcallðSTÞ ¼ maxfST � K; 0g
fputðSTÞ ¼ maxfK � ST ; 0g

(11.3.1)

American options can be exercised at any time t� T or not at all. We therefore
define the time U as the time at which the American option is exercised by the
holder or N if it is not exercised, and write the payoff at that time to be

fcallðSUÞ ¼
(

SU � K if U � T

0 if U ¼ N

fputðSUÞ ¼
(

K � SU if U � T

0 if U ¼ N

(11.3.2)

The shapes of the payoff function at expiry are given in Figures 11.3.1 and
11.3.2 for call and put options, respectively.

The payoff expressions imply that it would be instructive to monitor the price
of the underlying asset relative to the strike price once the option has been
entered. Of course, this information is the basis for deciding whether to exercise

FIGURE 11.3.1 Payoff function for a call option
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an American option, but it is also useful for the holders of European options as
an indicator of the likely payoff at expiry. With this in mind, we define the
concept of moneyness as the potential payoff from an immediate exercise of an
option at general time t� T. Note, however, that an immediate exercise may
not be possible, for example for a European option.

A call option is said to be in-the-money if the asset price at that time exceeds the
strike price. However, a call option is out-of-the-money if the asset price at that
time is lower than the strike price. The boundary between being in-the-money
and being out-of-the-money is being at-the-money, i.e., the asset price is equal
to the strike price. The moneyness of a put option is defined in the obvious way
and both cases are summarized as follows:

In-the-Money At-the-Money Out-of-the-Money

Call option St > K St ¼ K St < K

Put option St < K St ¼ K St > K

An option is said to be deep-in-the-money or deep-out-of-the-money if the
potential payoff or loss, respectively, from immediate exercise is large.

FIGURE 11.3.2 Payoff function for a put option
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However, large is a subjective term, and there is no formal definition of deep in
this context.

Now that we have defined the payoff from an option from the perspective of
the option holder (i.e., the long position), we can turn to the profit made by
either the holder or writer. The payoff and profit are different because the holder
of the option pays the writer an option premium at the outset.

The profit for the holder of an option is defined as the payoff minus the
premium. Since the payoff function has a floor of zero, it is clear that the
holder’s loss is limited to the premium paid. The holder’s profit has no upper
limit. The profit for the writer of the option is negative that of the profit for the
holder. The writer’s profit is therefore capped at the value of the premium, and
the loss is potentially unlimited.

It is often useful to plot the profit/loss resulting from entering into an option
contract as a function of the underlying asset price at the time of exercise,U. Such
plots are called position diagrams (or profit diagrams), and examples are given in
Figure 11.3.3. Note that the figure does not distinguish between European and
American options: for European options, U¼ T; for American options, U� T.

The position diagram in Figure 11.3.3 demonstrates that the holder of a call
option will make a profit if the market price of the asset exceeds the value of the

FIGURE 11.3.3 Position (profit) diagrams for the long and short positions on a call option
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strike price plus the option premium. Similarly, the holder of a put option will
make a profit if the market price is less than the asset value plus the option
premium. Furthermore, the position diagram shows that an option of either
type should be exercised whenever the payoff is positive; although this will not
necessarily lead to a profit if K< ST � Kþ premium, it does act to minimize the
loss. This was demonstrated in part (c) of Examples 11.3.3 and 11.3.4.

11.4 AN INTRODUCTION TO EUROPEAN
OPTION PRICING
We have mentioned option premiums without discussing how they may be
calculated. Furthermore, we have discussed the payoff and profit from an
option at its exercise date, but have not discussed how to calculate its value at
a time prior to expiry. Both of these issues are related to option pricing, which is
a significant topic within the discipline of financial mathematics and the
subject of this section.

The techniques for pricing options are, in general, well beyond the scope of this
book, and, although we now proceed to discuss the pricing of only the very

EXAMPLE 11.3.3EXAMPLE 11.3.3EXAMPLE 11.3.3

If, in Example 11.3.1, the holder has paid an option premium
of £60, calculate the profit made by both parties in each case.

Solution
(a) At £150 per 50 kg, the payoff was calculated to be

£4,000. The holder therefore makes a profit of £3,940,
and the writer a loss of £3,940.

(b) At £100 per 50 kg, the payoff was calculated to be zero.
The holder therefore makes a loss of £60, and the writer
a profit of £60.

(c) At £130.20 per 50 kg, the payoff was calculated to be
£40. Although this is a non-zero payoff, the holder still
makes a loss of £20, and the writer a profit of £20.
Despite leading to a loss, the holder is still correct to
exercise the option as the positive payoff acts to offset
the premium already paid.

EXAMPLE 11.3.4

If, in Example 11.3.2, the holder paid an option premium of
£100, calculate the profit made by both parties in each case.

Solution
(a) At £40 per gram, the payoff was calculated to be zero.

The holder therefore makes a loss of £100, and the writer
a profit of £100.

(b) At £30 per gram, the payoff was calculated to be £200.
The holder therefore makes a profit of £100, and the
writer a loss of £100.

(c) At £33 per gram, the payoff was calculated to be £50.
The holder, however, still makes a loss of £50, and the
writer a profit of £50.
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simplest option typedEuropean options on non-income-paying assetsdthe
final result will be presented without proper derivation. The complication in
general option pricing is that the potential payoff at (or before) expiry depends
on the decision to exercise the option or not. This, in turn, depends on the price
of the underlying asset relative to the strike price. Unlike when pricing forwards,
we cannot bypass the explicit requirement for a model of the underlying asset
price. Stochastic models for the underlying asset price take the random behaviour
of market prices into account and are beyond the scope of this book on
deterministic models. (Although simple stochastic models are introduced in
Chapter 12).

The total value of an option at a time prior to expiry can be considered as
having two components: the intrinsic value and the time value. The intrinsic value
of an option at time t� T is the value arising from its moneyness at that time, as
defined in Section 11.3. For example, the intrinsic value of a call option at time
t is max{St� K,0}. The intrinsic value is positive if the option is in-the-money
and zero if at-the-money or out-of-the-money.

The actual value of an option is in its potential for payoff and profit at exercise.
For this reason, an option’s value at a particular time should reflect not only its
intrinsic value but also the likelihood that the intrinsic value will increase by
the expiry date. This component is called the time value. The value of an option
at time t is then the sum of intrinsic value and time value at that time. How,
though, can we compute the value (i.e., price) of an option at general time t?

Note that our attention is henceforth restricted to European options on non-
income-paying assets. In what follows, we denote the price of a European
call option by ct and the price of a European put option by pt. The price of these
options at time t¼ 0 gives the option premium (c0 or p0). As in Chapter 10, we
denote the risk-free force of interest as r.

Before going straight to explicit expressions for ct and pt, we demonstrate how
the ideas of no arbitrage and replicating portfolios (discussed in Chapter 10) can
be applied to option pricing. Although they will not lead to the explicit
expressions for option prices, they will enable us to deduce upper and lower
bounds.

Theoretical Bounds on Option Prices
European Call Options
Consider Portfolio A at time t� T that consists of a European call option (with
remaining term T� t and strike price K) of value ct and a sum of money equal to
Ke�r(T � t) invested at the risk-free rate.

At the expiry time T, the cash investment will have accumulated to amount K,
which is equal to the strike price of the option. The payoff from the option will
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depend on the market price of the asset at that time. In the event that ST< K, the
call option will not be exercised, and the payoff from the cash investment K is
greater than that from the option. In the event that ST> K, the call option will be
exercised and the cash investment used to fund the trade. Portfolio A therefore
produces a payoff at time T that is at least as great as the underlying asset.

If we assume no arbitrage, the law of one price implies that the portfolio
must have a value greater than or equal to St at time tdthat is
ctþ Ke� r(T � t)� St dand so

St � Ke�rðT�tÞ � ct (11.4.1)

This gives a lower bound for the price of a European call option at time t� T.

In order to determine the upper limit on the price note that the payoff is
maxfST � K; 0g and so is always less than the price of the asset at the expiry
time T. We therefore have

ct � St (11.4.2)

Combining Eqs 11.4.1 and 11.4.2, we see that

St � Ke�rðT�tÞ � ct � St (11.4.3)

which gives the upper and lower bounds for the value or price of a European
call option on a non-income-paying asset at time t� T.

European Put Options
Consider Portfolio B at time t� T that consists of a European put option (with
remaining term T� t and strike price K) of value pt and the underlying asset of
value St.

The value of the portfolio at expiry time T depends on the market price of the
asset at that time. In particular, if the asset price is ST� K, the put option will be
exercised leading to the receipt of cash amount K. If the asset price is ST> K, the
option will not be exercised, and the asset will remain in the portfolio. Port-
folio B is therefore always worth at least K at time T, which has a present value
of Ke�r(T�t) at time t. Assuming no arbitrage and invoking the law of one price
enables us to conclude that ptþ St� Ke�r(T�t) and so

Ke�rðT�tÞ � St � pt (11.4.4)

This gives a lower bound on the price of the put option at time t� T.

Equation 11.3.1 demonstrates that the maximum payoff a European put
option can achieve at expiry is the strike price K. This is achieved only if the
underlying asset price has fallen to zero. It is therefore clear that the value of the

246 CHAPTER 11: Further Derivatives: Swaps and Options



put option at time t cannot exceed the present value of the strike price at that
time, and we have

pt � Ke�rðT�tÞ (11.4.5)

Combining Eqs 11.4.4 and 11.4.5, we see that

Ke�rðT�tÞ � St � pt � Ke�rðT�tÞ (11.4.6)

which gives the upper and lower bounds for the value or price of a European
put option on a non-income-paying asset at time t� T.

As demonstrated in Example 11.4.1, the theoretical bounds obtained from
expressions 11.4.3 and 11.4.6 can lead to very large ranges in the value of an
option, including negative values in theory. A negative theoretical bound
reflects the poor position that the holder of such an option would be in under
the assumption that the asset price grows at the risk-free rate. In practical
applications, the theoretical bounds are of limited use, and an alternative
approach is required to compute actual prices, c0 and p0.

Put-Call Parity
Before we move to explicit expressions for option prices, it is important to
consider the link between the prices of call and put options with identical
expiry dates and strike prices, written on the same underlying non-income-
paying asset. This is possible by combining the replicating portfolio argu-
ments used to determine the previous theoretical price bounds.

We consider the two portfolios A and B, described previously. Recall that, at
time t, Portfolio A consists of a European call option and a cash amount of
Ke�r(T�t) invested at the risk-free rate r, and Portfolio B consists of a European

EXAMPLE 11.4.1

Three-month European options with strike price $16,000 are
to be written on one tonne of nickel. If the current market
price of nickel is $16,128 per tonne and the risk-free force
of interest is 3% per annum, calculate the upper and lower
theoretical bounds for European call and put option
premiums.

Solution
European call: We apply Eq. 11.4.3 at time t with K¼ 16,000,

St¼ 16,128, r¼ 0.03, and T � t ¼ 3
12
, leading to

247:55 � c0 � 16;128

European put: We apply Eq. 11.4.6 at time t with K¼ 16,000,

St¼ 16,128, r¼ 0.03, and T � t ¼ 3
12
, leading to

� 247:55 � p0 � 15;880:45

which is rewritten as 0� p0� 15,880.45 since the put cannot
have negative value in practice.
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put option and the underlying asset of value St. It is clear that the payoff of
either portfolio at expiry is max{K,ST}. Furthermore, as European options
cannot be exercised prior to expiry, invoking the law of one price (under the
assumption of no arbitrage) leads to the situation that the two portfolios must
have the same value at all t< T. This results in the put-call parity relationship for
non-income-paying underlying assets:

ct þ Ke�rðT�tÞ ¼ pt þ St (11.4.7)

The put-call parity relationship provides a useful check for arbitrage opportu-
nities. Since it is based on the assumption of no arbitrage, if a pair of options
can be found that violate Eq. 11.4.7, there must be an opportunity for risk-free
profits. This is illustrated in Example 11.4.4.

As demonstrated in Example 11.4.4, the profit from an individual arbitrage
trade could be small. However, the arbitrageur could expand this strategy to any

EXAMPLE 11.4.2EXAMPLE 11.4.2EXAMPLE 11.4.2

A 6-month European call option with strike price £12 was
written on a commodity. If, after 2 months, the market price
of the commodity is £10 and the price of the call option is
10p, calculate the price of an equivalent put option written
on the same commodity at that date. The risk-free force of
interest is 3% per annum.

Solution
We assume no arbitrage and use the put-call parity relation-

ship 11.4.7 at time t ¼ 2
12

, with ct¼ 0.10, K¼ 12, St¼ 10,

T � t ¼ 4
12
, and r¼ 0.03. This leads to

p2=12 ¼ 0:10þ 12e�0:03�4=12 � 10 ¼ 1:98

The price of the equivalent put option is £1.98.

EXAMPLE 11.4.3EXAMPLE 11.4.3EXAMPLE 11.4.3EXAMPLE 11.4.3

A European call option and a European put option on the
same underlying non-income-paying asset are to expire in
exactly 1 year and have the same strike price. The current
asset price is £2. If the risk-free force of interest is 2% per
annum and both options currently have the same price,
calculate the common strike price. Assume no arbitrage.

Solution
The put-call parity relationship connects the two prices.
We have ct ¼ pt, St ¼ 12, T� t ¼ 1, r¼ 0.02 and Eq. 11.4.7
therefore gives

K ¼ ðpt � ct þ st ÞerðT�tÞ

¼ ð0þ 12Þe0:02
¼ 12:24

The common strike price must be £12.24.
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number of trades, thereby magnifying the profit. For example, if 100,000 units
of the portfolio in Example 11.4.4 were purchased, the arbitrage profit would
be $21,000. This volume of trades from an individual arbitrageur or collectively
from a large number of arbitrageurs performing smaller numbers of trades
would have an effect on the market, as discussed in Chapter 10. The market
prices of the options and underlying asset would then quickly shift to close the
opportunity.

11.5 THE BLACKeSCHOLES MODEL
As demonstrated in Section 11.4, simple arguments involving the no arbitrage
assumption and the law of one price can only get us so far in option pricing. In
order to derive explicit expressions for the theoretical prices of European call
and put options, we are forced to introduce pricing models for the underlying
assets over the term of the option contract. Such models require the incorpo-
ration of random behaviour, i.e., are stochastic as opposed to deterministic, and
a detailed treatment of such models is beyond the scope of this book. For this
reason we merely state the option pricing expressions generated under the

EXAMPLE 11.4.4

Two European options, one call and one put, are written on
a particular commodity. Both options have a strike price of
$20 and expire in 6 months’ time. The market is currently
pricing the underlying stock at $19, the call option at $1,
and the put option at $1.50. If the risk-free force of interest
is 3% per annum, determine if an arbitrage opportunity exists
and, if so, how an arbitrageur could generate a risk-free profit.

Solution
The put-call parity relationship 11.4.7 gives the price of the
European put option relative to the call option as

pt ¼ ct þ Ke�rðT�tÞ � St
¼ 1þ 20e�0:03�0:5 � 19
¼ 1:70

This value is greater than the current market price of the put
option ($1.50) and the put can be considered as underpriced
relative to the call. An arbitrage opportunity therefore exists.

Since the put is underpriced, the strategy to create a risk-free
profit should involve purchasing the put at $1.50 and selling
(i.e., writing) a call for $1. At the same time, the underlying

asset should be purchased for $19. In order to fund this net
expenditure, the arbitrageur can borrow an amount
$1.50þ $19 e $1¼ $19.50 at the risk-free rate, r.

If, at expiry, the asset price is greater than the strike price,
ST > K, the put option would not be exercised, leading to
a zero payoff. The call option would, however, be exercised
by the holder, leading to a negative payoff for the arbitrageur
of K� ST ¼ 20� ST. This would be offset by the asset holding
of value ST, leading to an income of $20.

If, at expiry, the asset price were not greater than the strike
price, ST � K, the call option would not be exercised by the
holder. This would lead to a zero payoff. The arbitrageur
would, however, exercise the put option, leading to a positive
payoff of K� ST ¼ 20� ST. With the asset holding, this would
generate an income of $20.

We therefore see that the portfolio generates a payoff of $20,
irrespective of the asset price at expiry. This should then be
used to pay back the amount borrowed, leading to an arbi-
trage profit at expiry of 20 � 19.50e0.03 � 0.5 ¼ $0.21 irrespec-
tive of the future market movement.
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BlackeScholes model and give some discussion of the underlying assumptions
of the model. Interested readers are referred to textbooks on stochastic models
in finance for a full treatment.

As with all applications of mathematics, the analysis of option pricing first
requires one to make a number of assumptions. In particular, the Blacke
Scholes formulation requires the following assumptions to be made about the
behaviour of underlying asset prices and the financial markets.

1. The underlying asset prices follow a geometric Brownian motion stochastic
process.

2. The markets are efficient. By this, we mean that asset prices reflect all
available information.

3. There are no arbitrage opportunities.
4. The risk-free rate of return r is constant and equal for all terms (i.e., has no

term structure).
5. There are no transaction costs or taxes.
6. Asset trading is continuous.
7. Replicating strategies can always be generated.

Assumptions 2-7 are consistent with those previously made in the context of
forward pricing. Assumption 1 is, however, an additional and significant
assumption. It essentially means that the underlying asset price can be modeled
as having a log-normal distribution. Such a model is discussed in the context of
stochastic interest rates in Chapter 12.

In the particular case of European options on non-income-paying assets, the
BlackeScholes model leads to the following expressions for option prices at
time t� T:

ct ¼ StFðd1Þ � Ke�rðT�tÞFðd2Þ
pt ¼ Ke�rðT�tÞFð� d2Þ � StFð�d1Þ

(11.5.1)

Here, F is the cumulative distribution function of the standard normal distri-
bution, and

d1 ¼
ln

St
K
þ
�
r þ 1

2
s2

�
ðT � tÞ

s
ffiffiffiffiffiffiffiffiffiffiffi
T � t

p and d2 ¼ d1 � s
ffiffiffiffiffiffiffiffiffiffiffi
T � t

p

Expression 11.5.1 gives the theoretical price of a European call and put option
at time t� T, in terms of a number of parameters, including the price of the
underlying asset at that time, St; the strike price, K; the remaining term of the
option, t� T; and the risk-free force of interest, r. These quantities are those
required to derive theoretical bounds on the option prices in Section 11.4
(Eqs 11.4.3 and 11.4.6). However, the BlackeScholes pricing expressions

250 CHAPTER 11: Further Derivatives: Swaps and Options



also require the parameter s, which denotes the asset price volatility. The
quantity s arises from the underlying asset-pricing model and is a parameter in
the log-normal distribution function in Assumption 1.

Note that values of Fð�0:10054Þ and Fð�0:40054Þ in Example 11.5.1 are
obtained from statistical tables.

For example,

Fð�0:10054Þ ¼ 1� Fð0:10054Þ ¼ 1� 0:5400 ¼ 0:4600

Although the BlackeScholes pricing expressions are stated here without proof,
it is important to note that they arise from the solution of a partial differen-
tiation equation (PDE), the BlackeScholes equation:

EXAMPLE 11.5.1

An investor purchases a 1-year European call option on 1,000
non-dividend-paying shares, each with a current market
price £1.50. If the strike price of each option is £1.70, the
effective rate of risk-free interest is 5.127%, and the share
price volatility is known to be 30%, calculate the total option
premium paid.

Solution
We are required to evaluate c0 from Eq. 11.5.1, with S0¼ 1.50,
K¼ 1.70, T� t¼ 1, r¼ ln (1.05127)¼ 0.05, and s¼ 0.30. We
begin by computing d1 and d2,

d1 ¼
ln
1:50
1:70

þ
�
0:05þ 1

2
0:302

�
0:30

¼ �0:10054

d2 ¼ d1 � 0:30 ¼ �0:40045

leading to

c0 ¼ 1:50� Fð�0:10054Þ � 1:70e�0:05 �Fð�0:40054Þ
¼ 0:1330

The total call option premium is therefore around £133.

EXAMPLE 11.5.2

Compute the option premium for the corresponding put
option in Example 11.5.1 using the BlackeScholes pricing
model. Confirm that put-call parity is satisfied.

Solution
Using the expression for p0 in Eq. 11.5.1 and the values of d1
and d2 from the solution to Example 11.5.1, we obtain

p0 ¼ 1:70e�0:05 �Fð0:4005Þ � 1:50�Fð0:1005Þ ¼ 0:2501

The total put option premium is therefore around £250.

Alternatively, one could use the put-call parity relationship
11.4.7 to calculate the put option premium.

p0 ¼ c0 þ Ke�rðT�tÞ � S0

¼ 0:1330þ 1:70� e�0:05 � 1:50

¼ 0:2501

This price agrees with the price from the BlackeScholes
model, and we confirm that put-call parity is satisfied by
the BlackeScholes pricing formulae.

vf
vt

þ 1
2
s2S2

v2f
vS2

þ rS
vf
vS

� rf ¼ 0
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Here, f(t) is the value of the particular option at time t (i.e., either ct or pt), and
S(t) is the value of the underlying asset at time t (i.e., St). The boundary
condition for the solution of PDE at the expiry time is given by the payoff
function for the particular type of option under consideration, i.e.,

f ðTÞ ¼ maxfS� K; 0g for a call

f ðTÞ ¼ maxfK � S; 0gfor a put

Fischer Black and Myron Scholes first derived the BlackeScholes equation in
the late 1960s. Their original derivation involved the formation of a continuous
time hedging strategy with a carefully chosen replicating portfolio to permit the
application of the law of one price. However, various people have since
demonstrated that this is not the only way to derive the PDE. Alternative
methods include the Martingale Approach, the Binominal Model, and the Capital
Asset Pricing Model, for example, and all lead to the same expression. Interested
readers are referred to textbooks on financial engineering for a detailed
discussion of the various approaches to deriving the PDE and its solution
leading to Eq. 11.5.1.

The underlying assumptions of the BlackeScholes model, as stated previously,
and the restriction that the underlying asset does not pay income, clearly limit
the practical application of the pricing formulae. However, despite the poten-
tial flaws in the model assumptions, analyses of market option prices do
indicate that the BlackeScholes model is a very good approximation to the
market, particularly for short-dated options. Furthermore, the restriction that
the underlying does not pay income can be easily removed, leading to modified
expressions

ct ¼ Ste�qðT�tÞFðd1Þ � Ke�rðT�tÞFðd2Þ
pt ¼ Ke�rðT�tÞFð�d2Þ � Ste�qðT�tÞFð�d1Þ

(11.5.2)

with

d1 ¼
ln

St
K
þ
�
r � qþ 1

2
s2

�
ðT � tÞ

s
ffiffiffiffiffiffiffiffiffiffiffi
T � t

p and d2 ¼ d1 � s
ffiffiffiffiffiffiffiffiffiffiffi
T � t

p

Here, q is the continuous rate of dividend payment. Expressions 11.5.2 are often
referred to as the Garman-Kolhagen pricing formulae. Note that expressions
11.5.2 reduce to the BlackeScholes pricing formulae when q¼ 0.

Further modifications to the BlackeScholes model can, of course, be made, but
these are beyond the scope of this book. However, in practice, explicit
expressions for the prices of more exotic options, and indeed other derivatives,
cannot be found, and therefore simulation techniques are required. We
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introduce simulation techniques in the context of stochastic interest rate modes
in Chapter 12.

11.6 TRADING STRATEGIES INVOLVING
EUROPEAN OPTIONS
The main uses of options are speculation, arbitrage, and hedging. These terms
were discussed in Chapter 10, so we do not define them again here. In what
follows, we consider various standard trading strategies involving one or more
European options. As we will see, some trades can be considered as a means for
speculation, some as hedging strategies, and others as a way to exploit arbitrage
opportunities in the option markets. We begin with some straightforward
applications of options and move to more complicated trades involving two or
more options.

Simple Option Trades
Options have significant financial leverage, which makes them useful in spec-
ulation. Financial leverage refers to the fact that significant upside profits can be
made from only a small initial outlay. In the particular case of equity (share)
investment, for example, the option premium is significantly lower than the
value of the equities on which the option is written. The leverage acts to
magnify the effects of market movements.

As mentioned in Chapter 10, the downside of using futures or forwards in
a hedging strategy to remove exposure to adverse market movements is that
investors are then unable to benefit from favorable movements in the markets.
The use of options removes this downside and can, in a sense, be thought of as
providing insurance against adverse market movements while still allowing
investors to benefit from favorable movements. The downside to using options
in this context is that an option premium must be paid at the outset.

A further straightforward example of using options to protect the value of an
investment is the protective put strategy, illustrated in Example 11.6.4.

EXAMPLE 11.5.3EXAMPLE 11.5.3EXAMPLE 11.5.3

Determine the fair price for 2-year European call and put
options written on the same dividend-paying share if both
strike prices are £1.90 and the current market price of the
share is £1.40. You are given that the risk-free force of interest
is 3% per annum, the share price volatility is 20% per annum,
and the continuously compounding dividend yield of the
share is 5%. Assume no arbitrage.

Solution
We need to evaluate expressions 11.5.2 with S0¼ 1.40,
K¼ 1.90, T� t¼ 2, s¼ 0.2, r¼ 0.03, and q¼ 0.05. This leads
to c0¼ 0.023 and p0¼ 0.545.
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EXAMPLE 11.6.1EXAMPLE 11.6.1

An investor with £100 to invest believes that the share price
of a particular company will increase from its current value of
£5 to a value no less than £7 over the next 3 months. If the
price of a 3-month call option on these shares with strike
price £5 is 5p, explain how the investor could exploit the
potential price rise by

(a) Purchasing shares,
(b) Purchasing call options on the shares.

Explain the downside risk in each case.

Solution
(a) The investor could purchase 20 shares for £100. If, after

3 months, the shares have appreciated to £7 or more, the
investor would make a profit of at least £2 per share, i.e.,

a profit of £40 ormore. The downside risk is that the share
pricemight fall (however the investorwould still own the
shares and benefit from any future price rises).

(b) The investor could purchase 2,000 call options for £100.
If, after 3 months, the shares have appreciated to £7 or
more, the investor could exercise the call options and
generate a payoff of £2 on each option, i.e., £4,000,
leading to £3,900 profit. If the share price fails to
appreciate by even 1p, the investor will not exercise the
options and will lose the entire value of the investment.
There is a further risk that the share price may not
appreciate sufficiently for the option payoff to cover the
option premium, leading to a loss.

EXAMPLE 11.6.2EXAMPLE 11.6.2

An investor with £100 to invest believes that the share price
of a particular company will fall over the next month. Explain
how the investor could use a put option to profit from this
potential fall in share price. Give an example of how this
might work.

Solution
The investor could use the £100 to purchase put options on
the shares with a strike price equal to, for example, their
current market price. If the share price does, indeed, fall after
1 month, the investor would exercise the put options and
profit by an amount equal to the fall in the share price for
each option, minus the £100 expenditure.

For example, if the share price is currently £10 and the put
option premium £1, the investor could purchase 100
1-month put options at a strike price of £10. If the market
price falls to, say, £8, the investor could purchase the shares
and exercise the put options, leading to a total payoff of £200.
The profitwould then be £100. The downside risk is that if the
share price does not fall, the option premium will be lost, or, if
the price falls by an amount less than £1, the payoff will not
be sufficient to generate a profit. In both cases the strategy
will result in a loss of, at most, £100 (i.e., the option premium).

EXAMPLE 11.6.3EXAMPLE 11.6.3

Explain how the manufacturer in Example 10.3.1 could use
options to hedge exposure to the exchange rate risk but
retain the possibility of benefiting from favorable market
movements.

Solution
Rather than entering into 3-month future contracts to trade
$500,000 for sterling, the manufacturer could, for example,

buy 500 3-month put options, each based on $1,000. Upon
expiry, if the terms of the option are favorable relative to
the market conditions, the options can be exercised. If the
terms of the option are unfavorable, the currency could be
traded for GBP on the market. The downside is the loss of
the option premium.
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Synthetic Forwards
Simultaneously purchasing a call option and selling a put option, both on the
same underlying, with the same strike price and expiry date, constructs
a synthetic forward. It is clear that this holding mimics a forward contract, as the
investor will take delivery of the underlying for the strike price at expiry, irre-
spective of the prevailing market price at that time. The advantage of using
a synthetic forward over a regular forward is that, unlike a regular forward,
a synthetic forward can be written with any strike price. Synthetic forwards can
therefore be written with strike prices lower than would exist on the equivalent
regular forward contracts. The downside is that there is a cost arising from the
call option premium, offset by receipt of the put option premium (recall that
there is no cost associated with entering into a regular forward contract). The
put-call parity relationship 11.4.7 implies that this cost at t¼ 0 will be

c0 � p0 ¼ S0 � Ke�rT

The strike price will always be lower that the regular forward price,
S0erT(Eq. 10.6.1), and so the cost is positive. (If the strike price was higher than
the regular forward price, the investor would be better off using a regular
forward contract.)

Collars
A collar is another example of a hedging strategy involving two options and
a holding of the underlying asset. In particular, collars limit the returns from the
underlying asset to a specified range, which is in contrast to a synthetic forward
that locks onto a single, specified return. A collar can be constructed by an
investor who owns the underlying asset by purchasing a put option on the

EXAMPLE 11.6.4EXAMPLE 11.6.4EXAMPLE 11.6.4

An investor owns 1,000 non-dividend-paying shares in
a manufacturing company. On 1 July 2012, the shares had
a value of £1.50 each, and had increased to £1.70 by 1 August
2012. If the investor is intending to sell his shares on
1 September 2012, explain how he could protect the value
of the shares throughout August while still benefitting from
any further price rises. If the price volatility of the shares is
30%, and the risk-free force of interest is 3% per annum,
calculate the cost of this strategy.

Solution
The investor should purchase 1-month European put options
on 1,000 shares with a strike price of £1.70 each. If the share

price falls over August, he is able to exercise the put options
and sell them at £1.70 each. If, however, the price had
continued to appreciate, he could sell them on the market
on 1 September for a price in excess of £1.70 each.

The cost of this strategy will be the initial option premium,
1,000p0, calculated from Eq. 11.5.1. We have K¼ 1.70,

S0¼ 1.70, T � t ¼ 1
12
, r¼ 0.03, and s¼ 0.3; therefore,

1,000p0¼ £56.54.
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underlying with strike price Kf and writing a call option on the same underlying
with strike price Kc, both with identical expiry dates and on the same underlying.
The difference between the two strike prices gives the width of the collar, Kc� Kf,
with Kf the floor (i.e., lower bound) and Kc the cap (i.e., upper bound).

Collars are useful in bear markets (where prices are falling) because they limit
the extent of any future loss on a stock holding without having to immediately
sell the stock. It should also be noted that the initial cost of purchasing the put
option is offset from the sale of the call option with a higher strike price; collars
therefore often have low (or even negative) costs. This is an advantage over
using single-sided protective puts, for example. A further advantage of collars is
that investors can reduce their exposure to volatile markets and obtain a known
return in the event of a large price shift in either direction.

EXAMPLE 11.6.5

An investor wishes to purchase 50kg of coffee in 3 months’
time at $231 per 50kg. If the current market price of coffee
is $230 per 50kg and the risk-free force interest is 2.5% per
annum, describe how this could be done. Determine any
upfront cost of establishing this trade (you should assume
the price volatility of coffee is 30% per annum).

Solution
The price of 50kg of coffee under a regular forward contract is
231e0:025� 3

12 ¼ 231:44. The investor therefore wishes to
purchase coffee at a price below the forward price and

requires a synthetic forward contract. The investor should
purchase 3-month call options on 50kg of coffee with a strike
price of £231. Simultaneously, he should sell a 3-month put
option on 50kg of coffee with the same strike price. The
put-call parity relationship implies that this will cost $0.44.

At the expiry date, if the market price of coffee is above $231,
the investor will exercise the call option to purchase the
coffee at £231. If the market price of coffee is below $231,
the holder of the put option will exercise it and the investor
will purchase the coffee at £231.

EXAMPLE 11.6.6EXAMPLE 11.6.6

An investor owns non-dividend-paying stock with a current
market price of £300. Explain how a collar could be formed
so that the gain/loss on this holding is constrained
between �£20 after 6 months.

Solution
A collar should be created with cap £320 and floor £280. This
is formed from the purchase of a 6-month put option on the
stock holding with strike price £280, and the writing of an
equivalent 6-month call with strike price £320.

At expiry, one of three trades will happen.

1. If the stock price is above £320, the investor will not
exercise the put option, but the holder of the call option

will exercise that. The investor will then sell the stock for
£320 under the call option, i.e., the price has been capped
at £320.

2. If the stock price is below £280, the holder of the call
option will not exercise it, but the investor will exercise
the put option. The investor will then sell the stock for
£280 under the put option, i.e., the price has been floored
at £280.

3. If the stock price is between £280 and £320, neither the
holder of the call nor the investor will exercise his
respective option. The value of the stock can be realized
from the market.
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Spreads
A further for profiting from a bear market is called a bear spread, or alternately
a put spread. A bear spread is constructed by purchasing a put option at strike
price K2 and simultaneously selling another put option at a lower strike price
K1ð< K2;Þ but at the same expiry date and on the same underlying asset. The
resulting position is similar to a put option but with limited upside potential,
as shown in Figure 11.6.1.

The cost of purchasing one put option within a bear spread is offset from the
selling of the other; this is an advantage over, say, a protective put strategy. Bear

EXAMPLE 11.6.7EXAMPLE 11.6.7

If theprice volatility of the underlying stock inExample 11.6.6 is
40% and the risk-free force of interest is 4% per annum, calcu-
late the price of entering into the collar. Assume no arbitrage.

Solution
The call option is priced from the BlackeScholes pricing
formulae 11.5.1 with K¼ 320, S0¼ 300, T� t¼ 0.5, r¼ 0.04,
and s¼ 0.40, leading to c0¼ 28.05. Similarly, the put option

with strike price 280 has price p0¼ 21.15. The cost of the
collar is then �£6.90.

Note that here the cost of the put has been entirely offset from
the income from writing the call. This is an example of
a negative cost collar. Collars can also be zero cost or
positive cost, depending on the net premium.

FIGURE 11.6.1 Position (profit) diagram for a bear (put) spread
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spreads are of particular use to investors who either expect a moderate fall in
market prices of an asset, or require a reduced exposure to a volatile bear market.

The equivalent formulation to exploit a bull market (where prices are rising) is
the bull spread (or call spread). As one might expect, these are constructed from
purchasing a call option at strike price K1, and simultaneuously selling another
call option at a higher strike price K2 (>K1), but the same expiry date. The
resulting position is like a call option but with limited upside potential, as
shown in Figure 11.6.2.

Ratio Spreads
Ratio spreads are when the two option positions of a spread are not taken in
equal proportions. A ratio bull spread is constructed by selling a larger number
of the high strike price (K2) call options. A ratio bear spread is constructed by
selling a larger number of the low strike price (K1) put options.

Ratio spreads are useful for investors who believe that the market price of an
asset will steadily move over the term of the contract. A ratio bull spread will be
used if the price is expected to move steadily higher; a ratio bear spread will be
used if the price is expected to move steadily lower.

Ratio spreads have the advantages over regular spreads that an increased profit is
generated if the stock price at expiry is between the two strike prices, the initial

EXAMPLE 11.6.8EXAMPLE 11.6.8

An investor believes that a non-income-paying stock,
currently trading at £20, will be subject to a moderate rally
within 6 months, but will not exceed £26. To exploit this, he
enters into a bull spread constructed from a long 6-month
call with strike price £22 and a short 6-month call with strike
price £26, each on 100 shares. If the long position costs £5 and
the short position generates £3, discuss the resulting position
if the market price of the stock after 6 months is

(a) £25,
(b) £27,
(c) £18.

Solution
The net cost of this spread is £2 at the outset.

(a) If the market price of the stock at expiry is £25, the
investor will exercise the long call at strike price £22,
generating a payoff of £3 per share. The short call will

not be exercised by the holder, and the overall profit for
the investor will be 100� £3� £2 ¼ £298.

(b) If the market price of the stock at expiry is £27, the
investor will exercise the long call at strike price £22,
generating a payoff of £5 per share. The short call will
also be exercised at £26, leading to a negative payoff for
the investor of £1 per share. The overall profit for the
investor will be 100� ð£5� £1Þ � £2 ¼ £398.

(c) If the market price of the stock at expiry is £18, neither
option will be exercised, leading to a total loss of £2 for
the investor.

Note that the maximum profit for the investor is £398, andwill
occur if the market price of the stock is at any value above
£26. This arises from the £4 price differential between the
two call positions (which would both be exercised) and the
initial £2 cost. The maximum loss for the investor is the initial
£2 net premium and will arise if the market price of the stock
is at any value below £22 and neither option is exercised.
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cost is significantly lower (perhaps even negative), and they result in a profit
even if the underlying stock price has remained reasonably still on expiry.

Box Spreads
A box spread is a position formed from simultaneously entering into a long bull
spread and a long bear spread (i.e., purchasing both spreads) on the same
underlying with the same expiry date and the same pair of strike prices, K1 and
K2. The box spread is a complicated position of four options and is best
understood through Example 11.6.10.

Example 11.6.10 implies that a guaranteed payoff of £40 can be generated for an
outlay of £39.01 if that particular box spread is used. This implies that a risk-
free profit has been generated, but at what rate? The law of one price states
that the return must be equal to the prevailing risk-free rate if no arbitrage
opportunities exist within the particular trading strategy, but has this been the
case? This is addressed in Example 11.6.11.

Examples 11.6.10 and 11.6.11 demonstrate an important consequence of using
box spreads in an arbitrage-free environment: they return at a rate equal to the
risk-free rate. This can be demonstrated theoretically using the put-call parity

FIGURE 11.6.2 Position (profit) diagrams for a bull spread
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EXAMPLE 11.6.9

Draw the position diagram for the resulting ratio call spread if,
in Example 11.6.8, one low strike price call is purchased but
two high strike price calls are written. Also, calculate the
profit made for each of the closing prices given in the
example.

Solution
The position diagram is shown in Figure 11.6.3

In this case, the net cost is £5� 2� £3 ¼ � £1, i.e., the
initial trade leads to a positive cash flow.

(a) If the market price of the stock at expiry is £25, the
investor will exercise the long call at strike price £22,

generating a payoff of £3 per share. The two short calls
will not be exercised by the holder, and the overall profit
for the investor will be 100� £3þ £1 ¼ £301.

(b) If the market price of the stock at expiry is £27, the
investor will exercise the long call at strike price £22,
generating a payoff of £5 per share. The two short calls
will also be exercised at £26, leading to a negative
payoff for the investor of £2 per share. The overall profit
for the investor will be 100� ð£5� £2Þ þ £1 ¼ £301.

(c) If the market price of the stock at expiry is £18, no
options will be exercised, leading to a total profit of £1
for the investor.

FIGURE 11.6.3 Position (profit)
diagram for ratio call spread
in Example 11.6.9 (not to scale)

relationship. We begin with the expression for the theoretical cost of the box
spread, P, as stated in Example 11.6.10, but at general time t

P ¼ c1t � c2t þ p2t � p1t
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EXAMPLE 11.6.10EXAMPLE 11.6.10

Consider a 6-month box spread with strike prices £80 and
£120, constructed on an underlying non-income-paying
stock with current price £100. If the risk-free force of interest
is 5% per annum and the price volatility of the underlying is
20%, calculate the payoff at expiry and the upfront cost of
forming the box spread.

Solution
The box spread is formed from purchasing simultaneous bear
and bull spreads with strike price pairs K1 and K2 (> K1). The
bear spread is formed from a long put option at strike price K2

and a short put at strike price K1; the bull spread is formed
from a long call at strike price K1 and a short call at strike
price K2. Each of the four options is written on the underlying
stock and expires in 6 months’ time. In this case, K1¼ 80 and
K2¼ 120.

To calculate the payoff, we consider the following ranges for
the stock price at the expiry date.

n ST < K1ð¼ 80Þ: Only the put options will be exercised.
The net payoff to the investor will be £40.

n ð80 ¼ÞK1 � ST � K2ð¼ 120Þ: The call option with strike
K1 and the put option with strike K2 will be exercised.
The net payoff to the investor will be £40.

n ST > K2ð¼ 120Þ: Only the call options will be exercised.
The net payoff to the investor is £40.

We therefore see that the payoff from the box spread is £40,
irrespective of the price of the underlying at the expiry date.

The cost of forming the box spread is

c10 � c20 þ p20 � p10

where the superscripts denote the strike price (K1 or K2) on
which the call or put is written. Since we are assuming
arbitrage does not exist, the option prices can be valued
using the BlackeScholes pricing formulae 11.5.2, with
St ¼ 100;T � t ¼ 0:5; r ¼ 0:05, and s ¼ 0:20, to give

n c10 ¼ £22:17;
n c20 ¼ £1:02;
n p1

0 ¼ £0:20;
n p2

0 ¼ £18:06:

The cost of the box spread is therefore £18.06e
£0.20þ £22.17 e £1.02¼ £39.01.

EXAMPLE 11.6.11EXAMPLE 11.6.11

Calculate the return generated on the box spread strategy of
Example 11.6.10. Comment on your answer.

Solution
We solve the following for d:

39:01ed�0:5 ¼ 40
d ¼ 5% ¼ r

We therefore see that the return generated from the box
spread is equal to the risk-free market rate, and no arbitrage
opportunities exist within the collection of four options.

Of course, this is true as the arbitrage-free BlackeScholes
pricing formulae were used to calculate the option prices in
Example 11.6.10.

Grouping together terms with the same strike price and using the put-call parity
relationship 11.4.7 leads to

P ¼ c1t � p1t � ðc2t � p2t Þ
¼ St � K1e�rðT�tÞ � St þ K2e�rðT�tÞ
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and so

P ¼ ðK2 � K1Þe�rðT�tÞ (11.6.1)

Wenote that thepayoff fromaboxspread is alwaysequal thepricedifferentialof the
two strike prices, and the result found in Example 11.6.11 is clear from Eq. 11.6.1.

The implications of the preceding description is that a return greater than the
risk-free rate can be obtained from a box spread when arbitrage opportunities
do exist within the options market.

EXAMPLE 11.6.12EXAMPLE 11.6.12EXAMPLE 11.6.12

Confirm Eq. 11.6.1 using the box spread described in
Example 11.6.10.

Solution
We have K1¼ 80, K2¼ 120, and r¼ 0.05, and so Eq. 11.6.1
implies

P ¼ ð120� 80Þe�0:05�0:5 ¼ £39:01

which is identical to that obtained in Example 11.6.10.

EXAMPLE 11.6.13

Demonstrate how a profit can be made if the market prices of
6-month options on the same non-income-paying stock are

c1
0 c2

0 p1
0 p2

0

21.10 1.02 0.20 18.06

The superscripts indicate strike prices of K1¼ 80 and
K2¼ 120. You are given that the risk-free force of interest is
5% per annum and the underlying stock has current price
£100 and volatility 20%.

Solution
The market specifics are identical to those considered in
Example 11.6.10, and we note that c10 is currently trading
at a price lower than the theoretical price of £22.17. This
discrepancy can be exploited using the box spread discussed

in Example 11.6.10 where this option is required in the long
position. The return on the box spread is £40 after 6 months,
and the upfront cost, based on the preceding market data, is

c10 � c20 þ p20 � p10 ¼ 37:94

The return on this trade is then given by

37:94ed�0:5 ¼ 40

and so

d ¼ 10:6%

This is greater than the risk-free return and arises from the
existence of the arbitrage opportunity.
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We have seen that box spreads can be used to exploit pricing discrepancies in
the options market to form arbitrage profits. As discussed previously, the
assumption that arbitrage does not exist within a market is crucial to the
subject of financial mathematics; however, in reality, it candand doesdexist.
Arbitrageurs are able to make large profits from seeking out these opportuni-
ties, and options are often useful in their strategies. The crucial point is that the
action of the market will quickly act to remove the arbitrage opportunity.
Unless one is explicitly looking for opportunities and is prepared to act quickly
when such an opportunity is found, it is sensible, realistic, and prudent to
assume that arbitrage does not exist.

Straddles
Straddles consist of two options, a put and a call, with the same expiry date and
written on the same underlying asset. A particular feature of regular straddles is
that they are struck at-the-money, i.e., are constructed on options with strike
prices equal to the current market price of the underlying asset. There are two
variations of regular straddles: long straddles and short straddles. A long straddle
consists of long positions in both the call and put (i.e., they are purchased), and
a short straddle consists of short positions in both the call and put (i.e., they are
written and sold). The position diagrams are shown in Figure 11.6.4, and from

FIGURE 11.6.4 Position (profit) diagrams for long and short straddles
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these, it is easy to understand how they are useful. The particular feature is that
they are non-directional, meaning that the payoff depends on the magnitude of
the price change, not whether it was up or down.

A long straddle gives a positive payoff on any change in price, but requires an
upfront payment for the two options. Long straddles are therefore useful in
volatile markets when market prices are expected to change significantly in
either direction. The loss is limited to the price of the two options and the
potential profit is unlimited.

As the short straddle involves writing two options and leads to a positive
upfront cash flow but a negative payoff on any price change. Short straddles
are therefore useful in a market where prices are not expected to change.
The profit is limited to the option premiums and the potential loss is
unlimited.

Strangles
A strangle is very similar to a regular straddle, but the constituent options are
struck out-of-the-money, i.e., not at the current market price of the underlying.
The action and use of long strangles are similar to long straddles, but larger price
movements are required in order to profit from the position; this is clear from
the position diagram in Figure 11.6.5. The advantage of long strangles is that,
since the options are written out-of-the-money, the cost is lower than a long
straddle. They are appropriate in highly volatile markets in which large price
movements in either direction can be expected.

EXAMPLE 11.6.14EXAMPLE 11.6.14

An investor is seeking to take advantage of a period of low
volatility in the market price of a particular non-income-
paying stock. Calculate the profit from taking a 1-month short
straddle position if the price of the stock in 1 month’s time is

(a) £101,
(b) £95,
(c) £110.

You are given that the current market price of the asset is
£100, the price volatility is 10%, and the risk-free force of
interest is 5% per annum. Assume no arbitrage.

Solution
The short straddle position involves writing a call option and
a put option with strike price £100. Assuming no arbitrage,
we value the options using the BlackeScholes pricing

formulae as c¼ £1.37 and p¼ £0.95. The upfront income
generated is therefore £2.32.

(a) If the stock price at expiry is £101, only the call option
will be exercised, leading to a negative payoff of £1 for
the investor. This is less than the premium income, and
the net profit from the short straddle is £1.32.

(b) If the stock price at expiry is £95, only the put option will
be exercised, leading to a negative payoff of £5 for the
investor. This is greater than the premium income, and
the net loss on the short straddle is £2.68.

(c) If the stock price at expiry is £110, only the call option
will be exercised, leading to a negative payoff of £10 for
the investor. The net loss on the short straddle is
therefore £7.68.
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The action and use of short strangles are similar to short straddles, but the
investor’s profit from writing the position is protected for small changes in the
underlying market price. The disadvantage is that short strangles are cheaper to
write and the upfront income is lower.

FIGURE 11.6.5 Position (profit) diagrams for long and short strangles

EXAMPLE 11.6.15

The investor in Example 11.6.14 chooses instead to construct
a 1-month short strangle with a spread of £5 in either direc-
tion around the current market price of £100. Using the
same market data as in Example 11.6.14, calculate the profit
from this position if the price of the stock in 1 month’s time is

(a) £101,
(b) £95,
(c) £110.

Solution
The short strangle involves writing a call with strike price
£105 and a put with strike price £95. Assuming no arbitrage,

the BlackeScholes prices of these options is c¼ £0.08 and
p¼ £0.03. The upfront income generated is therefore £0.11.

(a) If the stock price at expiry was £101 neither of the
options will be exercised. The net profit on the short
strangle is therefore the full premium, £0.11.

(b) If the stock price at expiry was £95, again, neither option
would be exercised. The net profit on the short strangle
is therefore £0.11.

(c) If the stock price at expiry is £110, only the call option
will be exercised, leading to a negative payoff of £5 for
the investor. This is greater than the option premium
and the net loss on the short strangle is £4.89.
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Butterfly Spreads
The downside to using a short straddle or short strangle strategy is the unlimited
loss that can result from movements either side of the strike price, even in
a market with low volatility. To limit the exposure to such losses, one can form
a butterfly spread. In particular, a long butterfly spread is formed from four call
options: two short calls written at the current market price and a two long calls
with strike prices either side of current market price. A position diagram of
a long butterfly spread is shown in Figure 11.6.6. It is clear that the strategy
limits the loss to the net value of the option premium.

FIGURE 11.6.6 Position (profit) diagram for the long butterfly spread in Example 11.6.16 (not to scale)

EXAMPLE 11.6.16EXAMPLE 11.6.16

If the current price of a non-income-paying asset is $50,
devise a trading strategy that gives a positive payoff after
3 months if the price has moved by less than $5 in either
direction and zero otherwise. Plot the position diagram of
this strategy.

Solution
A long butterfly spread should be formed from two short
3-month calls with strike price $50, a long 3-month call
with strike price $45, and another long 3-month call with
strike price $55. The position diagram is then given in
Figure 11.6.6.
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SUMMARY
n Swaps are derivative contracts whereby two parties agree to swap a series of

payments according to a prearranged formula. They are mostly traded
over the counter, and investors are exposed to both market and credit risks.

n Interest rate swaps involve the exchange of fixed-interest payments and
variable interest payments on a notional principal amount. Currency swaps
involve the exchange of regular cash flows and principal amounts of two
currencies.

n Swaps are useful to investors wishing to exploit a comparative advantage or
seeking to align their assets and liabilities.

n Interest rate swaps are constructed to have zero value to either party at the
outset. Their value at a later time can be calculated by considering a long
and short position in appropriate bonds.

n The holder of an option has the right but not the obligation to trade a specified
asset, at a specified strike price, within a certain period of time. The
option writer receives an option premium at the outset and is obligated to
complete the trade at the option of the holder.

n The holder of a call option has the option to purchase the asset from the writer
for the strike price K. The holder of a put option has the option to sell the asset
to the writer for the strike price.

n A European option can be exercised only at the expiry date of the option.
An American option can be exercised at any date prior to expiry. More
exotic options exist.

EXAMPLE 11.6.17EXAMPLE 11.6.17EXAMPLE 11.6.17EXAMPLE 11.6.17

If, in Example 11.6.16, the risk-free interest force of interest is
5% per annum and the price volatility of the underlying is
20%, calculate the profit if the market price of the asset after
3 months is

(a) $52,
(b) $46,
(c) $57.

Assume no arbitrage.

Solution
When we use the BlackeScholes pricing formulae, the
constituent call options have the following prices:

c 45
0 c 50

0 c 55
0

5.84 2.31 0.60

The price of writing the butterfly spread is therefore
�2� 2:31þ 5:84þ 0:60 ¼ $1:82.

(a) If the stock price at expiry was £52, the investor will
exercise the $45 call, with payoff $7, and payout on the
two short $50 calls, with payoff e$4. The net payoff is
$3, and the profit is $1.18.

(b) If the stock price at expiry was £46, the investor will
exercise the $45 call, with payoff $1. The other options
will not be exercised. The loss is $0.82.

(c) If the stock price at expiry is £57, all options will be
exercised. The net payoff will be 12þ 2� 2� 7 ¼ 0,
and the loss is from the net premium price $1.82.
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n The payoff to the holder of a European option at exercise is calculated as

fcallðSTÞ ¼ maxfST � K; 0g
fputðSTÞ ¼ maxfK � ST ; 0g

where ST is the market price of the underlying asset at the expiry time T
(from the date it was written). The profit to either party is formed from the
payoff and the option premium.

n Optionpricing is complicated and requires a pricingmodel for the underlying
asset. TheBlackeScholes formulation assumes the asset price has a log-normal
distribution with price volatility s. Under the no-arbitrage assumption, the
formulation leads to the pricing formulae at general time t< T

ct ¼ Ste�qðT�tÞFðd1Þ � Ke�rðT�tÞFðd2Þ
pt ¼ Ke�rðT�tÞFð�d2Þ � Ste�qðT�tÞFð�d1Þ

with

d1 ¼
ln

St
K
þ
�
r � qþ 1

2
s2

�
ðT � tÞ

s
ffiffiffiffiffiffiffiffiffiffiffi
T � t

p and d2 ¼ d1 � s
ffiffiffiffiffiffiffiffiffiffiffi
T � t

p

where q is the continuously compounding dividend yield generated by the
underlying asset.

n The put-call parity expression connects option prices for otherwise
equivalent put and call options on non-income-paying assets:

ct þ Ke�rðT�tÞ ¼ pt þ St

n Various option-trading strategies exist for the purposes of hedging,
speculation, and arbitrage. They involve single or multiple options.

EXERCISES

11.1 Consider European-style call and put options on a bond. The options
expire in 60 days. The bond is currently at $1.05 per $1 nominal and
makes no cash payments during the life of the option. The risk-free rate
is 5.5% per annum (discretely compounding). Assume that the contract
is on $1 nominal. Calculate the lowest and highest possible prices for
the calls and puts with exercise prices of
(a) $0.95,
(b) $1.10.
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11.2 You are provided with the following information on European put and
call options on a stock:
Call price, c0¼ $6.64
Put price, p0¼ $2.75
Exercise price, K¼ $30.00
Days to option expiration¼ 219
Current stock price, S0¼ $33.19
Put-call parity shows the equivalence of a call/bond portfolio
(also known as a fiduciary call) and a put/underlying portfolio
(i.e., a protective put). Illustrate put-call parity assuming stock prices at
expiration of $20 and of $40. Assume that the risk-free rate, r, is 4%
per annum.

11.3 A British company enters into a currency swap in which it pays a fixed
rate of 6% per annum in US$, and the counterparty pays a fixed rate of
5% per annum in sterling. The notional principals are £75 million and
$105million. Payments are made semi-annually, and on the basis of 30
days per month and 360 days per year.
(a) Calculate the initial exchange of payments that takes place at the

beginning of the swap.
(b) Calculate the semi-annual payments.
(c) Calculate the final exchange of payments that takes place at the end

of the swap.
11.4 Suppose you believe that the price of a particular underling,

currently selling at $99, will decrease considerably in the next 6
months. You decide to purchase a put option expiring in 6 months
on this underlying. The put option has an exercise price of $95 and
sells for $5.
(a) Determine the profit for you under the following outcomes for the

price of the underlying 6 months from now:
(i) $100;
(ii) $95;
(iii) $93;
(iv) $90;
(v) $85.

(b) Determine the breakeven price of the underlying at expiration.
Check that your answer is consistent with the solution to part (a).

(c) What is the maximum profit that you can have? At what expiration
price of the underlying would this profit be realized?

11.5 You simultaneously purchase an underlying priced at $77 and write
a call option on it with an exercise price of $80 and selling at $6. This
position is commonly called a covered call.
(a) Determine the value at expiration and the profit for your strategy

under the following outcomes:
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(i) The price of the underlying at expiration is $70;
(ii) The price of the underlying at expiration is $75;
(iii) The price of the underlying at expiration is $80;
(iv) The price of the underlying at expiration is $85.

(b) Determine the following:
(i) The maximum profit;
(ii) The maximum loss;
(iii) The expiration price of the underlying at which you would

realize the maximum profit;
(iv) The expiration price of the underlying at which you would

incur the maximum loss.
(c) Determine the breakeven price at expiration.

11.6 You are bullish about an underlying that is currently trading at a price of
$80. You choose to go long one call option on the underlying with an
exercise price of $75 and selling at $10, and go short one call option on
the underlying with an exercise price of $85 and selling at $2. Both the
calls expire in 3 months.
(a) What is the term commonly used for the position that you have

taken?
(b) Determine the value at expiration and the profit for your strategy

under the following outcomes:
(i) The price of the underlying at expiration is $89;
(ii) The price of the underlying at expiration is $78;
(iii) The price of the underlying at expiration is $70.

(c) Determine the following:
(i) The maximum profit;
(ii) The maximum loss.

(d) Determine the breakeven underlying price at expiration.
11.7 A stock is currently trading at a price of $114. You construct a butterfly

spread using puts of three different strike prices on this stock, with the
puts expiring at the same time. You go long one putwith an exercise price
of $110 and selling at $3.50, go short two puts with an exercise price of
$115 and selling at $6, and go long oneputwith an exercise price of $120
and selling at $9.
(a) Determine the value at expiration and the profit for your strategy

under the following outcomes:
(i) The price of the stock at expiration of the puts is $106;
(ii) The price of the stock at expiration of the puts is $110;
(iii) The price of the stock at expiration of the puts is $115;
(iv) The price of the stock at expiration of the puts is $120;
(v) The price of the stock at expiration of the puts is $123.

(b) Determine the following:
(i) The maximum profit;
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(ii) The maximum loss.
(c) Determine the breakeven underlying price at expiration of the put

options.
11.8 A stock is currently trading at a price of $80. You decide to place a collar

on this stock. You purchase a put option on the stock, with an exercise
price of $75 and a premium of $3.50. You simultaneously sell a call
option on the stock with the same maturity and the same premium as
the put option. This call option has an exercise price of $90.
(a) Determine the value at expiration and the profit for your strategy

under the following outcomes:
(i) The price of the stock at expiration of the options is $92;
(ii) The price of the stock at expiration of the options is $90;
(iii) The price of the stock at expiration of the options is $82;
(iv) The price of the stock at expiration of the options is $75;
(v) The price of the stock at expiration of the options is $70.

(b) Determine the following:
(i) The maximum profit;
(ii) The maximum loss;
(iii) The stock price at which you would realize the maximum

profit;
(iv) The stock price at which you would incur the maximum loss.

(c) Determine the breakeven underlying price at expiration of the put
options.

11.9 You believe that the market will be volatile in the near future, but
you do not feel particularly strongly about the direction of the
movement. With this expectation, you decide to buy both a call
and a put with the same exercise price and the same expiration on
the same underlying stock trading at $28. You buy one call option
and one put option on this stock, both with an exercise price of
$25. The premium on the call is $4, and the premium on the put
is $1.
(a) What is the term commonly used for the position that you have

taken?
(b) Determine the value at expiration and the profit for your strategy

under the following outcomes:
(i) The price of the stock at expiration is $35;
(ii) The price of the stock at expiration is $29;
(iii) The price of the stock at expiration is $25;
(iv) The price of the stock at expiration is $20;
(v) The price of the stock at expiration is $25.

(c) Determine the following:
(i) The maximum profit;
(ii) The maximum loss.
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(d) Determine the breakeven underlying price at expiration of the
options.

11.10 Spenser & Michael (S&M) is a UK-based food retailer, which is well
known throughout Europe and the Far East, but largely unknown in the
US. S&M has tried to borrow US$500m at a fixed rate of interest in US
dollars, but the interest rates S&M can secure are prohibitively
expensive. S&M has been quoted a 5-year fixed rate of 6% per annum
for a sterling denominated loan.
BIM is a US-based food retailer and would like to borrow the sterling
equivalent of US$500m over 5 years at a fixed rate of interest in sterling.
Like S&M, BIM has been quoted prohibitively expensive rates for
a sterling loan.
BIM has been quoted a 5-year fixed rate of 5.25% per annum for a US$
denominated loan. At the time of the transaction, the yield on 5-year
government bonds is 5.25% in the UK and 4.75% in the US.
You are the head of the currency swap desk of a global investment
bank.
(a) Describe, using the preceding information, the factors that will

influence the design of a 5-year currency swap.
(b) Design a 5-year currency swap for S&M and BIM that will net the

global investment bank 0.45% per annum over the life of the swap
while ensuring that S&M and BIM have no exchange rate risk on
their exchange of interest payments.

(c) Describe the risks that the global investment bank takes on in
structuring this swap for BIM and S&M, and how the global
investment bank can hedge these risks.

11.11 (a) Sketch, on the same diagram, the payoff at maturity of the
following options on a quoted share assuming that they have the
same strike price, same maturity date, and that the ratio of
premiums is 2:1 with the call option being the more expensive
option:
(i) A put option;
(ii) A call option.

(b) Using the same diagram as in part (a), sketch the payoff profile of
an equally weighted portfolio consisting of options (a)(i) and (ii).

(c) Suggest an investment scenario in which the payoff profile in part
(a)(ii) might be of interest to an investor.

11.12 A friend has decided that she would like to try to increase her wealth by
investing in derivatives. After reading some articles, she realizes that she
does not fully understand some of the terminology and has approached
you for help.
(a) Explain the main uses of derivatives.
(b) For a derivative contract traded on an exchange:
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(i) Explain the term margin;
(ii) Outline the different types of margin payments that are

payable;
(iii) Explain why a clearinghouse requires these payments.

(c) (i) Explain the difference between a put and a call.
(ii) Explain the terms “European” and “American” in the context

of options.
The current share price of XYZ is 60p. Your friend has been offered the
following options in XYZ.

Strike Price 3 Month 6 Month

Call d 75p 5p 10p
Put d 85p 10p 5p

(d) Given this information, draw the pay-off charts associated with
each of these options clearly identifying the price when the option
is “in the money”.

11.13 An employer contracts with his staff to give each of them 1,000 shares
in 1 year’s time provided the share price increased from its current level
of £1 to at least £1.50 at the end of the year.
You may assume the following parameters:
n Risk-free interest rate: 4% per annum continuously compounded;
n Stock price volatility: 30% per annum;
n Dividend yield: nil.

(a) Calculate the value of the contract with each employee by considering
the terms of the BlackeScholes formula.
The employer now wishes to limit the gain to each employee to £2,000.

(b) Calculate the value of this revised contract.
(c) An employee has said that he believes the original uncapped contract is

worth £300. He has determined this by saying that he believes there is
a 30% chance of the share price being at least £1.50; therefore, 30%�
£1¼ 30p.
(i) Compare the approach taken by the employee and the approach

used in (a).
(ii) Comment on the implications of the differences in (c)(i) if there

were a market in such contracts.
11.14 A risk-averse individual coming up to retirement age has around 1% of

his retirement funds invested in the shares of a highly respected bank.
The bank has historically been involved in low-risk activities, producing
steady returns. Since new management was put in place 3 years ago, the
bank has been involved in a number of high-profile risky investments
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that have gone wrong. As a result, there has been a sharp decline in the
share price.
(a) Outline how the change in management has affected the risk and

return profile of the individual’s investment portfolio.
The individual had the opportunity to sell the stock 6 months ago but
decided to hold onto the stock. Since then, the share price has fallen
further.
(b) Outline the various reasons why the stock might not have been

sold.
(c) Discuss whether the investment is suitable for the individual’s

circumstances.
The investor believes the share price has reached its lowest point and
expects it to rise in the near future. The investor wants to try to make
back some of his losses.
(d) Describe a technique, using the current share price, that the

investor could use to make a profit on his holding without selling
any shares.

The investor decides to use the technique in (d).
(e) Describe the effect on the investor’s exposure to the bank if the

bank’s share price rose by 30%.
(f) Describe the effect on the investor’s exposure to the bank if the

bank’s share price fell by 30%.
11.15 The trustees of a pension fund decide to purchase a 3-year swap contract

under which the pension fund will receive a fixed rate payment stream.
The pension fund is required to pay a floating rate payment stream in
return. The pension fund receives the following information about the
swap and the likely payments:

n Term 3 years;
n Notional value of swap £50m;
n Payments are made in arrears semi-annually;
n The swap year calculations assume there are 360 days in a year.

Period Number of Days in Period Annual Forward Interest Rate

1 183 4.00%
2 181 4.25%
3 182 4.5%
4 182 4.75%
5 181 5.0%
6 183 5.25%

(a) Define the term “puttable swap”.
(b) Explain why a pension fundmay wish to purchase a puttable swap.
(c) State the type of swap that the trustees have purchased.
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(d) Using the preceding information, calculate
(i) Present value of the floating rate payments;
(ii) The fixed rate of the swap.

The pension fund trustees proceed with the proposed contract for the
payments described in this exercise, and the fixed rate of the swap is set
at 4.75% per annum.
(e) Calculate the profit or loss to the pension fund at the end of the

swap contract.
(f) Explain what difference there would have been to the profit/loss on

the swap if interest rates had risen during the duration of the swap
contract.

11.16 (a) (i) Define the terms “American call” and “European call”.
(ii) Explain which one is likely to attract a higher premium.

(b) Draw a diagram for each of the following strategies and explain
why an investor may wish to undertake such strategies.
(i) Long one call at a strike price of (X e a);

Short two calls at a strike price of X;
Long one call at a strike price of (Xþ a);
All three have the same expiry date.

(ii) Buying one call and one put with the same expiry and strike
price.

(iii) Buying call options of a certain strike price and selling the
same number of call options at a lower strike price (in the
money) with the same expiry date.

As part of an investor’s portfolio there are 100 call options that have
been written with an exercise price of £1.50 and an expiry date of
November. The option premium received was £0.50 per option.
(c) State the payoff for the investor.
(d) Draw the payoff chart for the entire holding.
(e) Calculate the profit or loss to the investor if the price of the share at

expiry is
(i) £0.75;
(ii) £1.50;
(iii) £2.15.
State any assumptions made.

The derivatives exchange where the call options are traded requires an
initial margin of 20% of the premium received. In addition a variation
margin has to be paid equal to 100% of the option price movement. The
value of the premium at the end of September was £0.55.
(f) Calculate the total margin the investor has had to post to the

exchange at the end of September.
11.17 Consider a stock paying a dividend at a rate d and denote its price at any

time t by St . The dividend earned between t and T, T� t, is StðedðT�tÞ � 1Þ.
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LetCt and Pt be the price at time t of a European call option and European
put option, respectively, written on the stock S, with strike price K and
maturity T� t. The instantaneous risk-free rate is denoted by r.
Prove put-call parity in this context by adapting the proof of standard put-
call parity that applies to put and call options on a non-dividend-paying
stock.

11.18 A European call option on a stock has an exercise date 1 year away and
a strike price of 320p. The underlying stock has a current price of 350p.
The option is priced at 52.73p. The continuously compounded risk-free
interest rate is 4% per annum.
(a) Estimate the stock price volatility to within 0.5% per annum,

assuming the BlackeScholes model applies. (This is often referred
to as the implied volatility.)

A new derivative security has just been written on the underlying stock.
This will pay a random amountD in 1 year’s time, whereD is 100 times
the terminal value of the call option capped at 1p (i.e., 100 times the
lesser of the terminal value and 1p).
(b) (i) State the payoff for this derivative security in terms of two

European call options.
(ii) Calculate the fair price for this derivative security.

11.19 A European call option and a European put option on the same stock
with the same strike price have an exercise date 1 year away, and both
are priced at 12p. The current stock price is 300p. The continuously
compounded risk free rate of interest is 2% per annum.
(a) Calculate the common strike price, quoting any results that you

use.
Assume the BlackeScholes model applies.
(b) Calculate the implied volatility of the stock.
(c) Construct the corresponding hedging portfolio in shares and cash

for 5,000 of the call options.
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CHAPTER 12

An Introduction to Stochastic
Interest Rate Models

Throughout this book we have frequently remarked or implied that financial
contracts are often of a long-term nature. Accordingly, at the outset of many
contracts, there may be considerable uncertainty about the economic and
investment conditions that will prevail over the duration of the contract.
Therefore, for example, if it is desired to determine premium rates or security
prices on the basis of one fixed rate of interest, it is nearly always necessary to
adopt a conservative basis for the rate to be used in any calculations. An
alternative approach to recognizing the uncertainty that exists in reality is
provided by the use of a stochastic interest rate model. In such models no single
interest rate is used, and variations in the rate of interest are allowed for by the
application of probability theory. This is the subject of this final chapter.

An in-depth discussion of stochastic interest rate models is beyond the scope of
this book. Although in this chapter we are able to present only a very brief
introduction to the subject, it is important to recognize that, when we combine
elementary financial concepts with probability theory, stochastic interest rate
models offer a powerful tool for the analysis of financial problems. Moreover,
this tool is fundamentally different from the deterministic approach considered
throughout this book until this final chapter. We proceed to develop
a stochastic model for interest rates before introducing the Brownian motion
process, which features heavily in stochastic models within mathematical
finance in the broad sense.

12.1 INTRODUCTORY EXAMPLES
Possibly one of the simplest stochastic interest rate models is that in which each
year the rate of interest obtained is independent of the rates of interest in all
previous years and takes one of a finite set of values, each value having
a constant probability of being the actual rate for the year. Alternatively, the rate
of interest may take any value within a specified range, the actual value for the
year being determined by some given probability density function.

Even simple models, such as those just described, can be of practical use. For
example, they may serve to illustrate the sometimes considerable financial
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consequences to an office of the departure of its actual investment experience
from that assumed in its premium bases.

Modern computers make it relatively simple to study considerably more
sophisticated models. For example, it is possible (and probably more
realistic) to remove the independence assumption and to build in some
measure of dependence between the rates of interest in successive years (see
Section 12.5).

For many stochastic interest rate models, the attainment of theoretically
exact results is difficult. However, this is not a significant barrier to further
progress. The use of simulation techniques often provides revealing insights of
practical importance into the financial risks involved in many kinds of
contracts.

At this stage we consider briefly an elementary example, which, although
necessarily artificial, provides a simple introduction to the probabilistic ideas
implicit in the use of stochastic interest rate models.

Suppose that a company wishes to issue a block of single-premium capital
redemption policies, each policy having a term of 15 years. Note that under these
policies the policyholder (or investor) pays a single individual premium at time
t ¼ 0 and expects to receive a specified return at time t ¼ 15.

The company will invest the premiums received in a fund that grows under the
action of compound interest at a constant rate throughout the term of the
policy. This constant rate of interest is not known now but will be determined
immediately after the policies have been issued.

Suppose that the effective annual rate of interest for the fund will be 2%, 4%, or
6%, and that each of these values is equally likely. In the probabilistic sense, the
expected value of the annual interest rate for the fund is

E½i� ¼
�
1
3
� 0:02

�
þ
�
1
3
� 0:04

�
þ
�
1
3
� 0:06

�
¼ 0:04 (12.1.1)

or 4%.

Consider now a policy with unit sum assured, i.e., a return of 1 after 15 years.
Let P be the single premium charged. If i denotes the annual rate of interest for
the fund in which the premiums are invested, the accumulated profit (i.e., the
company’s profit at the time the policy matures) will be

Pð1þ iÞ15 � 1 (12.1.2)

This will equal [P(1.02)15 e 1], [P(1.04)15 e 1], or [P(1.06)15 e 1], each of
these values being equally likely. The expected value of the accumulated profit
is therefore
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E½accumulated profit� ¼ 1
3

h
Pð1:02Þ15 � 1

i
þ 1

3

h
Pð1:04Þ15 � 1

i
þ1

3

h
Pð1:06Þ15 � 1

i
¼ 1:847 79P � 1

(12.1.3)

Since the expected value of the annual yield is 4%, the company might choose
to determine P on the basis of this rate of interest. In this case

P ¼ v15 at 4% ¼ 0:555 26

and so, from Eq. 12.1.3,

E½accumulated profit� ¼ 0:026 01

It should be noted that in this case the use of the average rate of interest in the
premium basis does not give zero for the expected value of the accumulated
profit. The reader should verify that the company’s accumulated profit will be
0.330 72, 0, ore0.252 69, each of these values being equally likely. Although it
is possible for the company to make a loss, it is equally possible for the
company to make a greater profit.

An alternative viewpoint is provided by consideration of the net present
value of the policy immediately after it is effected, i.e., the value at the
outset of the policy of the company’s contractual obligation less the value of
the single premium paid. If i is the annual yield on the fund, the net present
value is

ð1þ iÞ�15 � P (12.1.4)

This will equal (1.02e15 e P), (1.04e15 e P), or (1.06e15 e P), each of these
values being equally likely. The expected value of the net present value is
therefore

E½net present value� ¼ 1
3

�
1:02�15 � P

�þ 1
3

�
1:04�15 � P

�þ 1
3

�
1:06�15 � P

�
¼ 0:571 88� P

(12.1.5)

If, as before, P has been determined on the basis of the average rate of interest of
4% as 0.555 26, it follows that

E½net present value� ¼ 0:016 62

Again, it should be noted that this is not zero.

Note also that the value of P for which the expected value of the accumulated
profit is zero is not the value of P for which the expected net present value
is zero.
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12.2 INDEPENDENT ANNUAL RATES OF RETURN
In our introductory example in Section 12.1, the effective annual rate of interest
throughout the duration of the policy was 2%, 4%, or 6%, each of these values
being equally likely. A more flexible model is provided by assuming that over
each single year the annual yield on invested funds will be one of a specified set
of values or lie within some specified range of values, the yield in any particular
year being independent of the yields in all previous years and being determined
by a given probability distribution. For example, we might assume that each
year the yield obtainable will be 2%, 4%, or 6%, each of these values being
equally likely. Alternatively, we might assume that each year all yields between
2% and 6% are equally likely, in which case the density function for i is
uniform on the interval [0.02, 0.06].

We now formulate this scenario mathematically. Measure time in years and
consider the time interval [0, n] subdivided into successive periods [0, 1], [1,2],
. . . , [n e 1, n]. For t¼ 1, 2, . . . , n, let it be the yield obtainable over the tth year,
i.e., the period [te 1, t]. Assume that money is invested only at the beginning of
each year. Let Ft denote the accumulated amount at time t of all money invested
before time t and let Pt be the amount of money invested at time t. Then, for
t ¼ 1, 2, 3, . . . , n,

Ft ¼ ð1þ itÞðFt�1 þ Pt�1Þ (12.2.1)

It follows from this equation that a single investment of 1 at time 0 will accu-
mulate at time n to

Sn ¼ ð1þ i1Þð1þ i2Þ$$$ð1þ inÞ (12.2.2)

Similarly for a series of annual investments, each of amount 1, at times 0, 1, 2,.,
n e 1 will accumulate at time n to

An ¼ ð1þ i1Þð1þ i2Þð1þ i3Þ / ð1þ inÞ
þð1þ i2Þð1þ i3Þ / ð1þ inÞ

þ « « «
þ ð1þ in�1Þð1þ inÞ

þ ð1þ inÞ

(12.2.3)

Note that An and Sn are random variables, each with its own probability
distribution function.

In general, a theoretical analysis of the distribution functions for An and Sn is
somewhat difficult. It is often more useful to use simulation techniques in the
study of practical problems (see Section 12.4). However, it is perhaps worth
noting that the moments of the random variables An and Sn can be found
relatively simply in terms of the moments of the distribution for the yield each
year. This may be seen as follows.

280 CHAPTER 12: An Introduction to Stochastic Interest Rate Models



Moments of Sn
From Eq. 12.2.2 we obtain

ðSnÞk ¼
Yn
t¼1

ð1þ itÞk

and hence

E
�
Skn
� ¼ E

� Yn
t¼ 1

ð1þ itÞk
	

¼
Yn
t¼ 1

E
h
ð1þ itÞk

i (12.2.4)

since (by hypothesis) i1, i2, ., in are independent. Using this last expression,
and given the moments of the annual yield distribution, we may easily find the
moments of Sn.

For example, suppose that the yield each year has mean j and variance s2. Then,
letting k ¼ 1 in Eq. 12.2.4, we have

EXAMPLE 12.2.1EXAMPLE 12.2.1EXAMPLE 12.2.1EXAMPLE 12.2.1EXAMPLE 12.2.1EXAMPLE 12.2.1EXAMPLE 12.2.1EXAMPLE 12.2.1EXAMPLE 12.2.1

If the yield each year is 2% per annum, 4% per annum, or 6%
per annum, and each value is equally likely, demonstrate the
possible values of the accumulation of a unit investment after
2 years.

Solution
It is clear that there are nine possible values that the accumu-
lation S2 could take. These are

Note that the value of n-year unit accumulation, Sn, will be
between 1.02n and 1.06n. Each of these extreme values will
occur with probability (1/3)n.

Yield in Year 1 Yield in Year 2 S2
2% 2% (1.02)�(1.02) ¼ 1.0404

2% 4% (1.02)�(1.04) ¼ 1.0608

2% 6% (1.02)�(1.06) ¼ 1.0812

4% 2% (1.04)�(1.02) ¼ 1.0608

4% 4% (1.04)�(1.04) ¼ 1.0816

4% 6% (1.04)�(1.06) ¼ 1.1024

6% 2% (1.06)�(1.02) ¼ 1.0812

6% 4% (1.06)�(1.04) ¼ 1.1024

6% 6% (1.06)�(1.06) ¼ 1.1236
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E½Sn� ¼
Yn
t¼1

E½1þ it �

¼
Yn
t¼ 1

ð1þ E½it �Þ

¼ ð1þ jÞn

(12.2.5)

since, for each value of t, E[it] ¼ j.

With k ¼ 2 in Eq. 12.2.4 we obtain

E
�
S2n
� ¼

Yn
t¼ 1

E
�
1þ 2it þ i2t

�

¼
Yn
t¼ 1

�
1þ 2E½it � þ E

�
i2t
��

¼ �
1þ 2jþ j2 þ s2

�n
(12.2.6)

since, for each value of t,

E
�
i21
� ¼ ðE½it�Þ2 þ var½it � ¼ j2 þ s2

The variance of Sn is

var½Sn� ¼ E
�
S2n
�� ðE½Sn�Þ2

¼ �
1þ 2jþ j2 þ s2

�n � ð1þ jÞ2n
(12.2.7)

from Eqs 12.2.5 and 12.2.6.

These arguments are readily extended to the derivation of the higher moments
of Sn in terms of the higher moments of the distribution of the annual rate of
interest.

EXAMPLE 12.2.2EXAMPLE 12.2.2

For the yield distribution given in Example 12.2.1, compute
values for E [Sn] and var [Sn] for n ¼ 2 and 4.

Solution
We have j ¼ E ½i� ¼ 0:02þ 0:04þ 0:06

3
¼ 0:04. Further-

more, E ½i2� ¼ 0:022 þ 0:042 þ 0:062

3
¼ 0:001867, leading to

s2 ¼ 0:001867� 0:042 ¼ 0:000267. Using Eqs 12.2.5 and
12.2.7, we then compute that

n E [Sn] var [Sn]

2 1.08160 0.00058

4 1.16986 0.00135

The reader is invited to confirm the values for n ¼ 2 directly
from the possible values for S2 calculated in Example 12.2.1.
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Moments of An
It follows from Eq. 12.2.3 (or from Eq. 12.2.1) that, for n � 2,

An ¼ ð1þ inÞð1þ An�1Þ (12.2.8)

The usefulness of this equation lies in the fact that, since Ane1 depends only on
the values i1, i2,., ine1, the random variables in and Ane1 are independent. (By
assumption the yields each year are independent of one another.) Accordingly,
Eq. 12.2.8 permits the development of a recurrence relation from whichmay be
found the moments of An. We illustrate this approach by obtaining the mean
and variance of An.

Let
mn ¼ E½An�

and let
mn ¼ E

�
A2
n

�
Since

A1 ¼ 1þ i1

it follows that

m1 ¼ 1þ j (12.2.9)

and so

m1 ¼ E½An�2 þ var½An�
¼ 1þ 2jþ j2 þ s2

(12.2.10)

where, as before, j and s2 are the mean and variance of the yield each year.

Taking expectations of Eq. 12.2.8 and using that in and An e1 are independent,
we obtain that

mn ¼ ð1þ jÞð1þ mn�1Þ n � 2 (12.2.11)

This equation, combined with initial value m1, implies that, for all values of n,

mn ¼ €sn at rate j (12.2.12)

The expected value of An is then simply €sn , calculated at the mean rate of
interest. Recall from Chapter 3 that €sn is the accumulated value (at t ¼ n) of
a unit annuity paid in advance. Since

A2
n ¼ �

1þ 2in þ i2n
��
1þ 2An�1 þ A2

n�1

�
by taking expectations we obtain, for n � 2,

mn ¼ �
1þ 2jþ j2 þ s2

�ð1þ 2mn�1 þmn�1Þ (12.2.13)
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EXAMPLE 12.2.3EXAMPLE 12.2.3

A company plans to invest £50,000 now and at the start of the
next 9 years at the interest rate used in Example 12.2.1.
Calculate the expected value and standard deviation (s.d.)
of the accumulated fund after 10 years.

Solution
We work in units of £1,000. The investments are made at
times t ¼ 0, 1, 2, ., 9, and we are required to calculate
50m10 ¼ 50� E ½A10� and 50� s:d:½A10�. We have j ¼ 0.04
and, by Eq. 12.2.2,

50m10 ¼ 50€s10 ¼ 50� ð1:04Þ10 � 1
0:04=1:04

¼ 624:318

Equation 12.2.13 requires a recurrence approach to compute
m10. The multiplying factor 1þ 2j þ j2 þ s2 has the value
1.08187, and we compute successive values of mn as follows
(noting that m0 ¼ 0 ¼ m0).

n mn mn n mn mn

1 1.040 1.082 6 6.898 47.617

2 2.122 4.503 7 8.214 67.524

3 3.246 10.544 8 9.583 91.907

4 4.416 19.513 9 11.006 121.248

5 5.633 31.748 10 12.486 156.070

This leads to

50� s:d:½A10� ¼
�
m10 � m210

�1
2

¼ 20:051

The company would therefore expect to have an accumu-
lated fund after 10 years with an expected value of
£624,318 and a standard deviation of £20,051.

EXAMPLE 12.2.4

Acompanyconsiders that, onaverage, itwill earn interest on its
funds at the rate of 4% per annum. However, the investment
policy is such that in any one year the yield on the company’s
funds is equally likely to take any value between 2% and 6%.
Forbothsingle andannual premiumcapital redemptionpolicies
with terms of 5, 10, 15, 20, and 25 years, and premium £1, find
themean accumulation and the standard deviation of the accu-
mulation at the maturity date. You may ignore all expenses.

Solution
The annual rate of interest is uniformly distributed on the
interval [0.02, 0.06]. The corresponding probability density
function is constant and equal to 25 [i.e., 1/(0.06 e 0.02)].
The mean annual rate of interest is clearly j ¼ 0.04, and the
variance of the annual rate of interest is

s2 ¼
Z0:06

0:02

25ðx � 0:04Þ2 ¼ 4
3
10�4

We are required to find E[An], (var [An])
1/2, E[Sn], and (var

[Sn])
1/2 for n ¼ 5, 10, 15, 20, and 25.

Substituting the preceding values of j and s2 in Eqs 12.2.5 and
12.2.7 we immediately obtain the results for the single
premium policies. For the annual premium policies, we must
use the recurrence relation 12.2.13 (with mn�1 ¼ €sn�1 at
4%) together with Eq. 12.2.14.

The results are summarized as follows. It should be noted that,
for both annual and single premium policies, the standard
deviation of the accumulation increases rapidly with the term.

Single Premium £1 Annual Premium £1

Term (years)
Mean
Accumulation (£)

Standard
Deviation (£)

Mean
Accumulation (£)

Standard
Deviation (£)

5 1.216 65 0.030 21 5.632 98 0.094 43

10 1.480 24 0.051 98 12.486 35 0.283 53

15 1.800 94 0.077 48 20.824 53 0.578 99

20 2.191 12 0.108 86 30.969 20 1.004 76

25 2.665 84 0.148 10 43.311 74 1.593 92
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As the value of mn�1 is known (by Eq. 12.2.12), Eq. 12.2.13 provides a recur-
rence relation for the calculation of successive m2, m3, m4, .. (Note that these
may also be solved by the methods of difference equations.) The variance of An

may be obtained as

var½An� ¼ E
�
A2
n

�� ðE½An�Þ2
¼ mn � m2n

(12.2.14)

In principle, the preceding arguments are fairly readily extended to provide
recurrence relations for the higher moments of An. However, a knowledge of
the first few moments does not define the distribution, and it is generally more
practicable to use simulation methods to gain further understanding of actual
problems. We illustrate such methods in Section 12.4.

12.3 THE LOG-NORMAL DISTRIBUTION
We have already remarked that in general a theoretical analysis of the distri-
bution functions for An and Sn is somewhat difficult, even in the relatively
simple situation when the yields each year are independent and identically
distributed. There is, however, one special case for which an exact analysis of
the distribution function for Sn is particularly simple.

Suppose that the random variable ln(1 þ it) is normally distributed with mean
m and variance s2. In this case, the variable (1 þ it) is said to have a log-normal
distribution with parameters m and s2. In this case, Eq. 12.2.2 is equivalent to

ln Sn ¼
Xn
t¼1

lnð1þ itÞ

The sum of a set of independent normal random variables is itself a normal
random variable. Hence, when the random variables (1 þ it) (t � 1) are
independent and each has a log-normal distribution with parameters m and s2,
the random variable Sn has a log-normal distribution with parameters nm
and ns2.

Since the distribution function of a log-normal variable is readily written down
in terms of its two parameters, in the particular case when the distribution
function for the yield each year is log-normal, we have a simple expression for
the distribution function of Sn.

12.4 SIMULATION TECHNIQUES
All computers and calculators are able to generate “random numbers”. In a strict
sense, such numbers, when generated by computer, are pseudo-random, in that
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EXAMPLE 12.3.1EXAMPLE 12.3.1

The random variable (1 þ i) has a log-normal distribution
with parameters m and s2.

(a) Assuming standard results for the log-normal distribu-
tion, show that

E ½i� ¼ exp
�
mþ 1

2
s2
�
� 1

and

var½i� ¼ exp


2mþ s2

�h
expðs2Þ � 1

i

(b) Let E[i] ¼ j and var[i] ¼ s2. Show that

s2 ¼ ln
�
1þ

�
s

1þ j

�2	

and that

m ¼ ln
1þ jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
�

s
1þ j

�2
s

(c) (i) Given that m ¼ 0.08 and s ¼ 0.07, find j and s.
(ii) Given that j ¼ 0.08 and s ¼ 0.07, find m and s.

Solution
(a) We are given that (1 þ i) has a log-normal distribution

with parameters m and s2. From the standard properties
of the distribution,

E
�ð1þ iÞn� ¼ exp

�
nmþ 1

2
n2s2

�

Therefore,

1þ E ½i� ¼ E ½1þ i� ¼ exp
�
mþ 1

2
s2
�

so that

E ½i� ¼ exp
�
mþ 1

2
s2
�
� 1

Also

var½i� ¼ E
h
ð1þ iÞ2

i
� ðE ½1þ i�Þ2

¼ exp
�
2mþ 2s2

�� �exp�mþ 1
2
s2
�	2

¼ exp
�
2mþ s2

��
exp
�
s2
�� 1

�

(b) We have

1þ j ¼ exp
�
mþ 1

2
s2
�

and

s2 ¼ expð2mþ s2Þ
h
expðs2Þ � 1

i

Therefore,

s2

ð1þ jÞ2
¼ expðs2Þ � 1

so that

s2 ¼ ln
�
1þ

�
s

1þ j

�2	

Also

lnð1þ jÞ ¼ mþ 1
2
s2

¼ mþ 1
2
ln
�
1þ

�
s

1þ j

�2	

so that, as required,

m ¼ ln
1þ jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

1þ
�

s
1þ j

�2	s

(c) (i) Using the expressions derived in this example,
j ¼ 0.085 944 and s ¼ 0.076 109.

(ii) Using the expressions derived in this example,
m ¼ 0.074 865 and s ¼ 0.064 747.
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they are produced by some well-defined numerical algorithm, rather than truly
random. Truly random numbers are generated from physical processes, such as
thermal noise and quantum phenomena that can be exploited in physical
devices. (Although the use of such devices is clearly impractical in nearly all
conceivable applications, in 1955 the RAND Corporation published a table of
one million random digits obtained with such a device.) The essential point,
however, about the sequence of values produced by an efficient pseudo-random

EXAMPLE 12.3.2EXAMPLE 12.3.2

The yields on a company’s fund in different years are inde-
pendently and identically distributed. Each year the distribu-
tion of (1 þ i) is log-normal, and i has mean value 0.06 and
variance 0.0003.

(a) Find the parameters m and s2 of the log-normal distri-
bution for (1 þ i).

(b) Let S15 be the random variable denoting the accumu-
lation of a single premium of £1 for a period of 15 years.
Show that S15 has a log-normal distribution with
parameters 0.872 025 and 0.063 282. Hence, calculate
values for E[S15] and var[S15].

(c) Confirm the values of E[S15] and var[S15] by Eqs 12.2.5
and 12.2.7.

(d) Find the probability that a single premium of £1,000 will
accumulate over 15 years to (i) less than £2,100 and
(ii) more than £2,700.

Solution
(a) In our earlier notation, j ¼ 0.06 and s2 ¼ 0.0003, and so

m ¼ 0.058 135 and s2 ¼ 0.000 267.
(b)

S15 ¼ ð1þ i1Þð1þ i2Þ/ð1þ i15Þ

where it denotes the yield in year t. Hence,

lnS15 ¼ lnð1þ i1Þ þ lnð1þ i2Þ þ/þ lnð1þ i15Þ

The terms on the right side of this equation are indepen-
dent normally distributed random variables, each with
mean m and variance s2, as found in (a). This implies
that lnS15 is normally distributed with mean m0 ¼ 15m
¼ 0.872 025 and variance s02 ¼ 15s2 ¼ 0.004 005 ¼
(0.063 28)2.

Hence (see Example 12.3.1),

E ½S15� ¼ exp
�
m0 þ 1

2
s02
�

¼ 2:396 544

E
h
ðS15Þ2

i
¼ expð2m0 þ 2s02Þ ¼ 5:766 469

and so

var½S15� ¼ 5:766 469� ð2:396 544Þ2 ¼ 0:023

(c) By Eq. 12.2.5, E[SI5]¼ 1.0615¼ 2.3965. By Eq. 12.2.7, var
[SI5] ¼ (1.062 þ 0.0003)15 e 1.0630 ¼ 0.023.

(d) (i)
S15 < 2:15ln S15 < ln 2:1 ¼ 0:741 937:

Since ln S15 has a normal distribution with mean 0.872
025 and standard deviation 0.063 28 (as found previ-
ously), the required probability is

F

�
0:741 937� 0:872 025

0:063 28

�
¼ Fð�2:0557Þ

Note that F(x) is used to denote the standard normal
distribution function. From standard tables, by interpol-
ation, we evaluate this probability as 0.0199.
(ii) S15 > 2.7 5 ln S15 > ln 2.7 ¼ 0.993 252. The

required probability is then

1� F

�
0:993 252� 0:872 025

0:063 28

�

¼ 1�Fð1:9157Þ ¼ 0:0277

28712.4 Simulation Techniques



number generator is that, from a statistical viewpoint, it is indistinguishable
from a sequence of values produced by a genuinely random process. For prac-
tical purposes, therefore, the pseudo-random values generated by a computer or
calculator may be considered as if they were, indeed, genuinely random
numbers. In what follows we use the term “random numbers” although tech-
nically they may only be pseudo-random.

The yield each year in Example 12.4.1 has expected value

j ¼ E½it � ¼ 1
3
ð0:02þ 0:04þ 0:06Þ ¼ 0:04 (12.4.1)

It follows from Eq. 12.2.12 that the accumulated amount of the fund (after
15 years) has mean value

m15 ¼ E½A15� ¼ €s15 at 4% ¼ 20:824533 (12.4.2)

The variance of the annual yield is

s2 ¼ E
��
it � j2

�� ¼ 1
3

�ð�0:02Þ2 þ 02 þ ð0:02Þ2� ¼ 8
3
10�4 (12.4.3)

The variance of the accumulated amount may be found from Eqs 12.2.10,
12.2.13 (with mn�1 ¼ €sn�1 at 4%), and 12.2.14. This gives the variance as

var½A15� ¼ 0:670 76 (12.4.4)

The standard deviation of the accumulated amount, s15 say, is

s15 ¼ ðvar½A15�Þ1=2 ¼ 0:819 00 (12.4.5)

EXAMPLE 12.4.1EXAMPLE 12.4.1

As a simple illustration of a simulation exercise, consider the
model of independent annual rates of return (as described in
Section 12.2) in relation to a fund for which the yield each
year will be 2%, 4%, or 6%, each of these values being equally
likely. Suppose that at the start of each year for 15 years, £1 is
paid into the account. To how much will the account accu-
mulate at the end of 15 years?

Solution
This question can be answered only with hindsight. At the
start of the 15-year period, all that can be said with certainty
is that the accumulated amount will lie between £17.6393

(i.e., €s15 at 2%) and £24.6725 (i.e., €s15 at 6%). The lower value
will occur only if in every year of the period the annual yield
is 2%. Likewise, the higher value will occur only if the yield
every year is 6%. Since each year there is a probability of
1/3 that the yield will be 2% and (by assumption) the yields
in different years are independent of one another, the proba-
bility that the yield will be 2% in every year of the period is
(1/3)15, which is less than 10e7. This shows how unlikely it
is that the accumulation will be the lowest possible value,
for example.
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How likely is it that the accumulated amount of the fund (after 15 years) will be
less than £19 or greater than £22.50? The answers to these, and similar, ques-
tions are of practical importance. Theoretically, exact answers are difficult to
obtain, but much valuable information may be obtained by simulation. This is
illustrated in the following scenario:

Suppose that we generate a sequence of 15 random numbers from the interval
[0,1], say {xi: i ¼ 1, 2, . . . , 15}. The value of xt is used to determine it, the yield
on the fund over year t, by the rule

it ¼

8>>>>>><
>>>>>>:

0:02 if 0 � xt < 1
3

0:04 if 1
3 � xt < 2

3 1 � t � 15

0:06 if 2
3 � xt � 1

(12.4.6)

Since xt is randomly chosen from the interval [0,1], Eq. 12.4.6 ensures that each
possible yield has probability 1/3 of being the actual yield in year t. The
accumulated amount A15 (calculated by Eq. 12.2.3), corresponding to the
sequence {xi: i ¼ 1, 2, . . . , 15} is then a fair realization of the experience of the
fund over one particular period of 15 years.

We may repeat this procedure many times. For each simulation we generate
a sequence of 15 random numbers from the interval [0, 1] and then calculate
the accumulated amount at the end of 15 years, using Eqs 12.4.6 and 12.2.3. By
studying the distribution of the large number of resulting accumulations, we
can gain valuable insights.

As an illustration, 10,000 simulations were carried out for the distribution of
A15. The sample mean of the resulting values was 20.82207, and the sample
standard deviation was 0.81597. The lowest accumulation was 18.1394, and
the greatest was 23.9657. The distribution of the values obtained by the
simulations is indicated in Table 12.4.1.

Table 12.4.1 Distribution of (A15 e m15)/s15 10,000 Simulations

Range e3 e2.5 e2.0 e1.5 e1.0 e0.5 0.0 0.5 1.0 1.5 2.0 2.5
< e3 to to to to to to to to to to to to � 3

e2.5 e2.0 e1.5 e1.0 e0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
Number of Values
in Range

1 22 165 462 930 1592 1914 1877 1463 880 446 171 59 18
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In Table 12.4.1, each of the intervals used to define the groupings are closed on
the left. The interval “e3 to e2.5” includes e3 but excludes e2.5.

EXAMPLE 12.4.4EXAMPLE 12.4.4

Using the data in Table 12.4.1, estimate a 95% confidence
interval for

(a) The probability that any one 15-year period will produce
an accumulated amount of less than £19,

(b) The probability that the accumulated fund will exceed
£22.50.

Solution
(a) In this case, 80 accumulations from the 10,000 simulations

produced an accumulated amount less than £19. This is
equivalent to a probability of p ¼ 80=10; 000 ¼ 0:008.
An estimate of the standard deviation is given byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞ

.
n

r
, where n ¼ 10,000, and the confidence

interval is

 
p � 1:96

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞ

.
n

r
; p þ 1:96

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞ

.
n

r !

¼ ð0:0063; 0:0097Þ

(b) In this case, 227 accumulations from the 10,000 simu-
lations produced an accumulated amount greater than
£22.50, leading to p ¼ 0:0227. The corresponding
approximate 95% confidence interval is then calculated
to be (0.0198, 0.0256).

Note that the standard deviation of the results will
decrease with n, leading to a narrower confidence
interval.

EXAMPLE 12.4.2

Compare the sample mean and sample standard deviation
resulting from the simulation to the values of m15 and s15.

Solution
These values have already been calculated previously (Eqs
12.4.2 and 12.4.5) as m15 ¼ 20.824533 and s15 ¼ 0.81900.

The simulated value of m15 is therefore within 0.01% of the
calculated value, and the simulation of s15 is within 0.38%.
The agreement between both values in each case is therefore
very good and could be improved yet further with more
simulations.

EXAMPLE 12.4.3EXAMPLE 12.4.3

Using the data in Table 12.4.1, state how many of the 10,000
simulations will produce

(a) Accumulations which lie between m15 and m15 þ 0.5s15,
(b) Accumulations which are greater than or equal to

m15 þ 3s15,
(c) Accumulations which are less than m15 e 3s15,
(d) Accumulations which are less than m15,
(e) Accumulations which are less than 19,
(f) Accumulations which are less than 22.5.

Solution
(a) 1,877 accumulations lay between m15 and m15 þ 0.5s15,
(b) 18 accumulations were greater than or equal to

m15 þ 3s15,
(c) 1 accumulation was less than m15 e 3s15,
(d) 5,086 accumulations were less than m15,
(e) 80 of the accumulations were less than 19,
(f) 227 of the accumulations were greater than 22.5.
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The preceding discussion and examples relate to one particular situation only,
but the underlying ideas are readily extended to more general situations. In
addition, more sophisticated simulation methods are available, for example to
generate random samples drawn from a population with a normal, log-normal,
or any other distribution.

12.5 RANDOM NUMBER GENERATION
The RND function on your calculator and RAND function in Excel, for example,
generate uniformly distributed random numbers on the domain [0,1], i.e.,
from theU[0,1] distribution. At this stage it is worth briefly considering how we
may simulate a more general random variable given only the ability to generate
these uniformly distributed random numbers.

Only a small number of techniques are described here.

Inverse Transform Method
Suppose that the random variable X takes values on the interval [a, b]. (If
a ¼ e N or b ¼ þ N, the interval is to be regarded as open or half-open, as
appropriate.) Suppose that f(x), the probability density function of X, is strictly
positive on the interior of the interval. Let F be the distribution function for X.
Therefore, for a � x � b,

FðxÞ ¼ probability fX � xg (12.5.1)

Clearly, F(a) ¼ 0 and F(b) ¼ 1. Since, by assumption, X has a strictly positive
density function, F is a strictly increasing function over the interval [a, b]. The
situation is illustrated in Figure 12.5.1.

If t is any real number in the interval [0, 1], there is a unique real number in the
interval [a, b], z(t) say, such that F[z(t)] ¼ t. Suppose that a is a given value in
the interval [a, b] and that t is chosen randomly from the interval [0, 1]. What is
the probability that z(t) will not exceed a?

Consideration of Figure 12.5.2 shows that z(t) will not exceed a if and only if 0�
t � F(a). Since, by hypothesis, t is chosen at random from the interval [0, 1],

probability fzðtÞ � ag¼ FðaÞ
¼ probability fX � ag (12.5.2)

This equation shows that z(t) may be regarded as a fair realization of the
random variable X. Therefore, provided that we are able to “invert” the distri-
bution function F (i.e., solve the equation F(x) ¼ t) by generating random
numbers from the interval [0, 1], we may simulate the random variable with
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distribution function F(x). This is the inverse transform method for generating
random numbers from a general distribution.

The inverse transform method for generating a sequence of random numbers
{xi} from a distribution function F is easily stated in the following algorithm:

1. Generate a random number ti from the uniform distribution U [0, 1];
2. Return xi ¼ F�1ðtiÞ;
3. i ¼ iþ 1;
4. Go to step 1.

The main disadvantage of the inverse transform method is the need for either
an explicit expression for the inverse of the distribution function, F�1ðyÞ, or
a numerical method to solve y ¼ FðxÞ for an unknown x. This means that the
method cannot be used for particular distributions where the explicit expres-
sion does not exist, and the computation (e.g., using the NewtoneRaphson
method discussed in Appendix 2) is too computationally expensive. For
example, to generate a random number from the standard normal distribution
using the inverse transform method requires the inverse of the distribution
function

FIGURE 12.5.1
y ¼ F(x)
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FðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Zx

�N

e�t2=2dt

Since no explicit solution to the equation can be found in this case, numerical
methods must be incorporated into the inverse transform method.

Other methods for generating random samples from a general distribution
exist which do not require the manipulation of the distribution function, for
example the acceptance-rejection method. Using this method is one way to avoid
the problems with the inverse transformmethod. However, a better alternative
might be to use a method designed explicitly for generating normally
distributed random numbers if such randomly distributed numbers are
required. Examples of these methods include the BoxeMuller algorithm and
the Polar algorithm. A justification of these methods is beyond the scope of this
book, but we state the algorithms for reference.

EXAMPLE 12.5.1

Consider a non-negative random variable with exponential
probability density function

f ðxÞ ¼ 2e�2x x � 0

Show how to simulate the drawing of a random sample from
this distribution and generate five random numbers from it.

Solution
Since

F
�
x
� ¼ Rx

o
f ðrÞdr

¼ Rx
o
2e�2rdr

¼ 1� e�2x

it follows that, if

F ½zðtÞ� ¼ t

then

1� e�2xðtÞ ¼ t

Hence,

zðtÞ ¼ �1
2
lnð1� tÞ

By generating a random number t from the interval [0, 1] and
using the last equation to find z(t), we may simulate the
sampling procedure very simply.

Using the RAND function in Excel, we can generate five
random numbers from U[0,1], {ti}, and apply the algorithm
stated previously. For example,

i ti zi
1 0.5529 0.4025

2 0.4299 0.2810

3 0.4304 0.2814

4 0.7646 0.7232

5 0.4682 0.3157
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The BoxeMuller Algorithm
A pair of independent random numbers ðz1; z2Þ from the standard normal
distribution [i.e., N (0, 1)] can be generated from two uniformly distributed
random numbers ðt1; t2Þ (i.e., U½0; 1�).

1. Generate two random numbers ti and ti þ 1 from the uniform distribution
U½0; 1�.

2. Return zi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�2ln ti

p
cosð2ptiþ1Þ and ziþ1 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�2ln ti

p
sinð2ptiþ1Þ.

3. i ¼ iþ 2.
4. Go to step 1.

The BoxeMuller method is easy to incorporate into a computer code; however,
it suffers from the disadvantage that the computation of sin and cos functions is
time-consuming. For this reason an alternative formulation of this method is
generally preferred when very large numbers of random numbers are required;
this alternative is called the Polar algorithm.

FIGURE 12.5.2
y ¼ F(x), showing F(a)
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The Polar Algorithm
The polar algorithm is very similar to the BoxeMuller method but is modified
through use of the acceptance-rejection method (not discussed here) to avoid
computation of the trigonometric functions.

As with the BoxeMuller method, the Polar method generates a pair of inde-
pendent random numbers from the standard normal distribution from two
uniformly distribution random numbers over [0,1].

1. Generate two random numbers ti and ti þ 1 from the uniform distribution
U½0; 1�.

2. Set v1 ¼ 2ti � 1, v2 ¼ 2tiþ1 � 1, and s ¼ v21 þ v22.
3. If s > 1, go to step 1.

Otherwise, return zi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ln s

s

r
v1 and ziþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ln s

s

r
v2.

4. i ¼ iþ 2.
5. Go to step 1.

EXAMPLE 12.5.2

Use the BoxeMuller and Polar algorithms to generate random
numbers from the N ð2; 4Þ distribution. You should use the
five pairs of U ð0; 1Þ random numbers.

Solution
For the purposes of demonstration, we use the same
uniformly distributed random variables {ti} for both algo-
rithms. These are generated from the RAND function in

Excel. The two algorithms will then produce {zi} from the
standard normal distribution from which we can generate
{xi ¼ 2þ2zi}.

Note that in this particular instance, the BoxeMuller method
produced ten random numbers xi (BM) but the Polar method
produced only eight xi (BM). This is a consequence of step 3
of the Polar algorithm.

i ti ti D 1 zi (BM) zi D 1 (BM) xi (BM) xi D 1 (BM)

1 0.3229 0.3858 e1.1329 0.9886 e0.2658 3.9773
3 0.8234 0.0221 0.6174 0.0864 3.2349 2.1728
5 0.3496 0.7289 e0.1913 e1.4371 1.6174 e0.8742
7 0.5124 0.8967 0.9213 e0.6991 3.8426 0.6019
9 0.7150 0.8118 0.3103 e0.7581 2.6205 0.4837
j ti tiþ 1 zi (P) zi þ 1 (P) xi (P) xi þ 1 (P)

1 0.3229 0.3858 e1.5625 e1.0075 e1.1249 e0.0149
3 0.8234 0.0221 N/A N/A N/A N/A
5 0.3496 0.7289 e0.8518 1.2967 0.2963 4.5935
7 0.5124 0.8967 0.0299 0.9607 2.0599 3.9214
9 0.7150 0.8118 0.5983 0.8678 3.1965 3.7356
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EXAMPLE 12.5.3

By adopting a particular investment strategy, a company
expects that on average the annual yield on its funds will
be 8%. However, the investment policy is one of compara-
tively high risk, and it is anticipated that the standard devia-
tion of the annual yield will be 7%. The yields in different
years can be assumed to be independently distributed.

(a) Find the expected value and the standard deviation of
the accumulated amount after 15 years of (i) a single
premium of £1,000 and (ii) a series of 15 annual
premiums, each of £1,000.

Assuming further that each year 1 þ i (where i is the annual
yield on the company’s funds) has a log-normal distribution,

(b) Calculate the probability that a single premium accu-
mulation will be (i) less than 60% of its expected value
and (ii) more than 150% of its expected value.

(c) Using simulation methods, estimate the corresponding
probabilities for an annual premium accumulation.

Solution
(a) In the notation previously used, we are given that

j ¼ E ½i� ¼ 0$08

and that
s ¼ ðvar½i�Þ1=2 ¼ 0:07

(i) The single premium accumulation has expected
value

1; 000E ½S15� ¼ 1;000ð1:08Þ15 ¼ £3;172:17

and standard deviation

1;000ðvar½S15�Þ1=2 ¼ £808:14

(These values are given by Eqs 12.2.5 and 12.2.7,
respectively.)

(ii) The annual premium accumulation has expected
value

1;000E ½A15� ¼ 1;000€s15 at 8% ¼ £29;324:28

and standard deviation

1;000ðvar½A15�Þ1=2 ¼ £5;080:29

(The last value is obtained using Eq. 12.2.14.)

The relative magnitudes of these values should be
noted. For example, in the case of a single premium
accumulation, the standard deviation is some 25% of
the expected value. This is a reflection of the wide range
of possible yields each year and the corresponding
spread of possible accumulations.

(b) We now assume that each year ln(1 þ it) has
a normal distribution. We are given that E[it]¼ 0.08
and var [it] ¼ 0.072. It is easily shown that this
implies that the normal distribution for ln(1 þ it)
has mean

m ¼ 0:074865

and standard deviation

s ¼ 0:064747

Our remarks in Section 12.3 show that ln(S15) has
a normal distribution with mean m0 ¼ 15 m ¼ 1.1229
75 and standard deviation s0 ¼ s

ffiffiffiffiffi
15

p ¼ 0:250 764.

(i) Let F denote the distribution function of
a standard normal random variable. Note that
0.6 E[S15] ¼ 1.903 30. Since S15 < 1.903 30 if
and only if ln(S15) < 0.643 589, it follows that

probability ðS15 < 0:6E ½S15�Þ ¼ F

�
0:643 589� m0

s0

�

¼ Fð�1:91170Þ
¼ 0:028

(ii) Similarly, since ln (1.5 E[S15]) ¼ ln (4.758 25) ¼
1.559880, it follows that

probabilityðS15 > 1:5E ½S15�Þ ¼ 1�F

�
1:559880� u0

s0

�

¼ 1� Fð1:742 29Þ
¼ 0:041

(c) In order to estimate the corresponding probabili-
ties for the annual premium accumulation, we use
simulation. Having found the values of m and s, we
may readily simulate the accumulation using
either the BoxeMuller or Polar algorithm, for
example. The yield in the tth year is determined by
generating a value, xt say, drawn randomly from
a normal distribution with mean m and standard
deviation s, and letting

Continued

296 CHAPTER 12: An Introduction to Stochastic Interest Rate Models



Note that the scaling property of the normal distributionmeans that any standard
normally distributed random number generated from these methods, zi [i.e.,
from zwNð0; 1Þ], is easily transformed to a normally distributed random number,
xi [i.e., from XwNðm; s2Þ, via xi ¼ mþ szi. This was used in Example 12.5.2.

12.6 DEPENDENT ANNUAL RATES OF RETURN
So far we have discussed stochastic interest rate models in which the yields in
distinct years are independent of each other. In Section 12.4, using simulations,
we gave illustrations of such models. Another area in which simulation tech-
niques are particularly useful is models for which the yields in distinct years are
not independent. In such models the yield in any one year, although containing
a “random” component, depends in some clearly defined manner on the yields
in previous years.

EXAMPLE 12.5.3 (cont'd)

lnð1þ it Þ ¼ xt

or

1þ it ¼ ext

The outcome of the simulation of the annual premium
accumulation is summarized in Table 12.5.1, in which
we denote the expected value and standard deviation
of the accumulation (as calculated previously) by m15

and s15, respectively.

The spread of the distribution should be noted. A total of 5,379
accumulations were less than the expected value. This is
a reflection of the fact that more than one half of a log-normal

distribution lies below its mean. Therefore, each year the yield
was more likely to be less than 8% than to exceed 8%. The
smallest accumulation was 16.0604, and the greatest was
54.1707. The smallest accumulation corresponds to an effective
yield over the 15-year period of only 0.85% per annum. For the
largest accumulation, the effective annual yield is 14.89%.

Note that 0.6E [A15] ¼ 17.5946 and 1.5E[A15] ¼ 43.9864. Of
the 10,000 simulations, 15 had A15 < 17.5946 and 69 had
A15 > 43.9864. Accordingly, we estimate the probability
that the accumulation will be less than 60% of its expected
value to be approximately 0.0015. [A 95% confidence interval
for the probability is (0.0007, 0.0023).] Similarly, we estimate
the probability that the accumulation will exceed its
expected value by more than 50% to be 0.0069 [with a corre-
sponding 95% confidence interval (0.0053, 0.0085)].

Table 12.5.1 Distribution of (A15 e m15)/s15 for 10 000 Annual Premium Accumulations

Range e3 e2.5 e2.0 e1.5 e1.0 e0.5 0.0 0.5 1.0 1.5 2.0 2.5
< e3 to to to to to to to to to to to to � 3

e2.5 e2.0 e1.5 e1.0 e0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
Number
of Values
in Range

0 4 77 401 1058 1839 2000 1797 1223 833 424 203 82 59

29712.6 Dependent Annual Rates of Return



There exists a wide range of possible models which provide for some measure
of interdependence of the annual yields in different years. A full discussion of
such models is beyond the scope of this book, but, as the consequences of some
form of dependence may be financially very significant, it is worth briefly
considering an elementary example.

In the most simple form of dependent stochastic interest rate model, the yield
in any one year is determined by (a) the yield in the preceding year and (b)
a random component. For example, the model might anticipate that, if the
yield in a particular year is relatively high, then (because the relevant under-
lying economic and market factors may continue) the yield in the following
year is likely to be higher than would otherwise be the case.

For the independent log-normal model discussed in Section 12.3, we assume
that, for each value of t, ln(1 þ it) (where it is the yield in year t) has a normal
distribution with specified mean m and variance s2. One way of retaining a log-
normal model while also allowing for some form of interdependence in the
yields is provided by assuming that ln(1 þ it) has a normal distribution with
constant variance s2 and mean

mt ¼ mþ k½lnð1þ it�1Þ � m� (12.6.1)

where k is some positive constant.

By varying the value of k, we can allow for different levels of dependence
between the yields in successive years. If k ¼ 0, the model is simply the inde-
pendent one. If k ¼ 1, then mt ¼ ln(1 þ it e 1) and the normal distribution for
ln(1 þ it) is centered on ln(1 þ it e 1). For 0 < k < 1 the model reflects an
intermediate position. The greater the value of k, the greater the influence of the
yield in 1 year on the determination of the yield in the succeeding year.

In the independent uniform model, we assume that each year the distribution of
the yield is uniform over a specified interval [m e d, m þ d] (see Example
12.2.4). We may readily extend this model to allow for dependence in the
annual yields by assuming that the distribution for it is uniform over the
interval [mt e d, mt þ d], where

mt ¼ mþ kðit�1 � mÞ (12.6.2)

and m, d, and k are specified constants, and 0 � k � 1.

For this model the constant k is particularly simple to interpret. Each year the
distribution for the yield is uniform over an interval of fixed length 2d. The
mean of the distribution for it is determined by linear interpolation (specified
by the value of k) between it e 1 and m. For example, if k ¼ 0.5, the distribution
for it is over an interval centred on a point midway between it e 1 and m. When
k> 0, the model implies that, if it e 1 > m, then it is more likely to exceed m than
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to be less than m and, if it e 1 < m, then it is more likely to be less than m than to
exceed m.

As k increases from 0 to 1 in this dependent uniform model, there is greater
dependence between the yields in successive years. This is reflected in an
increasing spread in the distribution of both annual and single premium
accumulations. This is illustrated by Example 12.6.1.

EXAMPLE 12.6.1

In order to assess the potential cost of certain minimum guar-
antees contained in its “special growth fund” savings poli-
cies, a company wishes to consider the likely future
accumulation of its investments on the assumption that the
distribution of it, the yield on the fund in year t, will be
uniform over the interval [mt e 0.03, mt þ 0.03], where

mt ¼ 0:06þ kðit�1 � 0:06Þ (1)

and k is a specified constant. For the year just ended, the
yield on special growth fund was 6%.

Estimate by simulation, for k ¼ 0, 0.2, 0.4, 0.4, 0.8, and 1, the
mean value, and the standard deviation of the accumulation
in the special growth fund of 15 premiums of £1, payable
annually in advance, the first premium being due now. Esti-
mate also the upper and lower 5% and 10% points for the
accumulation, and find the yields corresponding to these
extreme values. Assume that expenses can be ignored.

Solution
Note that, since in the year just ended the yield on the special
growth fund was 6% (i.e., i0 ¼ 0.06), it follows from Eq. 1 that
for the first year of the accumulation period, the distribution of
the yield will be uniform over the interval [0.03, 0.09]. The
second year’s yield will depend on i1 and k. For example, if
k¼ 0.5 and i1¼ 0.04, then the distribution of i2 will be uniform
over the interval [0.02, 0.08].

Note also that, if k ¼ 0, then each year the distribution of the
yield is uniform over the interval [0.03, 0.09], and we may
apply the results of Section 12.3. The reader should verify
that in this case the accumulation has mean value 24.673
and standard deviation 1.040.

For any given value of k, it is simple to simulate the accumu-
lation by generating a sequence of 15 random numbers from
the interval [0, 1], say {xi:i ¼ 1, 2, . . . , 15}, and proceeding as
indicated next.

Each year the distribution of the yield is uniform over an
interval of length 0.06. The yield in the first year, i1, is
obtained as

i1 ¼ 0:03þ 0:06x1

For t � 2, we determine it by (a) calculating mt from Eq. 1 and
(b) defining

i ¼ mt � 0:03þ 0:06x1

In this way the sequence of random numbers {xi} determines
the yields for each year of the period. The final accumulation,
A15, is calculated from Eq. 12.2.3. For each of the given values
of k, we carried out 10,000 simulations. Our results are
summarized in Table 12.6.1, which gives the mean value
and the standard deviation of the resulting accumulations
and also the upper and lower 5% and 10% points for the
resulting distributions.

Therefore, for example, when k ¼ 0.6, the mean value of the
accumulations was 24.774 and the standard deviation was
2.373. A total of 5% of the accumulations were less than
21.077, and 10% were less than 21.80; 10% of the accumula-
tions exceeded 27.908, and 5% exceeded 28.901. Equiva-
lently, we may say that the mean accumulation
corresponded to an effective yield over the completed trans-
action of 6.05% per annum. Some 5% of the accumulations
resulted in an effective yield over the completed transaction
of less than 4.14% per annum, while 5% of the accumulations
produced an overall effective yield of at least 7.83% per
annum.

For each value of k, Table 12.6.2 shows the effective annual
yield on the completed transaction for the mean accumula-
tion and for each of the “tail” values given in Table 12.6.1.
For values of k less than 0.6, the mean values of the accumu-
lation are very similar. However, for larger values of k, there is
a marked increase in the mean value. In the extreme case,
when k ¼ 1, the mean accumulation is some 9.6% greater

Continued
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EXAMPLE 12.6.1 (cont'd)

than in the independent case, k ¼ 0. Note also that, as k
increases, the range of values of the accumulation becomes
wider. When k ¼ 0, some 90% of the values lie between
23.000 and 26.412, a relative difference of 14.8%. When k ¼
0.6, the corresponding quantiles are 21.077 and 28.901,
with a relative difference of 37.1%.

Suppose that the special growth fund policies were such that
the policyholder received the accumulated amount of his
premiums, with the proviso that there would be a minimum
return of 4% per annum effective. The simulation results
enable the costs of such guarantees to be assessed. (Note

that a separate “guarantee fund” must be provided to meet
these liabilities.) The simulation results show that, when k
¼ 0.6, the expected amount to be paid from the guarantee
fund is of the order of 1.5p per £1 annual premium. This figure
is relatively small, since the probability that a policy will
require supplementation from the guarantee fund is approx-
imately 0.01. Of the 10,000 simulations, 114 produced accu-
mulations less than €s15 at 4% (i.e., 20.8243). For these 114
policies, the average “shortfall” in the accumulation was
£1.36 per £1 annual premium.

Table 12.6.2 Overall Effective Annual Yield Per Cent Corresponding to Values Given in
Table 12.6.1

Dependency Constant
Yield for Mean
Accumulation

Yield for Lower Tail Yield for Upper Tail

5% 10% 10% 5%

0.0 6.00 5.18 5.36 6.63 6.79
0.2 6.00 5.01 5.22 6.75 6.97
0.4 6.02 4.67 4.98 7.01 7.29
0.6 6.05 4.14 4.55 7.43 7.83
0.8 6.15 2.72 3.47 8.50 9.15
1.0 7.07 e2.23 e0.42 12.16 13.83

Table 12.6.1 Dependent Uniform Model; m ¼ 0.06, d ¼ 0.03, i0 ¼ 0.06; Term 15 years;
Annual Premium £1; 10,000 Simulations for Each Value of the Dependency Constant k

Dependency
Constant

Mean
Accumulation

Standard Deviation
of Accumulation

Lower Tail for
Accumulation

Upper Tail for
Accumulation

5% 10% 10% 5%

0.0 24.679 1.037 23.000 23.352 26.036 26.412
0.2 24.673 1.264 22.669 23.078 26.320 26.828
0.4 24.724 1.667 22.040 22.622 26.905 27.579
0.6 24.774 2.373 21.077 21.809 27.908 28.901
0.8 24.990 4.205 18.712 19.929 30.634 32.432
1.0 27.044 11.549 12.587 14.502 42.366 49.237
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12.7 AN INTRODUCTION TO THE APPLICATION
OF BROWNIAN MOTION
In this section we briefly indicate how the theory of one-dimensional random
walks with small steps may be used to help describe the progress of a single
premium investment. As in the case of some other topics, the results of the
theory may not always be directly applicable to practical problems, but they
give a starting point for further discussion. We then briefly consider the
applications of such walks to other financial problems.

Consider a random walk beginning at the origin and moving with independent
steps of length d at the rate of r steps per annum. At each of the times 0, 1/r, 2/r,
., (measured in years), the probability of an upward movement is p and that
of a downward movement is 1 e p. Consider the distribution of the position
X(t) of the random walk at time t when d becomes small in such a way that
(2pe 1)dr approaches a constant m and d2r approaches a constant s2. Note that
these conditions imply that p tends to 1/2 and r tends to infinity. X(t) may then
be considered to describe a Brownian motion with drift m and variance s2.

Brownian motion is named after the nineteenth-century botanist Robert
Brown, who observed the random movement of pollen particles in water. The
link to Brown’s work is made because the path of a two-dimensional Brownian
motion process bears a resemblance to the track of a pollen particle.

The distribution of X(t) may be shown to be approximately normal with mean
mt and variance s2t. Further, the probability that, at some time in the first n years,
X(t) falls below the value ex (where x > 0) may be shown to be approximately
equal to

Pn ¼ x

s
ffiffiffiffiffiffi
2p

p
Zn
o

exp

"
�
�
mt þ x

�2�
2s2t

#
t�3=2dt

¼ F

��x� mn

s
ffiffiffiffiffiffi
2p

p
�
þ exp

��2mx
s2

�
F

��xþ mn
s
ffiffiffi
n

p
� (12.7.1)

where F(x) denotes the standard normal distribution function. Hence, the
probability that X(t) will never fall below ex is

1� PN ¼
8<
:

0 if m � 0

1� exp
�
12xm
s2

�
if m > 0

(12.7.2)

Stochastic processes based on Brownian motion are fundamental to financial
mathematics and can, in principle, be incorporated into the models for the
prices of underlying assets. Indeed, Bachelier used Brownian motion to model
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the movements of the Paris stock exchange index around 1900. However, the
disadvantage of using Brownian motion to model asset prices is that there is
a significant probability that the pricing model will report negative values. No
matter how successful Brownian motion can be modeling market prices in the
short term, it is therefore of no use in the long run. For example, if the path
shown in Figure 12.7.1 were to be used to model the price of coffee at particular
discrete time intervals, the model clearly predicts a period of negative price.
Negative prices have no meaning in most commodity and stock valuations.

With this in mind, one can build models within which the log-price is given
by a Brownian motion process. Taking exponentials of a Brownian motion
process leads to a geometric Brownian motion process that naturally takes non-
negative values. Such models are clearly related to the log-normal distribu-
tions discussed in Section 12.3. In particular, geometric Brownian motion
is log-normally distributed with parameters m and s2. Such a process is used
in the BlackeScholes formulation for option pricing, as discussed in Section
11.5.

FIGURE 12.7.1
Possible path of X(t) showing Brownian motion

302 CHAPTER 12: An Introduction to Stochastic Interest Rate Models



An application of these theoretical results to financial questions is as follows.
Let X(t) denote the logarithm of the proceeds at time t years of a single
premium investment of 1 at time t ¼ 0. Under idealized conditions, X(t) may
be considered to follow a Brownian motion with drift m and variance s2, where
m and s2 are the mean and variance, respectively, of the logarithm of the growth
rates in any given year. In addition, the logarithms of the growth rates in years
1, 2,., n, respectively, are independent, identical, normally distributed vari-
ables, so that we obtain the mathematical model described in Section 12.3.
However, Eq. 12.7.1 allows us to compute the probability that, at some time
during the first n years, the proceeds of the investment will fall below a specified
level. This may be important in that guarantees may be given by a life office
issuing a policy that the proceeds of the investment will not fall below a certain
figure. Also, the Brownian motion model may be used to help to determine the
risk that certain share prices (which may sometimes be regarded as describing
a Brownian motion) will, within a given time, fall below a fixed value (at
which, perhaps, certain options may be exercised).

Similar calculations may be applied when the “barrier”, or minimum level of
proceeds, is of the form A(1 þ j)t per unit invested, where j is a fixed escalation
rate. In this case one may work in terms of “escalating” units of currency, the
rate of escalation being j per annum. In terms of these units of currency, X(t)
has drift me ln(1þ j) and variance s2, and the probability that the proceeds fall
below the “barrier” level may be calculated as before. The technique is illus-
trated in Example 12.7.2.

EXAMPLE 12.7.1EXAMPLE 12.7.1

A single premium investment of £10,000 may be supposed to
be such that the logarithm of the proceeds at time t per £1
initial investment follows a Brownian motion with m ¼
0.045 and s ¼ 0.10. Find the probability that, at some point
in the next 15 years, the proceeds of this investment will be
less than £8,000.

Solution
Let

X ðtÞ ¼ ln½ðproceeds of investments at time tÞ=10; 000�

Note that the proceeds of the investment at time t are less
than £8,000 if and only if X(t) < ln(0.8) ¼ e0.223 14. We are
required to find the probability that at some point in the
next 15 years X(t) < e0.223 14.

By Eq. 12.7.1, this probability is

P15 ¼ F

��0:223 14� ð0:045� 15Þ
0:1O15

	

þ0:134 22F
��0:223 14þ ð0:045� 15Þ

0:1O15

	

¼ Fð�2:319Þ þ 0:134 22Fð1:167Þ
¼ 0:0102þ 0:1179 ¼ 0:1281

Note that 1 e PN, the probability that the proceeds of this
investment will never fall below £8,000 is, by Eq. 12.7.2,

1� exp

"
� 2� 0:223 14� 0:045

ð0:1Þ2
#

¼ 0:8658

A possible path taken by X(t) is illustrated in Figure 12.7.1.
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SUMMARY
n In practice the assumption of deterministic interest rates used throughout

this book is restrictive, and it may be necessary to introduce probabilistic
distributions.

n A sensible first step towards a general stochastic model is to assume that
interest rates in each subinterval of time (for example, a year) are independent
and identically distributed. The advantage of this assumption is that explicit
analytical expressions for the moments of the accumulation of a single and
a series of payments can be obtained.

n The log-normal distribution is an important distribution for stochastic
models of interest rates and other financial quantities. It has the advantages
of being mathematically tractable and not permitting negative values.

n For more complicated stochastic models, analytical progress cannot be
made, and computational simulation techniques are required. Fundamental
to these are the generation of pseudo-random numbers from particular
distributions. Various algorithms are available to generate these numbers.

EXERCISES

12.1 The rate of interest is a random variable that is distributed with mean
0.07 and variance 0.016 in each of the next 10 years. The value taken by
the rate of interest in any one year is independent of its value in any other
year. Deriving all necessary formulae, calculate
(a) The expected accumulation at the end of 10 years, if one unit is

invested at the beginning of 10 years,
(b) The variance of the accumulation at the end of 10 years, if one unit is

invested at the beginning of 10 years,

EXAMPLE 12.7.2EXAMPLE 12.7.2

Suppose that a single premium investment of £1 is such that
the logarithm of the proceeds at time t describes a Brownian
motion with m ¼ 0.07 and s ¼ 0.1395. Find the probability
that at some point within the next 10 years the proceeds
will fall below (0.75) � (1.04)t, where t is the time in years
from the present.

Solution
Work in monetary units which escalate at 4% per annum
compound. Then X(t), the logarithm of the proceeds at time
t, describes a Brownian motion with drift 0.07 e ln(1.04) ¼
0.030 78 and variance (0.1395)2. We require to find the

probability that X(t) falls below ln(0.75) ¼ e0.287 68 at
some point in the next 10 years. By Eq. 12.7.1, this is

P10 ¼ F

��0:287 68� 0:3078
0:1395O10

�

þexp

"
�2� 0:030 78� 0:287 68

ð0:1395Þ2
#

F

��0:287 68þ 0:3078
0:1395O10

�

¼ Fð�1:350Þ þ 0:4025� Fð0:0456Þ ¼ 0:2971
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(c) Explain how your answers in (a) and (b) would differ if 1,000 units
had been invested.

12.2 A total of £80,000 is invested in a bank account which pays interest at the
end of each year. Interest is always reinvested in the account. The rate of
interest is determined at the beginning of each year and remains
unchanged until the beginning of the next year. The rate of interest
applicable in any one year is independent of the rate applicable in any
other year.
During the first year, the annual effective rate of interest will be one of 4%,
6%, or 8% with equal probability. During the second year, the annual
effective rate of interest will be either 7%with probability 0.75 or 5%with
probability 0.25. During the third year, the annual effective rate of interest
will be either 6% with probability 0.7 or 4% with probability 0.3.
(a) Derive the expected accumulated amount in the bank account at the

end of 3 years.
(b) Derive the variance of the accumulated amount in the bank account

at the end of 3 years.
(c) Calculate the probability that the accumulated amount in the bank

account is more than £97,000 at the end of 3 years.
12.3 The annual returns, i, on a fund are independent and identically

distributed. Each year, the distribution of 1 þ i is log-normal with
parameters m ¼ 0.05 and s2 ¼ 0.004, where i denotes the annual return
on the fund.
(a) Calculate the expected accumulation in 25 years’ time if £3,000 is

invested in the fund at the beginning of each of the next 25 years.
(b) Calculate the probability that the accumulation of a single

investment of £1 will be greater than its expected value 20 years
later.

12.4 A capital redemption policy has just been issued with premiums
payable annually in advance throughout the duration of the policy.
The term of the policy is 20 years, and the sum assured is £10,000. The
premiums will be invested in a fund which earns interest at a constant
effective annual rate throughout the duration of the policy. This rate will be
3%, 6%, or 9%, each of these values being equally likely. There are no
expenses.
(a) Find the expected value of the annual rate of interest. What would

the annual premium be if it were calculated on the basis of this
mean rate of interest?

(b) Let P be the annual premium.
(i) Find, in terms of P, the expected value of the accumulated

profit on the policy at the maturity date. For what value of P is
this expected value zero? What is the value of this expected
value if P is as calculated in (a)?
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(ii) Find, in terms of P, the expected value of the net present value
of the policy immediately after it is effected. For what value of
P is this expected value zero? What is the value of this expected
value if P is as calculated in (a)?

12.5 The yields on a company’s funds in different years are independently and
identically distributed. Consider a single premium capital redemption
policy with a term of 10 years and sum assured £1,000. Let P be the single
premium for the policy and let i be the random variable denoting the
yield in any given year. Expenses may be ignored.
(a) (i) Show that the expected value of the accumulated profit on the

policy at the maturity date is

Pð1þ E½i�Þ10 � 1;000 (1)

and find an expression (in terms of P) for the standard devi-
ation of the accumulated profit.

(ii) Show that the expected value of the net present value of the
policy immediately after it is effected is

P � 1;000
�
E

�
1

1þ i

	�10

(2)

Show further that the standard deviation of the net present
value is

1;000

( 
E

"
1

ð1þ iÞ2
#!10

�
�
E

�
1

1þ i

	�20
)1=2

(b) For each of the three models for the distribution of i described
below, find the value of P for which the expected value of the
accumulated profit at the maturity date is zero and, using this value
of P, calculate the standard deviation of the accumulated profit. For
each model, find also the value of P for which the expected value of
the net present value of the policy immediately after issue is zero,
and calculate the standard deviation of the net present value.

Model I i takes each of the values 0.02, 0.04, and 0.06 with equal
probability.

Model II i has a uniform distribution over the interval
[0.02, 0.06].

Model III i has a triangular distribution over the interval
[0.02, 0.06].

Compare your answers for the different models.
12.6 The yield i on a company’s funds in any year is equally likely to be 3%,

6%, or 9%. Yields in different years are independent.

306 CHAPTER 12: An Introduction to Stochastic Interest Rate Models



(a) Show that E[i] ¼ 0.06 and that var[i] ¼ 0.0006.
(b) Hence, or otherwise, derive expressions for E[Sn] and var[Sn], the

expected value and the variance of the accumulation of a single
premium of £1 over a period of n years. Find the mean and standard
deviation of Sn for n ¼ 5, 10, 15, and 20.

(c) Let An be the random variable representing the accumulation over n
years of n annual premiums of £1. Write down an expression for
E[An]. Find, for n ¼ 1, 2, ., 15, the standard deviation of An.

(d) For n ¼ 5, 10, and 15, find the value of (standard deviation
[An])/E[An] and comment on your answers.

12.7 Each year the yield on a company’s funds is either 2%, 4%, or 7% with
corresponding probabilities 0.3, 0.5, and 0.2, respectively. Yields in
different years are independent.
(a) Find the mean value and standard deviation of the accumulation of

a single premium of £1,000 over a period of 15 years. Using
simulation, estimate the probability that the accumulation will be
(i) less than £1,600 and (ii) more than £2,000. Give 95% confidence
intervals for each probability.

(b) Find the mean value and standard deviation of the accumulation of
15 annual premiums, each of £100. By simulation, or otherwise,
estimate the probability that this accumulation will be (i) less than
£1,900 and (ii) more than £2,300. Give 95% confidence intervals
for each probability.

12.8 The yields on a company’s fund in different years are independently and
identically distributed. Each year the distribution of (1þ i) is log-normal
with parameters m and s2. Let Vn be the random variable denoting the
present value of £1 due at the end of n years.
(a) Show that Vn has a log-normal distribution and find the parameters

of the distribution.
(b) Assuming further that each year the yield has mean value 0.08 and

standard deviation 0.05, find, for n¼ 5, 10, 15, and 20, the expected
value and the standard deviation of the present value of £1,000 due
at the end of n years.

12.9 Let

X ¼ X1 þ X2 þ X3

3

where X1, X2, and X3 are independent random variables, each having a uniform
distribution over the interval [0, 1].

(a) Find the mean and standard deviation of X.
(b) By computationally generating three random numbers on the unit

interval, estimate the probability that
(i) X � 1/4;
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(ii) X � 0.8;
(iii) 1/3 � X � 2/3;
(iv) 0.3 � X � 0.4.

(c) Again, by simulation, estimate the value of t for which
(i) The probability that X � t is 0.05;
(ii) The probability that X � t is 0.01;
(iii) The probability that X � t is 0.25.
Note that it is, in fact, quite simple to give exact answers to the
preceding questions (The answers are included in the solutions for
this exercise.) The purpose of the exercise is to give the reader an
elementary introduction to simulation. The reader should carry out
the simulation exercise twice, firstly with a relatively small number
of simulations (e.g., 100), and secondly with a considerably greater
number. Note the difference between the estimated values and the
true values in each case.
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Appendix 1: Theorem Proofs

PROOF OF THEOREM 2.4.1
Theorem
If d(t) and A(t0, t) are continuous functions of t for t � t0, and the principle of
consistency holds, then, for t0 � t1 � t2,

Aðt1; t2Þ ¼ exp

� Zt2
t1

dðtÞdt

�

Proof
Suppose that t1 and t2 are given with t0 � t1 � t2. For t � t0, let f(t) ¼ A(t0, t).
Note that f is continuous. For t � t0, we have

d ðtÞ ¼ lim
h/0þ

ih ðtÞ

¼ lim
h/0þ

Aðt; t þ hÞ � 1
h

ðby definitionÞ

¼ lim
h/0þ

Aðt0; tÞAðt; t þ hÞ � Aðt0; tÞ
hAðt0; tÞ

¼ 1
Aðt0; tÞ lim

h/0þ
Aðt0; t þ hÞ � Aðt0; tÞ

h
ðby principle of consistencyÞ

¼ 1
f ðtÞ lim

h/0þ
f ðt þ hÞ � f ðtÞ

h

¼ 1
f ðtÞ

�
f 0þðtÞ�

where f'+ denotes the right-sided derivative of f.
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The last equation may be written as

f 0þðtÞ ¼ f ðtÞ d ðtÞ
Since f and d are both continuous functions, so too is f’+. A continuous function
which has a continuous right-sided derivative is in fact differentiable, so that we
obtain

f 0ðtÞ ¼ f ðtÞd ðtÞ:
By using the integrating factor expf� R t

t0
d ðsÞdsg; we immediately obtain

f ðtÞ ¼ c exp

�Z t

t0

dðsÞds
�

(A.1.1)

where c is some constant.

Now the principle of consistency implies that

Aðt1; t2Þ ¼ Aðt0; t2Þ = Aðt0; t1Þ
¼ f ðt2Þ = f ðt1Þ ðby definiton of f ðtÞÞ

¼ exp

nZt2
t1

dðsÞds
�

(from Eq. A.1.1), as required.

PROOF OF THEOREM 3.2.1
Theorem
For any transaction in which all the negative net cash flows precede all the
positive net cash flows (or vice versa), the yield is well defined.

Proof
For such a transaction, we may assume without loss of generality that all the
negative net cash flows precede all the positive net cash flows. (If the opposite
holds, we simply multiply the equation of value by e 1 to revert to this situ-
ation.) There is then an index l (i.e., time shift of length l) such that the
equation of value Eq. 3.2.2 can be written as

��
a1e�dt1 þ a2e�dt2 þ/þ ale�dtl

	
þ�

alþ1e�dtlþ1 þ alþ2e�dtlþ2 þ/þ ane�dtn
	 ¼ 0

(A.1.2)
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where

t1 < t2 < / < tn (A.1.3)

and each ai > 0ð1 � i� n).

After multiplication by �edtl , Eq. A.1.2 becomes

gðdÞh g1ðdÞ � g2ðdÞ ¼ 0

where

g1ðdÞ ¼
Pl
r¼1

aredðtl�trÞ

g2ðdÞ ¼
Pn

r¼lþ1
are�dðtr�tlÞ

Since each ai is positive, the order condition of Eq. A.1.3 implies that g1 is an
increasing function of d and that g2 is a strictly decreasing function. Hence, g is
a strictly increasing function. Since lim

d/N
gðdÞ ¼ N and lim

d/�N
gðdÞ ¼ �N; it

follows that the equation of value has a unique root (which may be positive,
zero, or negative). This completes the proof of the theorem in the discrete case.
The proof when continuous cash flows are present follows similarly.
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Appendix 2: The Solution of Non-linear
Equations

The problem of finding the solution (or solutions) of a non-linear equation
occurs in many branches of mathematics. In compound interest problems,
such an equation is often in a polynomial form (but this is not necessarily
always the case).

Simple examples of non-linear equations are

6x4 � 3x� 1 ¼ 0 (A.2.1)

x� ln x� 2 ¼ 0 (A.2.2)

e�x � sin x ¼ 0 (A.2.3)

Such an equation may be considered abstractly in its general form as

f ðxÞ ¼ 0

Although we may not be able to determine the exact value of a solution of the
equation (i.e., the precise value of x such that f (x) ¼ 0), in practice we may be
able to estimate the value of x to any desired degree of accuracy. This means
that, given any very small positive number ε (such as 10e8), we can find
a number h such that j x e h j < ε. For practical purposes, h is then regarded as
a solution of the equation.

Special techniques exist for solving polynomial equations; however, the
methods which are most suitable in the more general case can be applied easily
to polynomial equations. Accordingly, we restrict our attention in this
appendix to three of the principal methods which may be applied to solve the
general non-linear equation.

Before one tries to find the root (or roots) of any equation, it is important to
confirm by as elementary methods as possible that the equation does, indeed,
have at least one root, thereby avoiding wasted time. In addition, one should
try to determine the number of roots and find some information about their
location.

In almost all practical problems, the function f will be continuous, and
henceforth we shall assume that this is so. (If f is not continuous, the equation 313
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f (x)¼ 0 may require more careful analysis.) If a< b and f (a) is of opposite sign
to f (b), there exists x with a < x < b such that f(x) ¼ 0. This well-known
property can be used in most cases to find an interval containing a solution of
the equation and leads naturally to one method for finding it.

BISECTION METHOD
Suppose that a0 < b0 and f(a0) f (b0) < 0. Put m ¼ (a0 + b0)/2. Then either

(a) f (a0) f (m) � 0, in which case there is a solution in the interval [a0, m]; or
(b) f (a0) f (m) > 0, in which case f (m) f (b0) < 0 so that there is a solution in

the interval [m, b0].

We have therefore determined an interval, [a1, b1] say, contained in the interval
[a0, b0] and one half its length, in which the solution lies. Repeating this
procedure, we may construct a series of nested intervals [ai, bi], each containing
the root, such that (bi e ai)¼ (b0 e a0)/2

i. By making i sufficiently large, we can
therefore find the solution to any desired degree of accuracy.

The principal advantage of the bisection method lies in the fact that, once an
interval has been found which contains a solution, then the method guarantees
that, provided we are willing to carry out a sufficient number of iterations, the
value of the solution may be found to any specified degree of accuracy. The
major drawback is that, if very high accuracy is required, the necessary number
of iterations may be large. With a modern computer, this may not be a serious
objection, but it is natural to seek faster methods.

In the following sections, we describe two further methods, both of which are
generally satisfactory in nearly all practical situations.

SECANT METHOD (ALSO KNOWN AS THE MODIFIED
REGULA FALSI METHOD)
A sequence {x0, x1, x2, .} is constructed in such a way that as n increases xn
tends to the desired solution. The values of x0 and x1 are chosen arbitrarily, but
in the neighbourhood of the solution. For n � 1, xn+1 is defined to be the
x-coordinate of the point of intersection of the x-axis and the line joining the
points ½xn�1; f ðxn�1Þ� and ½xn; f ðxnÞ� (see Figure A.2.1).

It is easily verified that

xnþ1 ¼ xn � f ðxnÞ xn � xn�1

f ðxnÞ � f ðxn�1Þ

¼ f ðxnÞxn�1 � f ðxn�1Þxn
f ðxnÞ � f ðxn�1Þ
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Given ε > 0, we continue the iteration until

f ðxn � εÞ f ðxn þ εÞ � 0

at which stage we know that xn is within ε of the solution.

NEWTONeRAPHSON METHOD
Finally, we consider a technique which gives theoretically faster convergence to
a solution than either of the two preceding methods, but which requires that we
are able to evaluate the derivative of f.

We try to construct a sequence {xn} which converges rapidly to the required
solution. Intuitively, the rationale for the method may be described as follows.

Suppose that xn is close to the solution so that j f (xn) j is small. We wish (xn + h)
to be a better approximation. If h is small,

FIGURE A.2.1
Secant method

f ðxn þ hÞx f ðxnÞ þ hf 0ðxnÞ
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Hence, if

h ¼ �f ðxnÞ =f 0ðxnÞ

it follows that f(xn + h)x0. Accordingly, we let

xnþ1 ¼ xn � f ðxnÞ =f 0ðxnÞ
and hope that the sequence defined (from a given starting point x0) converges.
If it does, the limit point x is a solution of the equation. The method is illus-
trated in Figure A.2.2.

The principal advantage of this method lies in its speed of convergence;
however, the choice of the initial point x0 may be of critical importance in the
search for a particular solution. A “bad” starting value may lead to a solution
other than that sought or even to a non-convergent sequence. Also, the
method does not produce a small interval containing the solution. Usually,
the iterative procedure is continued until jxnþ1 � xnj is “sufficiently small”. In
practice, this is generally an acceptable criterion, but is not entirely foolproof

FIGURE A.2.2
NewtoneRaphson method
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and, theoretically, an additional test (such as that described previously for the
secant method) should be applied.

Although the calculation of the derivative may be somewhat laborious and
extra care may be needed initially, the NewtoneRaphson method may produce
significant savings in time when many similar calculations are required.

EXERCISES
A.1 Find the negative solution of Eq. A.2.1.
A.2 Find all the real solutions of Eq. A.2.2.
A.3 Howmany real solutions does equation A.2.3 have? Find the two smallest

solutions.

Table A.2.1 Solution of 6x4 e 3x e 1 ¼ 0

Method of Solution

Accuracy*

ε [ 10L4
ε [ 10L8

Solution Number of Iterations Solution Number of Iterations

Bisection 0.8831 12 0.883 111 66 25
Secant 0.8831 5 0.883 111 66 7
NewtoneRaphson 0.8831 3 0.883 111 67 4

*The true root lies within ε of the value given.

EXAMPLE A.2.1EXAMPLE A.2.1

Find the positive solution of Eq. A.2.1 using the three
methods discussed.

Solution
Here we have

f ðxÞ ¼ 6x4 � 3x � 1

and

f 0ðxÞ ¼ 24
�
x3 � 1

8

�

Hence, f is a decreasing function for x < 1/2 and an
increasing function for x > 1/2. Also f (1/2) ¼ e 17/8. Since

f (x) is positive for large positive and large negative values
of x, it follows that the equation has two real solutions. By
our earlier remarks, we see that one solution lies in the
interval (e1, 0) and the other in the interval (1/2, 1). For the
bisection method, we put a0 ¼ 0.5, b0 ¼ 1; for the secant
method, we let x0 ¼ 0.5 and x1 ¼ 1; for the NewtoneRaphson
method, we let x0 ¼ 0.75.

The number of iterations required by each method depends
on the accuracy to which the solution is required. Our results
are summarized in Table A.2.1. The speed of convergence of
the three methods should be noted.
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SOLUTIONS
(To five significant figures.)

A.1 �0.31391.
A.2 0.15859, 3.1462.
A.3 An infinite number. 0.58853, 3.0964.
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Appendix 3: Solutions to Exercises

Below are detailed solutions to the exercises at the end of Chapters 2e12.

As explained in the text, there are often many ways to formulate the equation of
value for a particular cash-flow stream. Care has been taken to present the most
efficient formulation of each solution, although this may not be the most
intuitively obvious formulation. For this reason the expressions stated here may
not be the same as in your attempts. This does not necessarily mean that your
attempts are incorrect, and you should compare the numerical solutions, which,
of course, should be the same irrespective of the particular formulation used.

CHAPTER 2 EXERCISES
2.1 (a) Let the answer be t days; from the definition of simple interest,

we have

1;500ð1þ 0:05� t=365Þ ¼ 1;550

which is solved for t¼ 243.333 days.

(b) Let the answer be t days, such that

1;500e0:05ðt=365Þ ¼ 1;550

This is recast as 0.05 (t/365)¼ ln (1,550/1500), which is solved by
t¼ 239.366 days.

2.2 (a)

Að0; 5Þ ¼ e

R5
0

0:04dt
¼ e½0:04t�

5
0 ¼ e0:2 ¼ 1:22140

Að5; 10Þ ¼ e

R10
5

0:008tdt
¼ e½0:004t

2�105 ¼ e0:3 ¼ 1:34986

Að10; 12Þ ¼ e

R12
10

ð0:005tþ0:0003t2Þdt
¼ e½0:0025t

2þ0:0001t3�1210 ¼ e0:1828 ¼ 1:20057
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The required present value is then

¼ 1
Að0; 5ÞAð5; 10ÞAð10; 12Þ ¼

1
1:22140� 1:34986� 1:20057

¼ 1
1:97941

¼ 0:50520

(b) The equivalent effective annual rate is i, where ð1þ iÞ12 ¼ 1:97941,
so i ¼ 5:855%.

(c) The present value at time t¼ 0 is

¼
Z5
2

e�0:05t

 
e
�
Rt
0

0:04ds
!
dt ¼

Z5
2

e�0:05t�e�0:04t�dt

¼
Z5
2

e�0:09t dt ¼
�
e�0:09t

�0:09

�5
2
¼ e�0:18 � e�0:45

0:09
¼ 2:1960

2.3 Let time be measured in years from the beginning of the year.
ihðt0Þ ¼ the nominal rate of interest per annum

at time t0 on transactions of term h ¼
exp

" Zt0þh

t0

dðtÞdt
#
� 1

h

Now

dðtÞ ¼ 0:15� 0:03t for 0 � t � 1

so

Zt0þh

t0

dðtÞdt ¼ hd

�
t0 þ 1

2
h

�
¼ h

�
0:15� 0:03

�
t0 þ 1

2
h

��

When t0¼ 0, we obtain the following answers:

exp½hð0:15� 0:015hÞ� � 1
h

for h ¼ 1
4
;
1
12

;
1

365

Which gives (a) 0.148957, (b) 0.149676, and (c) 0.149990.
When t0¼ 1/2, we obtain the following answers:

exp½hð0:135� 0:015hÞ� � 1
h

for h ¼ 1
4
;
1
12

;
1

365
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which gives (a) 0.133427, (b) 0.134498, and (c) 0.134984.
Note that d(1/2)¼ 0.135.

2.4 For 0� t� 1, let F(t) denote the accumulation at time t of an investment of
1 at time 0. Note that F(1/2)¼ 20,596.21/20,000 and F(1)¼ 21,183.70/
20,000. Hence, ln F(1/2)¼ 0.029 375 and ln F(1)¼ 0.057 500.
By hypothesis, for 0� t� 1, d(t)¼ aþ bt. Hence,Z t

0

dðsÞds ¼ at þ 1
2
bt2

and so

lnFðtÞ ¼ at þ 1
2
bt2

Letting t¼ 0.5 in the last equation, we obtain

0:029375 ¼ 1
2
aþ 1

8
b

and, letting t¼ 1, we have
0:057500 ¼ aþ 1

2
b

These last two equations imply that a¼ 0.06 and b¼�0.005. Therefore,

dðtÞ ¼ 0:06� 0:005t

Also,

lnF
�
3
4

�
¼ 3

4
aþ 9

32
b ¼ 0:043594

from which it follows that F(3/4)¼ 1.044558. The accumulated amount
of the account at time 3/4 is 20,000 F(3/4), which equals £20,891.16.

2.5 Measure time in years from the present. We have

v
�
t
� ¼ vt ¼ ð1:08Þ�t for all t � 0

(a) Let X be the single payment at time 5. We must have

6;280v4 þ 8;460v7 þ 7;350v13 ¼ Xv5

from which we obtain X¼ £18,006.

(b) Let t be the appropriate future time. We find t from the equation

6;280v4 þ 8;460v7 þ 7;350v13 ¼ 22;090vt

from which we obtain t¼ 7.66 years.
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2.6 (a) We begin with

vðtÞ ¼ exp
�
�
Z t
0

dðsÞds
�

Now

Z t
0

dðsÞds ¼

8>><
>>:

0:08t for 0 � t � 5

0:1þ 0:06t for 5 � t � 10

0:3þ 0:04t for t � 10

Hence,

vðtÞ ¼

8>><
>>:

expð�0:08tÞ for 0 � t � 5

expð�0:1� 0:06tÞ for 5 � t � 10

expð�0:3� 0:04tÞ for t � 10

(b) (i) Let the single payment be denoted by S. The equation of value, at
the present time, is

600½vð0Þ þ vð1Þ þ/þ vð14Þ� ¼ Svð15Þ
Hence, we obtain

S ¼ 600
�
1þ e�0:08 þ/þ e�0:86

�
e�0:9 ðusing ðaÞÞ

S ¼ £14; 119:

(ii) Let A be the annual payment. The equation of value, at the
present time, is

600½vð0Þ þ vð1Þ þ/þ vð14Þ� ¼ A½vð15Þ þ vð16Þ þ/þ vð22Þ�
Hence,

A ¼ 600
�
1þ e�0:08 þ/þ e�0:86

�
ðe�0:9 þ e�0:94 þ/þ e�1:18Þ ðusing ðaÞÞ

¼ £2; 022
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2.7 (a) We have

vðtÞ¼ exp

"
�
Z t
0

dðsÞds
#

¼ exp

"
�
Z t
0

ae�bsds

#

¼ exp
ha
b

�
e�bt � 1

	i

(b) (i) Since d(0)¼ 0.1, a¼ 0.1, and d(10)/d(0)¼ e�10b¼ 0.5, we
find that b¼ 0.069315. Hence, the present value of the payments
is

1:000½vð1Þ þ vð2Þ þ vð3Þ þ vð4Þ� ¼ £3;205:43

(ii) We find d by solving the equation

1;000
�
e�d þ e�2d þ e�3d þ e�4d� ¼ 3;205:43

that is,

e�d þ e�2d þ e�3d þ e�4d ¼ 3:20543

By numerical methods (see Appendix 2), we obtain
d¼ 0.09063.

2.8 (a) We have

vðtÞ ¼ exp

"
�
Z t
0

dðyÞdy
#

¼ exp

"
�
Z t
0

�
r þ se�ry�dy

#

¼ exp
h
� rt þ s

r

�
e�rt � 1

�i

¼ exp
�
�s
r

	
exp
��rt

�
exp
�s
r
e�rt
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(b) (i) The present value of the payment stream is

1;000
Zn
0

vðtÞdt ¼ 1;000 exp
�
�s
r

	Zn
0

expð�rtÞexp
�s
r
e�rt

	
dt

¼ 1;000 exp
�
�s
r

	 �
� 1

s
exp
�s
r
e�rt

	�t¼n

t¼0

¼ 1;000 exp
�
�s
r

	 �
�1
s

� h
exp
�s
r
e�rn

	
� exp

�s
r

	i

¼ 1;000
s

n
1� exp

hs
r

�
e�rn � 1

�io

(ii) When we substitute n¼ 50, r¼ ln 1.01, and s¼ 0.03, the present
value is found to be £23,109.

CHAPTER 3 EXERCISES
3.1 We recognize that we have to compare the present values of a lump sum

and an annuity.
The present value of the annuity is

50;000 a20 ¼ 50;000
�
1� 1:06�20

0:06

�
¼ V573;496

The annuity plan is better by V73,496 in present value terms.

3.2 Recognize the problem as a deferred annuity of $10,000 per annum paid
for 4 years with the first payment at time t ¼ 3. The present value can
then be expressed as

10;000 2ja4 ¼ 10;000� v 2a4 ¼ 10;000� ð1:08Þ�2
�
1� 1:08�4

0:08

�

¼ $28;396:15

You should therefore set aside $28,396.15 today to cover the payments.
Note that an alternative, but equivalent, expression for the present value

is 10;000 3j€a4 .

3.3 Working in millions:
PV of liabilities ¼ 9þ 12v a1 at 9%

¼ 9þ 12v:
i
d
v

¼ 9þ 12� 0:917432 � 1:044354

¼ 19:54811
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3.4 (a) Working in thousands:
Outlay

PV ¼ 500þ 90a5 þ 10ðIaÞ5 at 11%

PV ¼ 500þ 90� 3:695897þ 10� 10:3199

¼ 935:8297

Income

PV ¼ 80
�
a1 þ 1:04v a1 þ ð1:04Þ2v2 a1 þ/ /þ ð1:04Þ24v24 a1

�
¼ 80a1 �

"
1� ð1:04vÞ25
1� ð1:04vÞ

#

where a1 ¼ i
d
$v ¼ 0:11

ln1:11
$

1
1:11

¼ 0:949589

and so PV ¼ 80� 0:949589 � 12:74554 ¼ 968:2421
The present value of the cost of further investment

¼ 300v15 ¼ 62:7013

PV of sale ¼ 700v25 ¼ 51:5257

Hence, NPV¼ 968.2421þ 51.5257 e 935.8297 e 62.7013¼
21.2368 (i.e., 21,237).

(b) If interest> 11%, then n decreases. The present value of both
income and outgo would then go down. However, the present value
of the outgo is dominated by initial outlay of £500k at time 0, which
is unaffected. Therefore, PV of income decreases by more than
decrease in PV of outgo, and the net present value would reduce
(and possibly become negative).

3.5 (a) The equations of value for each of the three savings plans, and the
corresponding yield per annum (i.e., solution of the equation of
value), are as follows:

(i) � 1,330þ 1,000(1þ i)3¼ 0, ix 0.0997 or 9.97%;
(ii) � 1,550þ 1,000(1þ i)5¼ 0, ix 0.0916 or 9.16%;
(iii) � 1,000(1þ i)4þ 425a4 ¼ 0, ix 0.0858 or 8.58%.

(b) Let this rate of interest per annum be i. We must have

1; 330ð1þ iÞ2 � 1; 550

Hence, i� 0.0795, i.e., at least 7.95%.
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(c) Let the rate of interest per annum used to calculate the amount of
the annuity-certain be i. Then i must be such that

1;550 � 425€a4 i

i.e.,

€aa i � 3:64706

i.e.,

a3 i � 2:64706

By interpolation between 6% and 7%, we find that a3 i ¼ 2.647 06
when ix 6.53%, so we require i to be at least 6.53%.

3.6 (a) The equation of value for plan (i) is
100€s10 i ¼ 1; 700

where i is the yield per annum. We therefore have

€s10 i ¼ 17

i.e., s11 i ¼ 18

By linear interpolation between 9% and 10%, we obtain ix 9.45%.
The equation of value for plan (ii) is

100€s15 i ¼ 3; 200

where i is yield per annum. We therefore have

€s15 ¼ 32

i.e.,

s16 ¼ 33

By linear interpolation between 8% and 9%, we obtain ix 9.00%.

(b) Let i be the minimum fixed rate of interest which will give the
desired proceeds. The equation of value, 15 years after the date on
which the first premium was paid, is

1;700ð1þ iÞ5 þ 100€s5 i � 3;200 ¼ 0:

By linear interpolation between 8% and 9%, we obtain ix 8.50%.
The fixed rate of interest must therefore be at least 8.50%.
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3.7 (a) Consider the purchase of an article with retail price £100. The cash
price is £70 or one may pay £75 in 6 months’ time. The effective rate
of discount per annum d is found by solving the equation

70 ¼ 75ð1� dÞ1=2

and so d¼ 0.1289 or 12.89%.
The effective annual rate of interest is

i ¼ d
1� d

¼ 0:1480 or 14:80%

(b) One may pay £72.50 in 3 months’ time instead of £70 now, so the
effective annual rate of discount d is found from the equation

70 ¼ 72:50ð1� dÞ1=4

which gives d¼ 0.1310 or 13.10%.
The new arrangement therefore offers a greater effective annual rate
of discount to cash purchasers.

3.8 (a) 5ja32 ¼ a37 � a5 ¼ 14:6908

€a62 ¼ 1� v62

d
¼ 23:7149

a62 ¼ 1� v62

d
¼ d

d
€a62 ¼ 23:2560

12j€a50 ¼ v12€a50 ¼ v12ð1þ a49 Þ ¼ 13:9544

s62 ¼ ð1þ iÞ62 � 1
i

¼ 259:451

€s61 ¼ s62 � 1 ¼ 258:451

ðI€aÞ62 ¼ €a62 � 62v62

d
¼ 474:905

5jðIaÞ20 ¼ v5ðIaÞ20 ¼ 102:867

ðIaÞ25 ¼ €a25 � 25v25

d
¼ 175:136

�
Ia
�
25 ¼ a25 � 25v25

d
¼ 167:117:
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(b) Since €a2n ¼ €an þ vn€an ¼ €an ð1þ vnÞ
we have

1þ vn ¼ 10:934563
7:029584

So

vn ¼ 0:555506

Hence,

€an ¼ 1� vn

d
¼ 1� 0:555506

d
¼ 7:029584

Hence d ¼ 0:063232 and i ¼ d=ð1� dÞ ¼ 0:0675 or 6:75%:

Therefore,

n ¼ ln vn

ln v
¼ lnð0:555 506Þ

lnð1� 0:063 232Þ ¼ 9:

3.9 (a) It is clear at once that the value of the annuity is

5€a6 þ 76j€a9 þ 1015j€a5
¼ 5€a6 þ 7ð€a15 � €a6 Þ þ 10ð€a20 � €a15 Þ

(i)

¼ 10€a20 � 3€a15 � 2€a6

¼ 10ð1þ a19 Þ � 3ð1þ a14 Þ � 2ð1þ a5 Þ
(ii)

¼ 5þ 10a19 � 3a14 � 2a5 (iii)

(b) The accumulated amount of the annuity payments is

5ð1þ iÞ14s6 þ 7ð1þ iÞ5s9 þ 10s5 (i)

¼ 5ðs20 � s14 Þ þ 7ðs14 � s5 Þ þ 10s5

¼ 5s20 þ 2s14 þ 3s5
(ii)

3.10 The accumulation of the premiums until time 5 years, just before the
payment of the premium then due, is

100€s5 0:08

Therefore, the accumulation of the premiums until just before the
payment of the premium due at time t ¼ 12 is

100€s5 0:08ð1:06Þ7 þ 100€s7 0:06

328 Appendix 3: Solutions to Exercises



The accumulation until time 20 is therefore

100€s5 0:08ð1:06Þ7 þ 100€s7 0:06

�ð1:05Þ8 þ 100€s8 0:05

¼ 100


€s5 0:08ð1:06Þ7ð1:05Þ8 þ€s7 0:06ð1:05Þ8 þ€s8 0:05

�
¼ £3; 724:77

The yield per annum i obtained by the investor on the completed
transaction is found by solving the equation of value

100€s20 ¼ 3;724:77

i.e.,

s21 ¼ 38:2477

By interpolation between 5% and 6%, we obtain i¼ 5.59%.

CHAPTER 4 EXERCISES
4.1 (a) (i) 100� (1þ 0.05/12)�12�10¼ £60.716;

(ii) 100� (1 � 0.05/12)12�10¼ £60.590;
(iii) 100� e�10d¼ £60.6531.

(b) 98.91¼ 100(1þ i)�91/365

ln(1þ i)¼ (�365/91)� ln(98.91/100)¼ 0.04396
therefore i¼ 0.04494

4.2 (a) "
1þ ið4Þ

4

#4
¼ 1þ i

and so i(4)¼ 0.061 086.

ed ¼ 1þ i

and so d¼ ln(1þ i)¼ 0.060 625.

"
1� dð2Þ

2

#2
¼ 1� d ¼ v ¼ ð1þ iÞ�1

and so d(2)¼ 0.059 715.
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(b) Since "
1þ ið12Þ

12

#12
¼
"
1þ ið2Þ

2

#2
¼ 1þ i

we obtain i(12)¼ 0.061701.
Since

ed ¼ 1þ i ¼
"
1þ ið2Þ

2

#2

from which we obtain d¼ 0.061543.
Since"

1� dð4Þ

4

#4
¼ 1� d ¼ ð1þ iÞ�1 ¼

"
1þ ið2Þ

2

#�2

which gives d(4)¼ 0.061 072.

(c) Since"
1þ ið2Þ

2

#2
¼ ed ¼ ð1� dÞ�1 ¼

"
1� dð12Þ

12

#�12

we obtain i(2)¼ 0.063 655, d¼ 0.062 663, and d¼ 0.060 740.

(d) Since "
1þ ið4Þ

4

#4
¼
"
1� dð2Þ

2

#�2

¼ ed

we obtain i(4)¼ 0.062 991 and d(2)¼ 0.061534

4.3

að4Þ
67

¼ 1� v67

ið4Þ
¼ 23:5391

€sð12Þ
18

¼ i

dð12Þ
s18 ¼ 26:1977

14
j€að2Þ
10 ¼ €að2Þ

24
� €að2Þ

14
¼ i

dð2Þ
ða24 � a14 Þ ¼ 4:8239

s56 ¼ ð1þ iÞ56 � 1
d

¼ 203:7755

að4Þ
16:5

¼ 1� v16:5

ið4Þ
¼ 12:0887

€sð12Þ
15:25

¼ ð1þ iÞ15:25 � 1

dð12Þ
¼ 20:9079

4:25
jað4Þ
3:75 ¼ v4:25

�
1� v3:75

ið4Þ

�
¼ 2:9374

a26=3 ¼ 1� v26=3

d
¼ 7:3473
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4.4 (a) (i) We work in time units of 1 year. The accumulation at time 15,
just before the payment then due is made, is
100
a3

s15 at 10% ¼ £1;277:59; say £1;278:

(ii) We now work in units of a half-year. The accumulation at time
30, just before the payment then due is made, is

100
a6

s30 at 5% ¼ £1;308:96; say £1;309:

(b) Let us proceed from first principles. Let time be measured in years,
and let i¼ 0.08. The present value is

240
�
v þ v4 þ v7 þ.þ v46

�

¼ 240v
h
1þ �v3�þ �v3�2 þ.þ �v3�15i

¼ 240v



1� �v3�16�
1� v3

¼ 240v
a48
a3

¼ £1;051:07; say £1;051

Note that the value of the payments 2 years before the present time
is easily seen to be ð240=s3 Þa48 at 8%. Multiplying this value by
1.082, we obtain the same present value.

4.5 (a) Work in time units of 1 year. The present values are as follows:

(i) 600 a20 at 12% ¼ £4,482

(ii) 600 að4Þ
20

at 12% ¼ 600½i=ið4Þ�a20 at 12%

¼ £4,679

(iii) 600 að12Þ
20

at 12% ¼ 600½i=ið12Þ�a20 at 12%

¼ £4,723

(iv) 600 €a20 at 12% ¼ 600ði=dÞa20 at 12%
¼ £4,745
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(b) We now work in time units of a quarter-year with an interest rate of
3%. The present values are as follows:

(i) ð600=s4 Þ a80 at 3% ¼ £4,331

(ii) 150 a80 at 3% ¼ £4,530

(iii) 150 að3Þ80 at 3% ¼ 150½i=ið3Þ�a80 ¼ £4; 575

(iv) 150 a80 at 3% ¼ £4,598

4.6 Let X be the initial annual amount of the annuity. The present value of
the annuity is found by summing the present values of the payments in
each of the periods 1e4 years, year 5, 6e10 years, 11e12 years, and
13e15 years. This gives the equation of value

2049 ¼ X
2

�
a16 0:02

s2 0:02

�
þ v

16
0:02

�
X
2

�
a2 0:04

þXv160:02v
2
0:04a

ð2Þ
10 0:04

þ 2Xv160:02v
12
0:04a

ð6Þ
4 0:04

þ 4Xv160:02v
16
0:04a

ð12Þ
3 0:08

¼ 17:0763X

Hence X ¼ £119:99; say £120:
�
Note that at 4%; ið6Þ ¼ 0:039 349:

�

4.7 (a) Let the present value of this annuity be A. We have

A ¼ 1þ 4v þ 9v2 þ/þ 361v18 þ 400v19

So

vA ¼ v þ 4v2 þ 9v3 þ/þ 361v19 þ 400v20

and

A� vA ¼ 1þ 3v þ 5v 2 þ/þ 39v19 � 400v20

¼ 1þ v þ v 2 þ/þ v19 þ 2
�
v þ 2v 2 þ 3v 3 þ/þ 19v19

�� 400v 20

¼ 1þ a19 þ 2ðIaÞ19 � 400v 20

Hence,

A ¼ 1þ a19 þ 2ðIaÞ19 � 400v 20

1� v
at 5% ¼ £1;452:26
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(b) The present value of the annuity is [d/d(4)] A at 5%, i.e., £1,426.06.
(c) The present value of the annuity is [d/i(2)] A at 5%, i.e., £1,400.18.
(d) The present value of the annuity is (d/d) A at 5%, i.e., £1,417.40.

4.8 (a) Work in time units of 1 year. The accumulation is

200€sð4Þ
135

at 12% ¼ 200

"
ð1þ iÞ13:5 � 1

dð4Þ

#
at 12%

¼ £6; 475:64

(b) Work in time units of a half-year. The accumulation is

100€sð2Þ
27

at 6% ¼ £6; 655:86

(c) Work in time units of a quarter-year. The accumulation is

50€s54 at 3% ¼ £6; 753:58

(d) Work in time units of 1 month. The accumulation is

50s162
a3

at 1% ¼ £6; 821:85

4.9 Let X be the amount of the revised annuity, and consider the position at
the date of the request. The equation of value is

Xð1þ iÞ1=4að2Þ
21:5

¼ 200v1=4€a22 þ 320ð1þ iÞ1=12að4Þ
16:25

þ180að12Þ
18:75

at 8%

from which we obtain

X ¼ 6;899:89
10:5091

¼ £656:56

4.10 (a) (i) Let X be the monthly annuity payment. Working in time units
of 1 year, we have the equation of value

400€sð2Þ
20

¼ 12X€að12Þ
15

at 12%

and so X¼ £361.01, say £361.

(ii) Let Y be the monthly annuity payment. Working in time units
of a half-year, we obtain the equation

200€s40 ¼ 6Y €að6Þ
30

at 6%
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and so (on calculating i(6)¼ 6[(1þ i)1/6� 1] at
6%¼ 0.058 553) Y¼ £383.93, say £384.

(iii) Let Z be the monthly annuity payment. Working in time units
of 1 month, we have

200
�
s240
a6

�
¼ Z€a180 at 1%

and so Z¼ £405.67, say £406.

(b) The monthly annuity payments are now as follows:
(i) X v5=12at 12%¼ £344.36, say £344;
(ii) Yv5/6 at 6%¼ £365.73, say £366;
(iii) Zv5 at 1 %¼ £385.98, say £386.

CHAPTER 5 EXERCISES
5.1 If we work in months, the relevant interest rate i ¼ 7%=12 per month

effective.
(a) The schedule is as follows:

(b) In the last month (month 180), after the final monthly mortgage
payment is made, the ending mortgage balance will be zero. That is,
the mortgage will be fully paid.

(c) The cash flow is unknown even if the borrower does not default. The
reason is that the borrower has the right to prepay in whole or in
part the mortgage balance at any time.

5.2 (a) Let XA;XB be the monthly repayments under Loans A and B,
respectively.
For loan A:

Flat rate of interest ¼ 10:715% ¼ 60XA � LA
5LA

¼ 60XA � 10; 000
50; 000

; and so XA ¼ £255:96

Month

Beginning
of Month
Balance Payment Interest

Capital
Repayment

End of
Month
Balance

1 200,000.00 1,797.66 1,166.67 630.99 199,369.01
2 199,369.01 1,797.66 1,162.99 634.67 198,734.33
3 198,734.33 1,797.66 1,159.28 638.38 198,095.96
4 198,095.96 1,797.66 1,155.56 642.10 197,453.86
5 197,453.86 1,797.66 1,151.81 645.85 196,808.01
6 196,808.01 1,797.66 1,148.05 649.61 196,158.40
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For loan B:

LB ¼ 15;000 ¼ 12XB

�
að12Þ
2 12%

þ v212%að12Þ
3 10%

�

XB ¼ 1;250�
i

ið12Þ
a2

�
12%

þ v212%

�
i

ið12Þ
a3

�
10%

¼ 1;250
ð1:053875� 1:6901Þ þ 0:79719ð1:045045� 2:4869Þ

XB ¼ £324:43

Hence, the student’s overall surplus¼ 600 � XA � XB¼ £19.61.

(b) Effective rate of interest under loan A is i % where

12� 225:96að12Þ
5

¼ 10;000

Try i¼ 20%: að12Þ
5

¼ 3.2557, as required.
So capital outstanding after 24 months is 12� 255:96að12Þ

3
at 20%

¼ 12� 255:96� 1:088651� 2:1065 ¼ 7;043:74

Capital outstanding under B is 12� 324:43 að12Þ
3

at 10%

¼ 12� 324:43� 1:045045� 2:4869 ¼ 10;118:02

So interest paid in month 25 under loans A and B

¼ 7;043:74
ið12Þ20%

12
þ 10;118:02

ið12Þ10%

12
¼ 107:84þ 80:68 ¼ £188:52

and capital repaid
¼ ð255:96� 107:84Þ þ ð324:43� 80:68Þ
¼ 148:12þ 243:75 ¼ £391:87

(c) Under the new loan, the capital outstanding is the same as under the
original arrangement¼ 17,161.76.

The monthly repayment ¼
�
255:96þ 324:43

2

�
¼ £290:20
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The effective rate of interest on the new loan A is i where

¼ 12� 290:20að12Þ
10

¼ 17; 167:76 0 að12Þ
10

¼ 4:9281

Try i ¼ 20% : að12Þ
10

¼ 4:5642

Try i ¼ 15% : að12Þ
10

¼ 5:3551

By interpolation i ¼ 15%þ
�
5:3551� 4:9281
5:3551� 4:5642

�

��20%� 15%
�
z17:7%

Hence, interest paid in month 25

¼ 17161:76
ið12Þ17:7%

12
¼ 234:66

and capital repaid is £290.20 e £234.66¼ £55.54.

(d) The new strategy reduces themonthly payments but repays the capital
more slowly. The student could consider the following options:
n keeping loan B and taking out a smaller new loan to repay loan

A (which has the highest effective interest rate);
n taking out the new loan for a shorter term to repay the capital

more quickly.

5.3 (a) (i) Theflat rateof interest is (2� 2,400e 2,000)/(2� 2,000)¼ 70%.
(ii) The flat rate of interest is not a good measure of the cost of

borrowing because it takes no account of the timing of
payments and the timing of repayment of capital.

(b) If the consumers’ association is correct, then the present value of the
repayments is greater than the loan at 200%,

i:e:; 2;000 < 2;400
i

dð12Þ
a2

i ¼ 2; a2 ¼ 0:44444; dð12Þ ¼ 1:04982 gives RHS ¼ 2;032:

The consumers’ association is correct.
If the banks are correct, then the present value of the payments
received by the bank, after expenses, is less than the amount of the
loan at a nominal (before inflation) rate of interest of
(1.01463� 1.025 e 1) per annum effective¼ 0.04,

i:e:; 2;000 > 720
i

dð12Þ
a2 þ 720

i

dð2Þ
a1:5 þ 960

i

dð12Þ
a1 � 0:3

�2;400
i

dð12Þ
a2
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i

dð12Þ
¼ 1:021529; a2 ¼ 1:8861; a1 ¼ 0:9615; a1:5

¼ 1� 1:04�1:5

0:04
¼ 1:4283

So RHS¼ 72� 1.021529� 1.8861þ720� 1.021529� 1.4283
þ 960� 1.021529� 0.9615e 0.3� 2,400� 1.021529� 1.8861
¼ 1,387.23þ 1,050.52þ942.91e 1,387.23¼ 1,993.43
Therefore, the banks are also correct.

5.4 (a) (i) Let the annual repayment be X. We have

Xa25 ¼ 3;000 at 12%

So

X ¼ 300
a25

¼ £382:50

(ii) (1) The loan outstanding just after the payment at time
9 years is

382:50a16 ¼ 2;667:56

and just after the payment at time 10 years it is

382:50a15 ¼ 2;605:17

Hence, the capital repaid at the end of the tenth year is

2;667:56� 2;605:17 ¼ £62:39

and the interest paid at this time is

382:50� 62:39 ¼ £320:11

(2) The capital outstanding just after the payment at time
24 years is

382:50a1 ¼ £341:52

The capital repaid at the end of the 25th year is therefore
£341.52, and the interest paid at this time is

382:50� 341:52 ¼ £40:98

(iii) The loan outstanding after the tth repayment is 382:50a25�t .
This first falls below 1,800 when a25�t (at 12%) first falls
below 4.7059. By the compound interest tables, the smallest
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value of t for which a25�t < 4.7059 is 18, so the answer is the
18th repayment.

(iv) Using the loan schedule, the capital content exceeds the
interest content of the tth installment when

1� v26�t < v26�t

i.e., when

v26�t > 0:5

This first occurs when t¼ 20, i.e., for the 20th payment.

(b) The loan outstanding just after the 15th annual payment has been
made is

382:50a10 at 12% ¼ 2;161:20

Let Y be the revised annual payment. The equation of value is

Ya16 ¼ 2;161:20 at 12%

which gives Y¼ £309.89.

5.5 (a) Let X be the initial annual repayment. The equation of value is

16;000 ¼ Xa10 at 8%

from which we obtain X¼ £2,384.46.

(b) The loan outstanding just after the fourth payment is made is

2;384:46a6 at 8% ¼ 11;023:14

Let Y be the revised annual installment. The equation of value is

Ya6 ¼ 11;023:14 at 10%

which gives Y¼ £2,530.99.

(c) The loan outstanding just after the seventh payment is made is

2;530:99a3 at 10% ¼ 6;294:32

Let Z be the revised annual installment; the equation of value is

Za3 ¼ 6;294:32 at 9%

and so Z¼ £2,486.60.
The equation of value for the entire transaction is

16;000 ¼ 2;384:46a4 þ 2;530:994ja3 þ 2;486:607ja3

338 Appendix 3: Solutions to Exercises



By interpolation between 8% and 9%, the yield, or effective rate of
interest, per annum is 8.60%.

5.6 (a) (i) Let X be the annual repayment. The amount lent is the present
value, on the stated interest basis, of the repayments.
Therefore,

X


a6 0:10 þ v60:10a12 0:09

� ¼ 2;000

from which we obtain X¼ £238.17.

(ii) The loan outstanding just after payment of the third payment is

2;000ð1:1Þ3 � 238:17s3 0:10 ¼ 1;873:65

The loan outstanding just after payment of the fourth payment is

2000ð1:1Þ4 � 238:17s4 0:10 ¼ 1;822:84

The capital repaid at time t ¼ 4 is therefore

1;873:65� 1;822:84 ¼ £50:81 (1)

The loan outstanding just after payment of the 11th payment is

238:17a7 at 9% ¼ 1;198:71

The loan outstanding just after payment of the 12th payment is

238:17a6 at 9% ¼ 1;068:42

Hence, the capital repaid at time t ¼ 12 years is

1198:71� 1068:42 ¼ £130:29 (2)

(b) After the special payment, the capital outstanding is £968.42.
The revised annual repayment, Y, is found from the equation of
value

Ya6 0:09 ¼ 968:42

which gives

Y ¼ £215:88

5.7 The total cash payable is

Zn
0

tdt ¼ 1
2
n2
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We find n from the equation

�
Ia
�
n ¼ 1

4
n2 at 5%

i.e.,

an � nvn

d
¼ 1

4
n2

i.e.,

1� vn

d
� nvn � 1

4
dn2 ¼ 0 at 5%

By trials and interpolation, we find that n¼ 22.37.

5.8 (a) Let X/12 be the monthly repayment. We solve the equation of
value

Xað12Þ
25

¼ 9;880 at 7%

to obtain X¼ 821.76. Hence, the monthly repayment is £68.48.

(b) The loan outstanding is Xað12Þ
34=3

at 7%¼ £6,486.

(c) The loan outstanding just after the repayment on 10 September

2009 is made is Xað12Þ
83=6

at 7%.

The loan outstanding just after the repayment on 10 October 2009

is made is Xað12Þ
13:75

at 7%.

The capital repaid on 10 October 2009 is therefore

X
�
að12Þ
83=6

	
� að12Þ

13:75
at 7%

¼ X

 
v13:75 � v83=6

ið12Þ

!
at 7% ¼ £26:86

(d) (i) The capital repayment contained in these 12 installments is

X
�
að12Þ
22=3

� að12Þ
19=3

	
at 7% ¼ £516:20

(ii) The total interest in these 12 installments is [by (i)]

X � 516:20 ¼ £305:56

340 Appendix 3: Solutions to Exercises



(e) The capital and interest contents of each installment may be found
by means of the loan schedule, using the rate of interest j ¼ ið12Þ0:07=12
per month. The capital and interest contents of the tth repayment
are therefore

9;880
a300

v301�t at rate j

and

9;880
a300

�
1� v301�t� at rate j

respectively. Note that j¼ 0.005654. We therefore require the
smallest t such that

v301�t >
1
2

�
1� v301�t� at rate j

i.e.,

ð1� jÞt > ð1þ jÞ301
3

at rate j

i.e.,

t >
�ln 3þ 301 lnð1þ jÞ

lnð1þ jÞ ¼ 106:15

The required value of t is then 107. The capital repaid first exceeds
one-half of the interest content at the 107th installment, payable on
10 June 2017. (The capital content of this installment is £22.94, and
the interest content is £45.54.)

5.9 (a) Let X/12 be the original monthly repayment, and let Y/12 be the
monthly payment payable if the borrower had elected not to extend
the term of the loan. We have

X að12Þ
20

¼ 19;750 at 9%

and so X¼ 2,079.12 and X/12¼ £173.26.
Also, the loan outstanding just after the 87th monthly payment had
been made is

X að12Þ
12:75

at 9% ¼ 16;027:52

and hence

Y að12Þ
12:75

¼ 16;027:52 at 10%
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This gives Y¼ 2,180.52 and Y/12¼ £181.71.
The increase in the monthly installment would then have been (Y e X)/
12¼ £8.45.

(b) Let the revised outstanding term of the loan be nmonths. We find n
from the inequalities

2;079:12að12Þðn�1Þ=12 < 16;027:52 � 2;079:12að12Þ
n=12

at 10%

(Notice that nmust be an integer, and the final repayment may be of
reduced amount.) By trials, we obtain n¼ 169, so that the revised
outstanding term is 14 years and 1 month. The loan outstanding
just after the penultimate installment is paid is

½16;027:52� 2;079:12að12Þ
14

�ð1þ iÞ14 at 10% ¼ 81:13:

The final installment must comprise this sum plus interest on it for
1 month; the final payment is therefore

81:13ð1þ iÞ1=12 at 10% ¼ £81:78

Note that an alternative method of finding this reduced final
payment is from the equation of value

2;079:12að12Þ
14

þ ðfinal paymentÞv169=12 ¼ 16;027:52 at 10%

5.10 (a) Let X be the initial quarterly payment. We have the equation of
value

4Xað4Þ
15

þ 1605jað4Þ10
þ 16010jað4Þ5

¼ 11;820 at 12%

This gives X¼ 389.96.

(b) (i) The initial annual amount of the annuity is 4X, i.e., £1,559.84.
The loan outstanding just after payment of the eighth
installment (at the end of the second year) is

11;820ð1þ iÞ2 � 1;559:84sð4Þ
2

at 12% ¼ 11;374:85

and, just after the 12th installment is paid, the loan
outstanding is

11;820ð1þ iÞ3 � 1;559:84sð4Þ
3

at 12% ¼ 11;111:45

The capital repaid during the third year of the loan is
therefore

11;374:85� 11;111:45 ¼ £263:40
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(ii) In the final 5 years it is easier to calculate the outstanding loan
by valuing the future annuity installments than by
accumulating the original loan less past installments of the
annuity. Therefore, we obtain the expressions

1;879:84að4Þ
3

at 12%

1;879:84að4Þ
2

at 12%

for the loan outstanding at the end of the 12th and 13th years,
respectively (after payment of the annuity installments due at
these times). The capital repaid in the 13th year is then

1;879:84
�
að4Þ
3

� að4Þ
2

	
at 12% ¼ £1;369:82

(c) The loan outstanding just after the 33rd installment is paid is (on
valuing future payments)

1;879:84að4Þ
6:75

� 160að4Þ
1:75

at 12% ¼ 8;493:09

Let the revised quarterly annuity payment be Y.We have the equation
of value

4Yað4Þ
6:75

¼ 8;493:09 at 12%

which gives Y¼ 456.50.

5.11 Let Xt denote the gross annuity payment at time t; let ct denote the capital
repayment at time t; and let Lt denote the loan outstanding just after the
payment at time t is made. We have the relations

Xt ¼ 0:1 Lt�1 þ ct with 1 � t � 10 (1)

(where L0 denotes the amount of the original loan), and

ð0:7� 0:1Lt�1Þ þ ct ¼ 5;000 for 1 � t � 10 (2)

We also have, for t� 1,

Lt ¼ Lt�1 � ct
¼ Lt�1 � 5;000þ 0:07Lt�1

¼ 1:07Lt�1 � 5;000

(by Eq. 2) (3)

This shows that

L1 ¼ 1:07L0 � 5;000

L2 ¼ 1:072L0 � 5;000ð1þ 1:07Þ
¼ 1:072L0 � 5;000s2 0:07
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and so on, giving

Lt ¼ 1:07tL0 � 5;000st 0:07 for 1 � t � 10 (4)

(This result may be rigorously established from Eq. 3 by finite induction
or by solving a first-order difference equation.) But L10¼ 0, so

1:0710L0 � 5;000s10 0:07 ¼ 0

and so

L0 ¼ 5;000a10 0:07 ¼ 35;117:91

Equations 1, 2, and 4 now show that for 1� t� 10,

Xt ¼ 0:1Lt�1 þ ð5;000� 0:07Lt�1Þ
¼ 5;000þ 0:03Lt�1

¼ 5;000þ 0:03

(
ð1:07Þt�1L0 � 5;000

"
ð1:07Þt�1 � 1

0:07

#)

¼ 7;142:86� 1;089:32ð1:07Þt�1

Therefore, the price that the investor should pay to obtain a yield of 8%
effective per annum is

X10
t¼1

Xtv
t at 8%

¼ 7142:86a10 0:08 � ð1;089:32=1:07Þ
X10
t¼1

�
1:07
1:08

�t

¼ 7142:86a10 0:08 � 1;089:32

2
641�

�
1:07
1:08

�10

1:08� 1:07

3
75

¼ £38; 253

CHAPTER 6 EXERCISES
6.1 We have i ¼ 12% per annum.

(a) Company A: The annual payment under the perpetuity is £300,000
(assume in arrears), and the price is £2,000,000. The NPV is then
obtained from
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NPVA ¼ �2;000;000þ 300;000
0:12

¼ £500;000

Company B: The annual payment under the perpetuity is £435,000
(assume in arrears), and the price is £3,000,000. The NPV is then
obtained from

NPVB ¼ �3;000;000þ 435;000
0:12

¼ £625;000

Both Company A and Company B would be positive NPV acqui-
sitions, but Westcott-Smith cannot purchase both because the total
purchase price of £5 million exceeds the budgeted amount of £4
million. Because Company B’s NPV of £625,000 is higher than
Company A’s NPV of £500,000, Westcott-Smith should purchase
Company B according to the NPV rule.

(b) Company A: The equation of value is

�2;000;000þ 300;000
IRR

¼ 0

which can be solved to give the IRR as 15% per annum.
Company B: The equation of value is

�3;000;000þ 435;000
IRR

¼ 0

which can be solved to give the IRR as 14.5% per annum.
Both Company A and Company B have IRRs that exceed Westcott-
Smith’s opportunity cost of 12%, but Westcott-Smith cannot
purchase both because of its budget constraint. According to the IRR
rule, Westcott-Smith should purchase Company A because its IRR of
15% is higher than Company B’s IRR of 14.5%.

(c) Westcott-Smith should purchase Company B. When the NPV and
IRR rules conflict in ranking mutually exclusive investments, we
should follow the NPV rule because it directly relates to shareholder
wealth maximization.

6.2 (a) The money-weighted rate of return, r, is the discount rate that
equates the present value of inflows to the present value of outflows.
Outflows:
At t ¼ 0 (1 January 2002):
150 shares purchased� $156.30 per share¼ $23,445.
Inflows:
At t ¼ 1 (1 January 2003):
150 shares� $10 dividend per share¼ $1,500
100 shares sold� $165 per share¼ $16,500
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At t ¼ 2 (1 January 2004):
50 shares remaining� $15 dividend per share¼ $750
50 shares sold� $165 per share¼ $16,500
Therefore, PV (outflows)¼ PV (inflows) becomes

23;455 ¼ 1;500þ 16;500
1þ r

þ 750þ 8;500

ð1þ rÞ2 ¼ 18;000
1þ r

þ 9;250

ð1þ rÞ2

(b) In this case, we can solve the preceding expression for the money-
weighted rate of return as the real root of the quadratic equation

18;000xþ 9;250x2 � 23;445 ¼ 0

where x ¼ 1=ð1þ rÞ. The solution is r ¼ 0:120017; or approxi-
mately 12% per annum.

(c) The time-weighted rate of return is the solution to

ð1þ time-weighted rateÞ2 ¼ ð1þ r1Þð1þ r2Þ
where r1 and r2 are the holding-period returns in the first and
second years, respectively. The value of the portfolio at t ¼ 0 is
$23,445. At t ¼ 1, there are inflows of sale proceeds of $16,500 and
$1,500 in dividends, or $18,000 in total. The balance of 50 shares is
worth $8,250. So at t ¼ 1 the valuation is $26,250. Therefore,

r1 ¼ ð$26;250� $23;445Þ
$23;445

¼ 0:119642

The amount invested at t ¼ 1 is $8,250. At t ¼ 2, $750 in dividends
are received, as well as sale proceeds of $8,500. So at t ¼ 2, the
valuation is $9,250. Therefore,

r2 ¼ ð$9;250� $8;250Þ
$8;250

¼ 0:121212

The time-weighted rate of return ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:119642� 1:121212

p �
1 ¼ 0:1204, or approximately 12% per annum.

(d) If Wilson is a private investor with full discretionary control over the
timing and amount of withdrawals and additions to his portfolios,
then the money-weighted rate of return is an appropriate measure of
portfolio returns.

(e) If Wilson is an investment manager whose clients exercise
discretionary control over the timing and amount of withdrawals
and additions to the portfolio, then the time-weighted rate of return
is the appropriate measure of portfolio returns. Time-weighted rate
of return is standard in the investment management industry.
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6.3 Choice C is correct. When one is valuing mutually exclusive projects, the
decision should be made with the NPV method because this method
uses the most realistic discount rate, namely the opportunity cost of
funds. In this example, the reinvestment rate for the NPV method (here
10%) is more realistic than the reinvestment rate for the IRR method
(here 21.86% or 18.92%).

6.4 Choice B is correct. The required value of i can be found from the
expression

�100þ 36 a4 ¼ �100þ 175v4

which reduces to

ð1þ iÞ4 � 1
i

� 175
36

¼ 0

The left side of this expression changes sign between i ¼ 10% and
15.02%. (In fact, it is solved by i ¼ 13:16%.)

6.5 (a) Working in millions:

PVof liabilities ¼ 9þ 12v a1 at 9%

¼ 9þ 12v:
i
d
v

¼ 9þ 12� 0:917432 � 1:044354

¼ 19:54811

The assets up to ðkþ 2Þ years from 1 January 2006 have

PV ¼ 5v2að2Þ
k

¼ 5v2
i

ið2Þ
ak

¼ 5� 0:84168� 1:022015� ak

¼ 4:301048ak

with k ¼ 6; PV ¼ 4:301048� 4:4859

¼ 19:2941

The next payment of 2.5 million at k¼ 6.5 is made at time 8.5 and
has present value ¼ 2:5� v8:5 ¼ 1:2018.
This would make PV of assets (20.5m)> PV of liabilities (19.5m).
This discounted payback period is then 8.5 years.

(b) The income of the development is received later than the costs are
incurred. Hence, an increase in the rate of interest will reduce the
present value of the income more than the present value of the
outgo. Hence, the DPP will increase.
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6.6 (a) Net present value of costs

¼ 5;000;000þ 3;500;000a2 ¼ 5;000;000þ 3;500;000
i
d
a2

¼ 5;000;000þ 3;500;000� 1:073254 � 1:6257 ¼ 11;106;762

Net present value of benefits

¼ 450;000v2€að4Þ
n�2

þ 50;000v2ðI€aÞð4Þ
n�2

þ Snvn

¼ 450;000v2
i

dð4Þ
an�2 þ 50;000v2

i

dð4Þ
ðIaÞn�2 þ Snv

n

where n is the year of sale and Sn are the sale proceeds if the sale is
made in year n.

If n¼ 3, the NPV of benefits

¼ ð450;000� 0:75614� 1:092113� 0:86957Þ
þð50;000� 0:75614� 1:092113� 0:86957Þ
þð16;500;000� 0:65752Þ

¼ 323;137þ 35;904þ 10;849;080 ¼ 11;208;121

Hence, the net present value of the project is 11,208,121 e

11,106,762¼ 101,359.
Note that if n¼ 4, the extra benefits in year 4 consist of an extra £1.5
million on the sale proceeds and an extra £650,000 rental income.
This is clearly less than the amount that could have been obtained if
the sale had been made at the end of year 3 and the proceeds
invested at 15% per annum. Hence, selling in year 4 is not an
optimum strategy.
If n¼ 5, the NPV of benefits

¼ ð450;000� 0:75614� 1:092113� 2:2832Þ
þð50;000� 0:75614� 1:092113� 4:3544Þ
þð20;500;000� 0:49718Þ

¼ 848;450þ 179;791þ 10;192;190 ¼ 11;220;431

Hence, the net present value of the project is 11,220,431 e
11,106,762¼ 113,669.
Hence, the optimum strategy if net present value is used as the
criterion is to sell the housing after 5 years.

(b) If the discounted payback period is used as the criterion, the
optimum strategy is that which minimises the first time when the
net present value is positive. By inspection, this is when the housing
is sold after 3 years.
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(c) We require

5;000;000þ 3;500;000
i
d
a2 ¼ 450;000v2€að4Þ

n�2

þ 50;000v2ðI€aÞð4Þ
n�2

þ Snv
n at 17:5%

LHS ¼ 5;000;000þ 3;500;000
�
1� v20:175
d0:175

�

¼ 5;000;000þ 3;500;000
�
1� 0:72431
0:16127

�
¼ 10;983;227

RHS ¼ 450;000v20:175

�
1� v40:175

dð4Þ

�

þ 50;000v20:175
�€a4 � 4v40:175

dð4Þ
	
þ S6v

6
0:175

dð4Þ0:175 ¼ 4
�
1� v

1
4

	
¼ 0:15806

€a4 ¼ 1� v4

d
¼ 3:1918

Therefore, we have on the RHS

450;000� 0:72431� 3:0076þ 50;000� 0:72431

�
�
3:1918� 2:0985

0:15806

�
þ 0:37999S6

¼ 980;296þ 250;502þ 0:37999S6

For equality, S6 ¼ 10;983;227� 1;230;798
0:37999

¼ £25;665;000.

(d) Reasons investors may not achieve the internal rate of return:
n allowance for expenses when buying/selling may be significant;
n there may be periods when the property is unoccupied and no

rental income is received;
n rental income may be reduced by maintenance expenses;
n there is tax on rental income and/or sale proceeds.

6.7 (a) Working in units of £1,000:
Money-weighted rate of return (MWRR) is i such that

21ð1þ iÞ3 þ 5ð1þ iÞ2 þ 8ð1þ iÞ ¼ 38

Try i¼ 5%, LHS¼ 38.223
i¼ 4%, LHS¼ 37.350
By interpolation, i¼ 4.74% per annum.
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(b) Time-weighted rate of return (TWRR) is i such that

ð1þ iÞ3 ¼ 24
21

� 32
29

� 38
40

and so i ¼ 6:21% per annum

(c) MWRR is lower than TWRR because of the large cash flow on
1 July 2005; the overall return in the final year is much lower than in
the first 2 years, and the payment at 1 July 2005 gives this final year
more weight in the MWRR but does not affect the TWRR.

6.8 (a) Project A: The internal rate of return i is the solution of the equation

�1;000;000þ 270;000a8 ¼ 0 at rate i

which gives i¼ 0.2120 or 21.20%.
Project B: The internal rate of return i is the solution of the equation

�1;200;000� 20;000a3 þ 1;350;0005ja3 ¼ 0 at rate i

which gives i¼ 0.1854 or 18.54%.

(b) We have

NPVAð0:15Þ ¼ 1;000½ � 1;000þ 270a8 � at 15% ¼ £211;577

NPVBð0:15Þ ¼ 1;000½ � 1;200� 20a3 þ 1;3505ja3 � at 15%

¼ £286;814
Comment: Project A is viable when money can be borrowed at up to
21.2% per annum interest, but Project B is viable only for interest rates
up to 18.5% per annum. At 15% per annum interest, however, Project B
has the greater net present value.

6.9 (a) Project A: The internal rate of return i is the solution of the equation

�160� 80v þ 60ða11 � a4 Þ ¼ 0 at rate i

(where we have worked in money units of £1,000). This gives
i¼ 0.0772, or 7.72%.
Project B: The internal rate of return i is the solution of the equation

�193� 80v þ 70ða11 � a4 Þ ¼ 0 at rate i

(where we again work in money units of £1,000). This gives
i¼ 0.0804, or 8.04%.

(b) The purchase money of £33,000 must buy at least £10,000 per
annum for 7 years, beginning at time 5 years, for the combined
transaction to be more favourable to the businessman than Project B.
The minimum rate of interest per annum i must therefore satisfy

�33;000þ 10;000ða11 � a4 Þ ¼ 0 at rate i

i:e:; a11 � a4 ¼ 3:3 at rate i

This gives i¼ 0.1011, or 10.11%
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6.10 (a) Working in money units of £1,000, we have

�10� 3v þ
�
1
2
v2 þ 2

2
v3 þ 3

2
v4 þ :::þ 8

2
v9
�

¼ 0 at rate i

where i is the internal rate of return. That is,

�10� 3v þ 1
2
vðIaÞ8 ¼ 0 at rate i

Hence, i¼ 0.0527, or 5.27%

(b) The investor should proceed with the venture, since its internal rate
of return exceeds the rate of interest he must pay on borrowed
money. The profit in 9 years’ time is found by noting that the
investor’s bank account, just before receiving the final income
(but after paying interest on his borrowing), is

�10;000ð1:05Þ9 � 3;000ð1:05Þ8 þ 500ð1:05Þ8ðIaÞ7 0:05 ¼ �3;680

so the final income payment (of £4,000) extinguishes the loan and
leaves a profit of £320.

6.11 (a) Sheep rearing: The internal rate of return i is the solution of the
equation of value

20;000 ¼ 1;100a20 þ 20;000v20

which gives i¼ 5.5% exactly. This is also clear from the fact that
income is sufficient to pay interest at 5.5% per annum on the initial
cost, and the capital is repaid at the end of 20 years.
Goat breeding: The internal rate of return i is found by solving

20;000 ¼ 900a20 þ 25;000v20 at rate i

which gives i¼ 5.24%.
Forestry: The internal rate of return i is found by solving

20;000ð1þ iÞ20 ¼ 57;300

which gives i¼ 5.40%.

(b) We calculate the profit after 20 years from each of these three
ventures.
Sheep rearing: The “surplus” income is £100 per annum, so the profit
is 100s20 at 4%¼ £2,978.
Goat breeding: A further £100 must be borrowed annually in arrears
for 20 years, and these loans grow at 5% per annum compound. The
total indebtedness at time 20 years is then

20;000þ 100s20 at 5% ¼ 23;307
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Hence, the profit to the investor at the end of the project is 25,000 e

23,307¼ £1,693.
Forestry: The original debt of £20,000 will have grown to 20,000 �
(1.05)20¼ 53,066 after 20 years, so the profit is 57,300 e

53,066¼ £4,234.
Hence, the largest profit is obtained from forestry.

6.12 Let us work in money units of £1,000.
(a) We must find any values of i, the rate of interest per annum,

satisfying
1� 2v þ 2v2 ¼ 0 for Project A

and

�4þ 7v � 1:5v2 ¼ 0 for Project B

Now the equation 1� 2vþ 2v2¼ 0 has no real solution, so there is
no value of i satisfying the given condition for Project A. But

�4þ 7v � 1:5v2 ¼ ð�1:5v þ 1Þðv � 4Þ
which equals 0 for v¼ 2/3 or 4. Since i¼ v�l� 1, the required values
of i for Project B are 0.5 and �0.75, i.e., 50% and �75%.

(b)
NPVAðiÞ �NPVBðiÞ ¼

�
1� 2v þ 2v2

�� �� 4þ 7v � 1:5v2
�

¼ 5� 9v þ 3:5v2

¼ v2
�
5x2 � 9xþ 3:5

� ðwhere x ¼ 1þ iÞ:

By the properties of quadratics,

5x2 � 9xþ 3:5 > 0 for x > 1:23166 and x < 0:56833

So

NPVAðiÞ �NPVBðiÞ > 0 for i > 23:166% and i < �43:167%

The range of positive interest rates for which NPVA(i)>NPVB(i) is
therefore i> 23.166%.

(c) It follows from (b) that Project B is the more profitable in case
(i) and Project A is the more profitable in case (ii). The accumulated
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profits, at an interest rate of i per annum, of projects A and B are (in
units of £1,000)

ð1þ iÞ2 � 2ð1þ iÞ þ 2

and

�4ð1þ iÞ2 þ 7ð1þ iÞ � 1:5

respectively. This gives the accumulations

(i) £1,040 for A, £1,140 for B;
(ii) £1,062.5 for A, £1,000 for B.

6.13 (a) The internal rate of return i is the solution of the equation of
value

1;000
h
� 10þ 6ð1þ iÞ�1 þ 6:6ð1þ iÞ�2

i
¼ 0

which gives i¼ 0.1660, say 16.6%.

(b) (i) Since the internal rate of return exceeds 16%, the person should
proceed with the investment. The balance at the end of 1 year
(just after receipt of the payment then due) is

�10;000ð1:16Þ þ 6;000 ¼ �5;600

So the balance at the end of 2 years (just after receipt of the
payment then due) is

�5;600ð1:16Þ þ 6;600 ¼ £104

(ii) Under the conditions of the loan, the borrower must pay
£1,600 in interest at time 1 year, and £11,600 in interest and
capital repayment at time 2 years. He will therefore have
£4,400 to invest at time 1 year, which gives £4,400(1.13)¼
£4,972 at time 2 years. Together with the second payment of
£6,600, he will therefore have £11,572 available at time 2
years. But this is less than £11,600, so the investor should not
proceed.

6.14 (a) Let us work in money units of £1,000. The net cash flows associated
with the project are shown in the Figure S.6.1.

FIGURE S.6.1
Cash flow diagram for Solution 6.14
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Until the initial loan is repaid the chemical company’s balance just
after the transaction at time t years is

�500ð1þ iÞt þ 200st at 15%

This is negative if at < 2:5 at 15%, i.e., if t� 3. The bank loan is
therefore paid off after 4 years.

(b) The balance at time t ¼ 4 years, just after repaying the bank loan, is

�500ð1þ iÞ4 þ 200s4 at 15% ¼ 124:172

The balance at time 10 years, when the project ends, is therefore

124:172ð1þ iÞ6 þ 200ðs6 � s3 Þ � 250s3 at 12%

¼ 349:651 or £349;651

6.15 (a) (i) Let us work in money units of £1,000. The DPP is the value of t
such that

�80ð1þ iÞt � 5ð1þ iÞt�1 þ 10st�2 at 7% ¼ 0

By interpolation, we obtain t¼ 17.767, say 17.77 years.

(ii) The accumulated profit after 22 years is found by accumulating
the income, after the DPP has elapsed, at 6% per annum. This
gives

10s4:233 at 6% ¼ 48:00

The accumulated amount is then £48,000.

(b) (i) The businessman may accumulate his rental income for each
year at 6%, giving 10s1 at 6%¼ 10.2971 at the end of the year.
The DPP is then the smallest integer t such that

�80ð1þ iÞt � 5ð1þ iÞt�1 þ 10:2971st�2 at 7% � 0

By trials, this gives t¼ 18 years.
(ii) The balance in the businessman’s account just after the

transaction at time 18 years is

�80ð1þ iÞ18 � 5ð1þ iÞ17 þ 10:2971s16 at 7% ¼ 0:97714:
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Hence, the accumulated amount in his account after 22 years is

0:97714ð1þ iÞ4 þ 10s4 at 6%

¼ 46:279; i:e:; £46;279:

6.16 (a) The time-weighted rates of return are

164
124

� 1 ¼ 0:3226; or 32:26% for the property fund

and

155
121

� 1 ¼ 0:2810; or 28:10% for the equity fund:

(b) We first consider the property fund.
(i) Assuming that the investor buys 100 units per quarter, we

obtain the equation of value

124ð1þ iÞ þ 131ð1þ iÞ3=4 þ 148ð1þ iÞ1=2 þ 158ð1þ iÞ1=4
¼ 4� 164

where i is the yield per annum. This gives i¼ 0.2932, or 29.32%.

(ii) Now assume that the investor purchases £1 worth of units each
quarter. The equation of value is

4€sð4Þ
1

¼ 1:64
�

1
1:24

þ 1
1:31

þ 1
1:48

þ 1
1:58

�

i:e: €sð4Þ
1 i

¼ 1:1801: This gives i ¼ 0:2979; or 29:79%

(c) We now consider the equity fund.
(i) The equation of value is

121ð1þ iÞ þ 92ð1þ iÞ3=4 þ 103ð1þ iÞ1=2 þ 131ð1þ iÞ1=4 ¼ 4� 155;

which gives i¼ 0.6731, or 67.31%.

(ii) The equation of value is

4€sð4Þ
1 i

¼ 1:55
�

1
1:21

þ 1
0:92

þ 1
1:03

þ 1
1:31

�

i.e., €sð4Þ
1 i

¼ 1:4135. This yield is therefore 0.7088, or 70.88%.
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Comment: For each fund, the yield to the investor depends only slightly
on whether a fixed sum was invested, or a fixed number of units was
purchased each quarter. The equity fund has the lower time-weighted
rate of return, but much higher yields. The reason is that the price of
the equity fund fluctuates more than that of the property fund and the
equity fund price at the end of the year was relatively high.

6.17 (a) (i) The time-weighted rate of return is�
352
186

�1=6
� 1 ¼ 0:1122; or 11:22%

(ii) Let Ur be the unit price on 1 April 1999þ r.
The yield per annum i is found from the equation

200
X5
r¼0

Urð1þ iÞ6�r ¼ 1;200U6

i:e:; 186ð1þ iÞ6 þ 211ð1þ iÞ5 þ 255ð1þ iÞ4 þ 249ð1þ iÞ3

þ 288ð1þ iÞ2 þ 318ð1þ iÞ ¼ 2;112

which gives i¼ 0.1060, or 10.60%.

(iii) The yield per annum i is found from the equation

500€s6 ¼ 500

 X5
r¼0

1
Ur

!
U6 at rate i

i.e., €s6 i
¼ 8:6839. Hence, i¼ 0.1067, or 10.67%.

(b) The revised answer to (a) (ii) is

200
X5
r¼0

ð1:02UrÞð1þ iÞ6�r ¼ 1;200� 0:98U6

which gives

186ð1þ iÞ6 þ 211ð1þ iÞ5 þ 255ð1þ iÞ4 þ 249ð1þ iÞ3

þ 288ð1þ iÞ2 þ 318ð1þ iÞ ¼ 2;029:18

Hence, i¼ 0.0933, or 9.33%.
The revised answer to (a) (iii) is

500€s6 ¼ 500

"X5
r¼0

�
1

1:02Ur

�#
ð0:98U6Þ

i.e., €s6 i
¼ 8:3434, which gives i¼ 0.0950, or 9.50%.
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CHAPTER 7 EXERCISES
7.1 (a) Below nominal value since the coupon rate is less than the yield

required by the market.
(b) Below nominal value since the coupon rate is less than the

yield required by the market.
(c) Below nominal value since the coupon rate is less than the yield

required by the market.
(d) Above nominal value since the coupon rate is greater than the

yield required by the market.
(e) At nominal value since the coupon rate is equal to that the

yield required by the market.
7.2 We work in units of 6 months and assume $100 nominal of the bond.

Coupon payment¼ $3.70
i¼ 2.8%
Number of time units¼ 10
Present value of cash flows ¼ 3:70a10 þ 100v10 ¼ 31:8864þ 75:8698
The value is therefore $107.7562%.

7.3 We work in units of 6 months and assume $100 nominal of the bond.
i¼ 3.8%
Number of time units¼ 40
Present value of cash flows ¼ 1;000;000v40 ¼ 1;000;000

1:03840The value is therefore $224,960.29.
7.4

ið2Þ ¼ 0:049390

gð1� t1Þ ¼ 0:0625� 0:80 ¼ 0:05

and we see that ið2Þ < ð1� t1Þg.
There is therefore a capital loss on contract, and we assume it is
redeemed as early as possible (i.e., after 10 years) to obtain minimum
yield.
Price of stock per £100 nominal, P:

P ¼ 100� 0:0625� 0:80� að2Þa þ 100v10 at 5%

0 P ¼ 5að2Þ
10

þ 100v10

¼ ð5� 1:012348� 7:7217Þ þ ð100� 0:61391Þ
¼ 39:0852þ 61:3910 ¼ £100:4762

7.5 (a) � Payments are guaranteed by the issuing government.
� There can be various different indexation provisions but, in

general, protection is given against a fall in the purchasing power
of money.
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� It is fairly liquid (i.e., large issue size and ability to deal in large
quantities) compared with corporate issues, but not compared
with conventional issues.

� Typically coupon and capital payments are both indexed to
increases in a given price index with a lag.

� It has low volatility of return and low expected real return.
� It has more or less guaranteed real return if held to maturity

(although can vary due to indexation lag).
� Nominal return is not guaranteed.

(b) The first coupon the investor will receive is on 31 December 2003.
The net coupon per £100 nominal will be
0:8� 1�(Index May 2003/Index November 2001)

¼ 0:8� 1� 113:8
110

In real present value terms, this is 0:8
113:8
110

v

ð1þ rÞ0:5 where

r¼ 2.5% per annum and v is calculated at 1.5% (per half-year).
The second coupon on 30 June 2004 per £100 nominal is

0:8� 1� 113:8
110

ð1þ rÞ0:5.

In real present value terms, this is 0:8ð1þ rÞ0:5113:8
110

v2

ð1þ rÞ.
The third coupon on 31 December 2004 per £100 nominal is

0:8� 1� 113:8
110

ð1þ rÞ

In real present value terms, this is 0:8ð1þ rÞ 113:8
110

v2

ð1þ rÞ1:5
Continuing in this way, the last coupon payment on 30 June 2009

per £100 nominal is 0:8� 1� 113:8
110

ð1þ rÞ5:5.

In real present value terms, this is 0:8ð1þ rÞ5:5113
110

v12

ð1þ rÞ6
By similar reasoning, the real present value of the redemption
payment is

100ð1þ rÞ5:5113:8
110

v12

ð1þ rÞ6

The present value of the succession of coupon payments and the
capital payment can be written as
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P ¼ 1

ð1þ rÞ0:5
113:8
110

�
0:8
�
v þ v2 þ.þ v12

�þ 100v12
�

¼ 1
1:0124224

113:8
110

�
0:8a12 1:5% þ 100v121:5%

�
¼ 1:02185� ð0:8� 10:9075þ 100� 0:83639Þ

¼ 94:3833

7.6 We convert all cash flow to amounts in time 0 values.

Dividend paid at t ¼ 1: 10;000� 0:041� 147:7
153:4

¼ 394:77

Dividend paid at t ¼ 2: 10;000� 0:046� 147:7
158:6

¼ 428:39

Dividend paid at t ¼ 3: 10;000� 0:051� 147:7
165:1

¼ 456:25

Sale proceeds at t ¼ 3: 10;000� 0:93� 147:7
165:1

¼ 8;319:87

Therefore, the equation of value involving v and r (¼ real rate of return) is

7;800 ¼ 394:77v þ 428:39v2 þ 8;776:17v3 (1)

To estimate r:
Approximate nominal rate of return is�

4:6þ ð93� 78Þ
3

�
78 ¼ 12:3% per annum:

Average inflation over a 3-year period comes from�
165:1
147:1

�1=3

� 1 ¼ 3:8% per annum:

Therefore, the approximate real return:
1:123
1:038

� 1 ¼ 8:2% per annum
Try r ¼ 8% RHS of Eq. (1)¼ 7,699.61

r ¼ 7%; RHS of Eq: ð1Þ ¼ 7; 907:09

r ¼ 7%þ 7;907:09� 7;800
7;907:69� 7;699:61

� 1%

¼ 7:52% per annum
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7.7 Working in half-years:

The present value of the security on 1 June would have been
3:5

ið2Þ

On 20 August, 80 days later, the present value is
3:5

ið2Þ
ð1þ rÞ80=365

Hence, the price per £100 nominal is
3:5

0:097618
ð1:1Þ80=365 ¼ £36:611

7.8 Let us work in time units of a half-year. We note that the period from 14
August 2012 to 1 December 2012 is 109 days, and the period from
1 June 2012 to 1 December 2012 is 183 days. Define t¼ 109/183. The
yield per half-year, i, is the solution of the equation of value

35:125 ¼ 1:75ð1þ iÞ�t
�
1þ i
i

�

which gives i¼ 0.05083. The yield per annum is therefore
(1þ i)2� 1¼ 0.1042, or 10.42%. Expressed as a nominal rate of interest
convertible half-yearly, the yield per annum is 2(0.050 83), i.e., 0.101 66
or 10.17%.

7.9 Let us work in time units of 1 year, measured from 31 July 2006, and in
money units of £500. In the notation of this chapter, we have C¼ 525,
p¼ 2, and g¼ 0.1/1.05.
(a) We first find the value of the loan just after payment of the interest

on 31 July 2006. We have for K, the present value of the capital
repayments,

K ¼ 105ða34 � a29 Þ at 9%

¼ 33:553

and, by Makeham’s formula, the value of the loan on 31 July 2006 is

K þ 0:1ð1� 0:4Þ
1:05� 0:09ð2Þ

ð525� KÞ ¼ 352:45

Hence, the “ex dividend” value on 19 June 2006 is

352:45v42=365 at 9% ¼ 348:975; or £69:79%

(b) The “cum dividend” value on 19 June 2006 is



352:452þ �0:6� 25

��
v42=365 ¼ 363:826; or £72:77%

7.10 Let us work in time units of 1 year and in money units of £1,000. Assume
first that redemption is always at par: an adjustment to allow for the
actual redemption prices will be added later. In the notation of this
chapter, we have C¼ 300 and
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K ¼ 10a30 at 7% ¼ 124:0904

By Makeham’s formula, the value of the loan is

K þ 0:08� 0:6

0:07ð4Þ
ð300� KÞ ¼ 247:836

We now add the value of the premiums on redemption, namely,

2ða30 � a15 Þ at 7% ¼ 6:602

which gives a total value of 254.438, or £84.81%.

7.11 (a) Let I0¼ 187.52 (the index value for August 2005) and let I1¼ 192.10
(the index value for February 2006). Let r denote the assumed rate of
increase per annum in the index. Therefore, the index value increases
by the factor (1þ r)1/2 every 6 months. Measure time in half-years
from the issue date. LetQ0 be the index value at the issue date. (Note
thatQ0 is the value at the precise date of issue and not the index value
“for April 2006”.)
Consider a stock of term n. (We have n¼ 40 or 60.) Let the issue
price per cent nominal be A.Consider a purchase of £100 nominal of
stock. The purchaser has an outlay of A at time t¼ 0 (when the index
value is Q0).
On 7 October 2006 [i.e., at time t¼ 1, when the index value will be
Q0( 1þ r)1/2], the purchaser will receive an indexed interest payment
of amount

3
2
ðindex value for February 2006Þ
ðindex value for August 2005Þ ¼

3
2
I1
I0

On 7 April 2007 [i.e., at time t¼ 2, when the index value will be
Q0(1þ r)], the purchaser will receive interest of

3
2
ðindex value for August 2006Þ
ðindex value for August 2005Þ

¼ 3
2
ð1þ rÞ1=2ðindex value for February 2006Þ

ðindex value for August 2005Þ ¼ 3
2
ð1þ rÞ1=2I1

I0

On 7 October 2007 [i.e., at time t¼ 3, when the index value will be
Q0(1þ r)3/2], the purchaser will receive interest of
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3
2
ðindex value for February 2007Þ
ðindex value for August 2005Þ

¼ 3
2
ð1þ rÞðindex value for February 2006Þ

ðindex value for August 2005Þ

¼ 3
2
ð1þ rÞ I1

I0
More generally, for 1� t� n, at time t [when the index value will be
Q0(1þ r)t/2], the purchaser will receive an indexed interest payment
of amount

3
2
ð1þ rÞðt�1Þ=2I1

I0

The indexed amount of the capital repayment, at time n, is

100ð1þ rÞðn�1Þ=2I1
I0

Let i be the effective real yield per half-year. By combining the
preceding remarks, we see that i is obtained from the equation

� A
Q0

þ
Xn
t¼1

�
3
2
ð1þ rÞðt�1Þ=2I1

I0

�"
1

Q0ð1þ rÞt=2

#
ð1þ iÞ�t

þ
�
100ð1þ rÞðn�1Þ=2I1

I0

�
1

Q0ð1þ rÞn=2
ð1þ iÞ�n ¼ 0

which gives

A ¼ I1

ð1þ rÞ1=2I0

 
3
2
an þ 100vn

!
at rate i (1)

For a real yield of 3% per annum convertible half-yearly i¼ 0.015,
and it follows from Eq. 1 that

A ¼ I1

ð1þ rÞ1=2I0
100

for any value of n. Since, on the assumption that r¼ 0.06, there is an

effective real yield of 1
1
2
% per half-year, by letting r¼ 0.06 in the

last expression, we find the issue price of either stock to be

ð192:10Þð100Þ
1:061=2

�
187:52

� ¼ 99:50%
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(b) It follows from Eq. 1 that, if the index increases at the rate r per
annum, the real yield for a stock with term n and issue price 99.50%
is i per half-year, where

3
2
an þ 100vn ¼ 99:50ð1þ rÞ1=2187:52

192:10
at rate i

When r¼ 0.04, the right side of this last equation equals 99.05,
which is less than 100. Hence, the shorter term gives the higher yield.
When r¼ 0.08, the right side of the last equation equals 100.94,
which is greater than 100. In this case, therefore, the shorter term
gives the lower yield.
(When r¼ 0.04, the values of i for n¼ 40 and for n¼ 60 are
1.5319% and 1.5242%, respectively. The corresponding values
when r¼ 0.08 are 1.4688% and 1.4763%.)

7.12 Let us work in time units of a quarter-year and let L be the original loan.
The capital repaid in 2005 is, according to the original schedule,

L
a48

ða36 � a32 Þ at 3%

and hence, the interest paid in 2005 is

4L
a48

� L
a48

ða36 � a32 Þ at 3%; i:e: 0:101181L

Equating this expression to 6,374.41 gives L¼ £63,000. Hence, the loan
outstanding at the date of purchase was, according to the original
schedule, �

L
a48

�
a32 at 3%; i:e: £50;837:35

and each quarterly installment is of amount

L
a48

at 3% ¼ 2;493:40

(a) The net yield per quarter is 2%. Accordingly, we value the
outstanding installments, less tax, at this rate of interest. If there
were no income tax, we would have the value of outstanding
installments as

A ¼ 2493:40a32 at 2% ¼ 58;515:95

and hence, we may find K, the value of the capital repayments, by
Makeham’s formula, i.e.,
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58;515:95 ¼ K þ 0:03
0:02

ð50;837:35� KÞ

(Note that £50,837.35 is the outstanding loan at the date of
purchase.) Hence, K¼ 35,480.16, and the purchase price paid by
the investor is (again by Makeham’s formula)

K þ 0:03ð0:6Þ
0:02

ð50;837:35� KÞ ¼ £49;302

(b) The net yield per quarter is now 0.08(4)/4. Ignoring income tax, the
value of the outstanding installments is

2;493:40a32 at rate 0:08ð4Þ=4

¼ ð4� 2;493:40Það4Þ
8

at rate 0:08

¼ 59;006:55

We may find K (the value of the capital repayments) by Makeham’s
formula, i.e.,

59;006:55 ¼ K þ 0:03

0:08ð4Þ=4
ð50;837:35� KÞ

This gives K¼ 35,828.12, and the price paid by the investor is
(again using Makeham’s formula)

K þ 0:03� 0:6

0:08ð4Þ=4
ð50;837:35� KÞ ¼ £49;735

Note that the value may also be obtained as Kþ 0.6
(59,006.55� K).

7.13 Let i be the net annual yield. The value of the capital repayments is

K ¼ 10;000
�
v8 þ v16 þ v24

�
at rate i

The value of the net interest payments is found, by first principles, to be

I ¼ 30;000� 0:06� 0:7 a8

þ 20;000� 0:04� 0:7ða21 � a8 Þ
þ 20;000� 0:04� 0:5ða16 � a12 Þ
þ 10;000� 0:02� 0:5ða24 � a16 Þ at rate i

¼ 700a8 þ 160a12 þ 300a16 þ 100a24 at rate i

We find i by solving the equation of value

26:000 ¼ K þ I
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A rough solution gives iz 4.5%, and by successive trials and interpol-
ation, we find that iz 4.63%.

7.14 (a) Let the amount of the monthly installment be X. Working in time
units of a quarter-year, we have 3Xað3Þ

60
¼ 100;000 at 4%. This gives

X¼ £1,454.17.
(b) Work in time units of 1 month. Let j¼ 0.04(3)/3¼ 0.013159. Note

that the interest payable at the end of each month is j times the loan
outstanding at the start of the month.
The net yield is somewhat less than 5% per annum. Let us

value the loan to obtain a net yield of 4
1
2
% per annum.

On this basis, if income tax is ignored, the value of the annuity
payments is

Xa180 at rate
0$045ð12Þ

12
¼ 12Xað12Þ

15
at 4

1
2
% ¼ 191; 240

By Makeham’s formula, the value of the capital repayments K is such
that

191;240 ¼ K þ 0:013159

0:045ð12Þ=12
ð100;000� KÞ

from which we obtain K¼ 64,645. Hence, the value of the annuity
payments, net of tax, is (again using Makeham’s formula)

K þ 0:2� 0:013159

0$045ð12Þ=12
ð100;000� KÞ ¼ £89;964

Note that this value may also be obtained as Kþ 0.2(191 240 e K).
The corresponding value if the net annual yield were 5% is given as
£86,467. By interpolation between 4.5% and 5%, we find that the
net annual yield i is approximately equal to 4.78%.

7.15 Let the redemption prices per cent be 100þ l, 100þ 2l, 100þ 3l,
and 100þ 4l at times 2, 4, 6, and 8 years, respectively. We shall first
value the loan on the assumptions that redemption is at par and that
income tax is at 50%, and later apply “corrections” to allow for the
premiums on redemption and the “excess” tax. On these assumptions,
we have

K ¼ 2;000
�
v2 þ v4 þ v6 þ v8Þ at 7%

¼ 2;000a8
s
2

at 7% ¼ 5; 769:37
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By Makeham’s formula, the net value of the loan is

K þ 0:1� 0:5

0:07ð4Þ
ð8;000� KÞ ¼ 7;403:91

The value of the “excess” income tax in the first 5 years is (by first prin-
ciples)

20
h
að4Þ
2

þ að4Þ
4

þ 2að4Þ
5

i
at 7% ¼ 274:85

and the premiums on redemption have value

20l
�
v2 þ 2v4 þ 3v6 þ 4v8

�
at 7% ¼ 134:526l

Hence, we have the equation

7;403:91þ 274:85þ 134:526l ¼ 7;880:55

whence l¼ 1.5. The redemption prices are therefore 101.5%, 103%,
104.5%, and 106%, respectively.

7.16 (a) We see at once that the amount of each annuity payment is
100;000

a
15

at 8% ¼ 11;682:95

If we ignore income tax, the value of the loan repayments is

11;682:95a15 at 7% ¼ 106;407

By Makeham’s formula, if the value of the capital payments is K, then

K þ 0:08
0:07

ð100;000� KÞ ¼ 106;407

Hence, we may find K, which is 55,149. The price to be paid may be
found, by Makeham’s formula, to be

K þ 0:08� 0:6
0:07

ð100;000� KÞ ¼ £85;904

Note that this value may also be found as Kþ 0.6(106,407 e K).
(b) Since g¼ i,we cannot use Makeham’s formula to find K, the value of

the capital. We must find K by the direct method, which gives

K ¼ 11;682:95
�
v150:08v0:08 þ v140:08v

2
0:08 þ/þ v0:08v

15
0:08

�
¼ 11;682:95v160:08 � 15

¼ 51;152:08
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Hence, by Makeham’s formula, the price to be paid for the loan is

K þ 0:6ð0:08Þ
0:08

ð100;000� KÞ ¼ £80;461

CHAPTER 8 EXERCISES
8.1  

1þ ið4Þ

4

!4

¼ 1:04 0 ið4Þ ¼ 0:039414

gð1� t1Þ ¼ 0:05
1:03

� 0:80 ¼ 0:038835

Therefore, ið4Þ > ð1� t1Þg and there is a capital gain on contract.
We assume redeemed as late as possible (i.e., after 20 years) to obtain
minimum yield.
Price of stock,

P ¼ 100;000� 0:05� 0:80� að4Þ
20

þ ð103;000
� 0:25ð103;000� PÞÞv20 at 4%

And we have

P ¼ 4;000 að4Þ
20

þ 77;250v20

1� 0:25v20

¼ 4;000� 1:014877� 13:5903þ 77;250� 0:45639
1� 0:25� 0:45639

¼ 102;072:25

8.2  
1þ ið4Þ

4

!4

¼ 1:05 0 ið4Þ ¼ 0:049089

gð1� t1Þ ¼ 0:07
1:08

� 0:75 ¼ 0:04861

Therefore, there is a capital gain on contract, and we assume the loan is
redeemed as late as possible (i.e., after 20 years) to obtain minimum yield.
Let price of stock¼ P, such that

P ¼ 0:07� 100;000� 0:75� að4Þ
20

þ ð108;000
� 0:35ð108;000� PÞÞv20at 5%
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P ¼ 5;250að4Þ
20

þ 70;200v20

1� 0:35v20

¼ 5;250� 1:018559� 12:4622þ 70;200� 0:37689
1� 0:35� 0:37689

¼ 107; 245:38

The equation of value for the investor is

12ð1þ iÞ5 ¼ 34:9206

i ¼ 0:23817 or 23:817%

(b) 12ð1þ iÞ5 ¼ 34:9206� ð34:9206� 12Þ � 0:25

where i is the net rate of return.

12ð1þ iÞ5 ¼ 29:1905

i ¼ 0:1946 or 19:46%

(c) The cash flow received in nominal terms is still the same: 29.190495.
The equation of value expressed in real terms is

12 ¼ 29:1905

ð1þ f Þ5 v5 where f ¼ 0:04

v5 ¼ 12� ð1:04Þ5
29:1905

¼ 0:50016

and so v ¼ 0:50016
1 =

5 ¼ 0:87061

i ¼ 14:86%

8.3 (a) Expected price of the shares in 5 years is

X ¼ 2v þ 2:5v2 þ 2:5� 1:01� v3 þ 2:5� 1:012v4 þ.

¼ 2v þ 2:5v2 þ 2:5v2
�
1:01v þ 1:012v2 þ.

�
1:01v þ 1:012v2 þ. at 8% ¼ 1

i0

where i0 ¼ 1:08
1:01

� 1 ¼ 0:069307

X ¼ 2� 0:92593þ 2:5� 0:85734þ 2:5� 0:85734
0:069307

¼ 3:9952þ 30:9254 ¼ 34:9206
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8.4 (a) Let us work in terms of £100 nominal of loan. We have C¼ 110, and
the value of capital repayments (ignoring tax) is

K ¼ 110v15 at 8% ¼ 34:6766

By Makeham’s formula, with allowance for capital gains tax, the
price A must satisfy the relationship

A ¼ K þ 0:09ð0$55Þ
1:1� 0:08ð2Þ

�
110� K

�� 0:3
�
110� A
110

�
K

which gives A¼ £74.52 per £100 nominal.

(b) We note that the capital gain, per £100 nominal, is £30, of which £9
must be paid in tax. The net proceeds on redemption are therefore
£101 so that the net yield per annum is the solution of the equation

80 ¼ 0:55� 9að2Þ
15

þ 101v15 at rate i:

This gives i¼ 7.32%.

8.5 Let us work in terms of £100 nominal. We have C¼ 120 and

K ¼ 120
15

�
a19 � a4

	
at 7% ¼ 55:5871

By a straightforward modification of Makeham’s formula, to allow for the
fact that interest is payable in advance rather than in arrears, the value of
the loan, ignoring capital gains tax, is

K þ 0:7ð0:07Þ
dð2Þ0:07

�
C� K

�

Let the price per cent, allowing for capital gains tax, be A. We have

A ¼ K þ 0:7ð0:07Þ
dð2Þ0:07

�
C� K

�� 0:25
�
C� A
C

�
K

from which we obtain A¼ £100.81%.

8.6 We first calculate A0, the price paid by investor A for the bond. This is
given by the equation of value

A0 ¼ 60að2Þ
10

þ 1;000v10 � 0:4
�
1;000� A0

�
v10 at 10%

and so A0¼ 720.04.

(a) Let A1 be the price paid by investor B. We

A1 ¼ 60að2Þ
5

þ 1;000v5 � 0:4
�
1;000� A1

�
v5 at 10%
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which gives A1¼ 805.65. Hence, investor A makes a capital gain of
805.65e720.04¼ 85.61 on selling the bond, and pays capital gains
tax of 0.4(85.61)¼ 34.24 at the date of sale. His net proceeds on the
sale of the bond are therefore 805.65 e 34.24¼ 771.41, and his net
annual yield is the solution of the equation

720:04 ¼ 60að2Þ
5

þ 771:41v5 at rate i:

By trials and interpolation, i¼ 9.71%.

(b) Let X be the net proceeds to investor A on the sale of the bond. We
find X by means of the equation of value

720:04 ¼ 60að2Þ
5

þ Xv5 at 10%

which gives X¼ 784.39. The price paid by B, A2, must therefore
satisfy

A2e0:4ðA2e720:04Þ ¼ 784:39

which gives A2¼ 827.29.

Hence, the net proceeds to investor B on redemption of the bond
are 1,000 e 0.4(1,000 e 827.29)¼ 930.92, so that his net annual
yield is the solution of

827:29 ¼ 60að2Þ
5

þ 930:92v5 at rate i

By trials and interpolation, i¼ 9.50%.

8.7 We first find the number of capital repayments n by solving the equation

115;000 ¼ 1;000f15þ ð15þ 2Þ þ ð15þ 6Þ þ/þ ½15þ nðne1Þ�g
By trials, n¼ 5. Hence, there are five repayments of capital, the cash
amounts being 15,000, 17,000, 21,000, 27,000, and 35,000, respec-
tively. The value of the capital repayments is

K ¼ 15;000v10 þ 17;000v13 þ 21;000 v16 þ 27;000v19

þ35;000v22 at 7%
¼ 37;158:5

Let the price paid be P per unit nominal. We have g¼ 0.06/1.15, and the
equation of value is

100;000P ¼ K þ 0:7
ð0:06=1:15Þ

0:07ð2Þ

�
115;000� K

�

�0$4
�
1:15� P
1:15

�
K

which gives P¼ 0.73049. Hence, the value of the whole loan is £73,049.
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8.8 The price paid by the investor is

100v15$5 þ 3að2Þ
15$5

þ að2Þ
5$5

at 6% ¼ 75$34

The net yield per annum obtained by the investor is the solution of the
equation

75:34 ¼ 0:6
�
3að2Þ

15$5
þ að2Þ

5$5

�
þ
�
100� 0:2

�
100� 75:34

��
v15$5 at rate i

By trials, i¼ 4.00%.

8.9 (a) Divide the loan into two sections.
Section 1: First 7 years:

C1 ¼ cash repaid ¼ 400� 7� 100 ¼ 280;000
K1 ¼ value of capital repayments ¼ 400� 100a7 0$06¼ 223;296
g1 ¼ 0:04

Section 2: Next 12 years:

C2 ¼ 600� 12� 115 ¼ 828; 000

K2 ¼ 600� 115ða19 0$06 � a7 0$06Þ ¼ 384; 723

g2 ¼ 4=115 ¼ 0$034 78

Let P be the price per bond. The equation of value is

10;000P ¼ K1 þ 0:65g1
ið2Þ

�
C1 � K1

�� 0:3
ðC1 � 2;800PÞ

C1
K1

þK2 þ 0:65g2
ið2Þ

�
C2 � K2

�� 0:3
ðC2 � 7;200PÞ

C2
K2

i.e.,

10;000P ¼ 223; 296þ 24; 934e66; 989ð1e0:01PÞ

þ384; 723þ 169; 488e115; 417ð1e0:008 6956PÞ
i.e.,

ð10;000e669:89e1; 003:62ÞP ¼ 620;035

which gives P¼ £74.47.

(b) During years 1e7 and also years 8e19, yields decrease (because one
must wait longer for the capital gain). The yield on a bond
redeemed at time n years is found by solving the equation
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74:47 ¼ 100vn þ
�
0:65� 4að2Þn

�
� 0:3ð100� 74:47Þ

100
100vn

¼ 92:34vn þ 2:6að2Þn for1 � n � 7

or

74:47 ¼ 115vn þ
�
0:65� 4að2Þn

�
� 0:3

�
115� 74:47

115

�
115vn

¼ 102:84vn þ 2:6að2Þn for 8 � n � 19

For n¼ 7, the RHS at 6% is 76.14, so yield> 6% for 1� n � 7.
For n¼ 11, the RHS at 6% is 74.98.
For n¼ 12, the RHS at 6% is 73.23.
Hence, if n� 11, the yield is greater than 6%, and if n� 12, the yield is
less than 6%. The number of bonds yielding less than 6% is then
8� 600¼ 4,800.

8.10 Assuming that redemption is always at par, the value of the capital
repayments is

25;000a20 at 8% ¼ 245;454

Hence, the value of the net interest payments is, by Makeham’s formula,

ð1� 0:4Þ 0:12

0:08ð12Þ
ð500;000� 245;454Þ ¼ 237;375

The value of the premiums on redemption is

25;000� 0:1ða20 � a10 Þ at 8% ¼ 7;770

so the value of the capital and net interest repayments, ignoring capital
gains tax, is

245;454þ 7;770þ 237;375 ¼ 490;599

Let A be the price paid for the loan. We have

A ¼ 490;599evalue of capital gains tax payments

It is clear from this equation that the price must be below par, so capital
gains tax will be paid on redemption of all the stock, not merely on the
part redeemed at 110%. The value of the capital gains tax payments is
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0$4
��

25;000� A
20

�
v þ

�
25;000� A

20

�
v2 þ/þ

�
25;000� A

20

�
v5
�

þ0:3
��

25;000� A
20

�
v6 þ

�
25;000� A

20

�
v7 þ/þ

�
25;000� A

20

�
v10
�

þ0:3
���

25;000� 1:1
�
� A
20

�
v11 þ

��
25;000� 1:1

�
� A
20

�
v12 þ/

þ
��

25;000� 1:1
�
� A
20

�
v20
�

at 8%

¼ 10;000a
5
þ 7;500ða10 � a

5
Þ þ 8;250ða20 � a10 Þ

� A
20

�
0:4a5 þ 0:3

�
a10 � a5 Þ þ 0$3

�
a20 � a10 Þ

�
at 8%

¼ 2;500a
5
� 750a10 þ 8;250a20 � A

20

�
0:1a5 þ 0:3a20

�
at 8%

¼ 85;949� 0:167236A

Hence, we have
A ¼ 490;599� ð85;949� 0:167236AÞ

from which we obtain A¼ £485,912.

8.11 Let us work in terms of £100 nominal of loan. The value of the capital
repayments, ignoring capital gains tax, is

K ¼ 5
s2
ða48 � a8 Þ at 8% ¼ 15:486 77

Hence, if interest were at 6% throughout, the value of the gross interest
payments would be

0:06
0:08

�
100� K

� ¼ 63:38492

We now find the value of the “extra” gross interest in the final 18 years.
The value, at time 30 years, of the outstanding capital repayments is

K 0 ¼ 5
s2

a18 at 8% ¼ 22:528 54

Note that the loan outstanding at time 30 years is £45 nominal. The
value at time 30 of the “extra” gross interest is then

0:01
0:08

ð45� K 0Þ ¼ 2:808 93

Hence, the value at time t¼ 0 of the “extra” gross interest is 2.808 93v30

at 8%¼ 0.279 85. The price per cent A therefore satisfies the equation
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A ¼ 15:486 77þ 0:65ð63:384 92þ 0:279 85Þ � 0:3ð100� AÞ 15:486 77
100

This gives A¼ £54.77.

8.12 We first find the term of the loan, n years. The capital repaid at time tþ 4
is 44,000þ 6,000t (t¼ 1, 2,., n). Hence, the capital repaid by time n is

44;000nþ 6;000
Pn
t¼1

t ¼ 44;000nþ 3;000nðnþ 1Þ
¼ 880;000 for n ¼ 11:

Hence, the loan has term 15 years, and the value of capital is

K ¼ 50;000 v5 þ 56;000 v6 þ.::þ 110;000 v15 at rate i

(where i is the net annual yield)
¼ 44;000

�
a15 � a4

�þ 6;000v4ðIaÞ11
We now solve the equation of value

831;600 ¼ 0:945� 880;000

¼ K þ 0:625� 0:055

ið2Þ
ð880;000� KÞ

�0:3� 880;000� ð0:945� 880;000Þ
880;000

K at rate i

(1)

A rough solution is

ixð0:055� 0:625Þþ ð100� 94:5Þ � 0:7
94:5� 11

¼ 3:8%

When i¼ 4%, K¼ 581,513 and the right side of Eq. 1 is 830,969. The
right side of Eq. 1 at 3½% is £867,387, and hence i¼ 4.0% (to the
nearest 0.1%).

8.13 Let us work in terms of £300 nominal, so £10 nominal is redeemed each
year, and let us consider the loan to be in three sections, referring to years
1e10, 11e15, and 16e30, respectively. Assuming that redemption is at
par throughout, we have

K1 ¼ 10a10 at 7% ¼ 70:235 82
K2 ¼ 10ða15 � a10 Þ at 7% ¼ 20:843 32
K3 ¼ 10ða30 � a15 Þ at 7% ¼ 33:011 27

Let
K ¼ K1 þ K2 þ K3 ¼ 10a30 at 7% ¼ 124:090 41

Then the value of the net interest is (by Makeham’s formula)
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0:08

0:07ð4Þ
ð0:6Þð300� 124:090 41Þ ¼ 123:7455

The value of the loan, ignoring capital gains tax (CGT), is therefore

K1 þ K2 þ 1:2K3 þ 123:7455 ¼ 254:438 16

Let A be the value of the loan allowing for CGT. We have

A ¼ 254:438 16 e value of CGT payments:

This shows that A� 254.438 16, so CGT is payable on all redemptions.
The value of the CGT payments is

0:4
P10
t¼1

�
10� A

30

�
vt þ 0:25

P15
t¼11

�
10� A

30

�
vt

þ0:25
P30
t¼16

�
12� A

30

�
vt at 7%

¼ 0:4
300� A
300

K1 þ 0:25
300� A
300

K2

þ0:25
360� A
360

1:2K3

Hence, we have

A ¼ 254:438 16� 0:4
300� A
300

K1 � 0:25
300� A
300

K2

�0:25
360� A
360

1:2K3

which gives A¼ 245.196. The price paid by the investor is therefore
£81.73 per bond.

CHAPTER 9 EXERCISES
9.1 All other factors constant, the longer the maturity, the greater the

volatility and the greater the price change when interest rates change. So,
Bond B is the answer.

9.2 The information we have for estimating the effective duration:
Price if yields decline by 30 basis points¼ 83.50
Price if yields rise by 30 basis points¼ 80.75
Initial price¼ 82.00
Change in yield from current¼ 0.0030
Then,

Effective durationz
1
28

� 83:50� 80:75
2� 0:0030

¼ 5:59
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9.3 According to the expectations theory, a humped yield curve means that
short-term interest rates are expected to rise for a time and then begin
to fall.

9.4 Let ft;n be the n-year forward rate at time t; we need to link this to n-spot
rates, yn. We use

ft;n ¼
 
ð1þ ytþnÞtþn

ð1þ ytÞt
!1=n

� 1

(a) f0:5;0:5 ¼
 

ð1þ y1Þ1
ð1þ y0:5Þ0:5

!2

� 1 ¼
�
1:054
1:050:5

�2

� 1

¼ 5:8% per annum:

(b) f1;0:5 ¼
 
ð1þ y1:5Þ1:5
ð1þ y1Þ1

!2

� 1 ¼
�
1:0581:5

1:054

�2

� 1

¼ 6:6% per annum:

(c) f3;0:5 ¼
 
ð1þ y3:5Þ3:5
ð1þ y3Þ3

!2

� 1 ¼
�
1:0743:5

1:0723

�2

� 1

¼ 8:6% per annum:

(d) f1;2 ¼
 
ð1þ y3Þ3
ð1þ y1Þ1

!1=2

� 1 ¼
�
1:0723

1:054

�1
2

� 1

¼ 8:1% per annum:

(e) f2;1 ¼
 
ð1þ y3Þ3
ð1þ y2Þ2

!1

� 1 ¼
�
1:0723

1:0642

�1

� 1 ¼ 8:8% per annum:

9.5 (a) From the 2-year stock information:
Price¼ 3a2 þ 102v2 at 5:5%
¼ 3� 1.84632þ 102� 0.89845
¼ 97.1811
Therefore, from the 1-year forward rate information,

97:1811 ¼ 3
1þ i1

þ 3þ 102�
1þ i1

	�
1þ f1;1

	
where i1¼ 1-year spot rate and f1,1¼ 1-year forward rate from t¼ 1

97:1811 ¼ 3
1þ i1

þ 105
ð1þ i1Þ1:05

and so i1 ¼ 5:9877% per annum
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(b) From the 3-year stock information:

108:9 ¼ 10
1þ i1

þ 10
ð1þ i1Þ1:05þ 110�

1þ i1
	
1:05

�
1þ f2;1

	
where f2;1 ¼ 1-year forward rate from t¼ 2
Hence,

108:9 ¼ 10
1:059877

þ 10
1:059877� 1:05

þ 110

1:059877� 1:05�
�
1þ f2;1

	
and so f2;1 ¼ 9:245% per annum:

(c) Let y2% per annum be the 2-year par yield

then 100 ¼ y2

 
1

1þ i1
þ 1�

1þ i1
��
1þ f1;1

�
!
þ 100�

1þ i1
��
1þ f1;1

�
100 ¼ y2

�
1

1:059877
þ 1
1:059877 � ð1:05Þ

�
þ 100
1:059877 � 1:05

and so y2 ¼ 5:506% per annum:

9.6 (a) Bond yields are determined by investors’ expectations of future
short-term interest rates, so that returns from longer-term bonds
reflect the returns from making an equivalent series of short-term
investments.

(b) (i) Let it be the spot yield over t years.
One year: yield is 8%; therefore, i1 ¼ 0:08.
Two years: ð1þ i2Þ2 ¼ 1:08� 1:07; therefore, i2 ¼ 0:074988.
Three years: ð1þ i3Þ2 ¼ 1:08� 1:07� 1:06; therefore,
i3 ¼ 0:06997.
Four years: ð1þ i4Þ4 ¼ 1:08� 1:07� 1:06� 1:05; therefore,
i4 ¼ 0:06494.

(ii) Price of the bond is
5½ð1:08Þ�1 þ ð1:074988Þ�2 þ ð1:06997Þ�3�

þ105� ð1:06494Þ�4 ¼ 13:0822þ 81:6373 ¼ 94:67552:

We find the gross redemption yield from
94:67552 ¼ 5a2 þ 100v4.
Try 7%; a2 ¼ 3:3872; v4 ¼ 0:76290 gives RHS¼ 93.226.
GRY must be lower, so try 6%; a2 ¼ 3:4651; v4 ¼ 0:79209
gives RHS¼ 96.5345.
Interpolating between 6% and 7% gives
i ¼ 0:06562.
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9.7 (a) The present value of the assets is equal to the present value of the
liabilities at the starting rate of interest.
The duration/discounted mean term/volatility of the assets is equal
to that of the liabilities.
The convexity of the assets (or the spread of the timings of the asset
cash flows) around the discounted mean term is greater than that of
the liabilities.

(b) (i) PV of liabilities is £100m a40 at 4%.
¼ £100m� 19.7928
¼ £1,979.28m

(ii) The duration of the liabilities is

Pt¼40

t¼1
100t vt=

Pt¼40

t¼1
100vt

�
working in £m

�

¼ 100
Pt¼40

t¼1 t vt

1;979:28
¼ 100ðIaÞ40

1;979:28
at 4%

¼ 100� 306:3231
1;979:28

¼ 15:4765 years

(c) Let x¼ nominal amount of 5-year bond;
y¼ nominal amount of 40-year bond.
Working in £m

1;979:28 ¼ xv5 þ yv40 (1)

30;632:31 ¼ 5xv5 þ 40yv40 (2)

multiply Eq. 1 by 5:
9;896:4 ¼ 5xv5 þ 5yv40 (1a)

subtract Eq. 1a from Eq. 2 to give

20;735:91 ¼ 35yv40

20;735:91
35� v40

¼ y

with v40 ¼ 0:20829
y ¼ 2;844:38

Substitute into Eq. 1 to give

1;979:28 ¼ Xv5 þ 2;844:38� 0:20829

v5 ¼ 0:82193
1;979:28� 2;844:38� 0:20829

0:82193
¼ x ¼ 1;687:28
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Therefore, £1,687.28m nominal of the 5-year bond and £2,844.38m
nominal of the 40-year bond should be purchased.

(d) (i) The duration of the liabilities is 15:4765.
The value of the liabilities would therefore change by

1:5� 0:154765
1:04

� 1;979:28m ¼ £441:81m

and the revised present value of the liabilities will be
£2,421.09m.

(ii) PV of liabilities is £100m a40 at 2.5%

¼ £100m� 1� 1:025�40

0:025
¼ £2;510:28m:

(iii) The PV of liabilities has increased by £531m. This is
significantly greater than that estimated in (d) (i). This
estimation will be less valid for large changes in interest rates,
as in this case.

9.8 (a) Measure time in years throughout. The DMT is�
100� 0v0

�þ �230� 5v5
�þ �600� 13v13

�
100v0 þ 230v5 þ 600v13

which equals (i) 8.42 years when i¼ 5% and (ii) 5.90 years when
i¼ 15%.

(b) (i) The DMT is

1;000
�
v þ 2v2 þ 3v3 þ/þ 20v20

�
1;000ðv þ v2 þ/þ v20Þ at 8%

¼ ðIaÞ20
a20

at 8% ¼ 8:04 years

(ii) The DMT is

1;000


v þ �1:1� 2v2

�þ �1:2� 3v3
�þ $$$þ �2:9� 20v20

��
1;000

�
v þ 1:1v2 þ 1:2v3 þ $$$þ 2:9v20

� at 8%

¼ 0:9ðIaÞ20 þ 0:1
P20

t¼1 t
2vt

0:9a20 þ 0:1ðIaÞ20
at 8%
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Let

X ¼
Xn
t¼1

t2vt ¼ v þ 4v2 þ 9v3 þ/þ ðn2 � 2nþ 1Þvn�1 þ n2vn

Note that

vX ¼ v2 þ 4v3 þ $$$þ �n2 � 2nþ 1
�
vn þ n2vnþ1

and so�
1� v

�
X ¼ v þ 3v2 þ 5v3 þ/þ �2n� 1

�
vn � n2vnþ1

¼ 2ðIaÞn � an � n2vnþ1

It follows that

X ¼
Xn
t¼1

t2vt ¼ 2ðIaÞn � an � n2vnþ1

d

hence, we may calculate the DMT, which is found to be 9.78 years.

(iii) The DMT is

1;000


v þ �1:08� 2v2

�þ �1:082 � 3v3
�þ/þ �1:0819 � 20v20

��
1;000ðv þ 1:08v2 þ 1:082v3 þ/þ 1:0819v20Þ at 8%

¼ vð1þ 2þ 3þ/þ 20Þ
20v

at 8%

¼ 20� 21
2� 20

¼ 10:5 years

(iv) The DMT isP20
t¼1 1;000tð1:1Þt�1vtP20
t¼1 1;000ð1:1Þt�1vt

at 8%

¼
 X20

t¼1

tqt�1

!, X20
t¼1

qt�1

!
ðwhere q ¼ 1:1=1:08Þ

¼ ðIaÞ20
a20

at rate j ðwhere q ¼ 1=1þ jÞ

¼ €a20 � 20v20

1� v20
at rate j ¼

�
1� q20

1� q

�
� 20q20

1� q20�
since q ¼ v at rate j

� ¼ 11:11 years
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9.9 (a) Let the cash flows occur at times r1;r2;.;rk, where 0� r1 � r2 �.�
rk. Assume that for the first series of payments, the cash flow at time
ri is xi and that the cash flow for the second series at this time is yi.
(Note that some of the {xi} and {yi} may be zero.) The discounted
mean term for the first series is

t1 ¼
P

xirivriP
xivri

¼
P

xirivri

V1

�
say;defining V1

�
The discounted mean term for the second series is

t2 ¼
P

yirivriP
yivri

¼
P

yirivri

V2

�
say; defining V2

�
These equations imply that

V1t1 þ V2t2 ¼
X

ðxi þ yiÞrivri

so that, if V1þ V2 is non-zero,

V1t1 þ V2t2
V1 þ V2

¼
Pðxi þ yiÞrivriPðxi þ yiÞvri

which is the discounted mean term for the combined series.
For the more general result, relating to n series of payments, let Vj

and tj denote the present value and discounted mean term of the jth
series. Let t be the discounted mean term of the cash flow obtained
by combining all n series. Then, if

Pn
j¼1Vjs0;

t ¼
Xn
j¼1

Vjtj

Xn
j¼1

Vj

(b) (i) (1) Receipts by investor: V1 ¼ 10;000a10 ¼ 61;445:67 (at
10%) and t1 ¼ ðIaÞ10 =a10 ¼ 4:725; say 4.73.
(2) Payments by investor: V2¼�30,000 (v5þ v15)¼

�25,809.40 and t2¼ (5v5þ 15v15)/(v5þ v15)¼ 7.783,
say 7.78.

(ii) By above, t¼ (V1t1þ V2t2)/(V1þ V2)¼ 2.511, say 2.51. (Note
that, since V2 relates to payments by the investor, V2 is
negative.)

9.10 (a) Consider a nominal amount of £1 of stock. Income is 0.05 per
annum, payable continuously until the stock is redeemed at time n.
We calculate the volatility as

0:05
�
Ia
�
n þ nvn

0:05an þ vn
at force of interest 0:07

Noting that, at force of interest d;ðIaÞn ¼ ðan � nvnÞ=d;we find that
the volatility is 11.592 when n¼ 20 and 14.345 when n¼ 60.
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(b) The maximum volatility (at force of interest 0.07) occurs when, at
this force of interest,

0:05
�
n� an

�þ 0:07an ¼ 0:07
0:07� 0:05

i.e., when

0:05nþ 0:02
1� e�0:07n

0:07
¼ 3:5

By numerical methods, we obtain the solution as n¼ 64.3486.
With this value of n, the volatility at force of interest 7% is 14.349.

9.11 (a) (i) Present value is

V ¼
X4
t¼1

�
1;000þ 100t

�
v5t ¼ 2;751:54

�
at 5%

�

(ii) Discounted mean term is

P4
t¼1 5t

�
1;000þ 100t

�
v5t

V

�
at 5%

� ¼ 31;609
2;751:54

¼ 11:4877 years

(b) Suppose that the amounts invested in the 10-year stock and in the
30-year stock are A and B, respectively. Then

Aþ B ¼ 2751:54 ðfrom ðaÞÞ
The cash flows arising from the 10-year stock have present value

V1 ¼ A
�
0:05a10 þ v10

�
and discounted mean term

t1 ¼ 0:05ðIaÞ10 þ 10v10

0:05a10 þ v10

Note that, at an interest rate of 5%, these values are simply

V1 ¼ A and t1 ¼ €a10 0:05 ¼ 8:10782

Similarly, at an interest rate of 5%, the cash flows arising from the
30-year stock have present value V2¼ B and discounted mean term
t2 ¼ €a30 0:05 ¼ 16:14107.
Using Exercise 9.9, we calculate the discounted mean term of the
total asset-proceeds as

t ¼ ðA� 8:10782Þ þ ðB� 16:14107Þ
Aþ B

¼ 16:14107� 0:002 919 55A ðsince Aþ B ¼ 2;751:54Þ
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Equating this expression to 11.4877, we obtain A¼ £1,593.87 and hence
B¼ £1,157.67.

9.12 Suppose that the purchaser buys nominal amounts £A and £B of the
5-year and 15-year stock, respectively. For “full” immunization, we
require

Ae5d0 þ Be�5d0 ¼ 1;000;000

and
5Ae5d0 ¼ 5Be�5d0

These equations imply that A ¼ 500;000e�5d0 and B ¼ 500;000e5d0 .
Assume now that d0¼ 0.05. Then A¼ 389,400 and B¼ 642,013.
Therefore, the investor should buy a nominal amount £389,400 of the
5-year stock and a nominal amount £642.013 of the 15-year stock (in
each case at a cost of £303,265). The total amount invested, £606,530, is
the present value (at a force of interest of 5% per annum) of the liability.
The difference between the value, at force of interest d, of the investor’s
assets and liabilities is

VA � VL ¼ 389;400e�5d þ 642;013e�15d � 1;000;000e�10d

(a) When d¼ 0.07, this profit is £2,485.
(b) When d¼ 0.03, this profit is £3,707.

9.13 (a) The cash available for investment now is 100,000v8 at a force of
interest of 5%, i.e., £67,032. Note that the price per unit nominal of
the 20-year stock is v20 (at d¼ 0.05), i.e., 0.367 879.
Suppose that the company buys a nominal amount £X of the
20-year stock (at a cost of 0.367879X). This means that an amount
(67,032� 0.367 879X) is held in cash, which has a discounted
mean term of zero. Using Exercise 9.9, we calculate the discounted
mean term of the company’s assets as

ð0:367897X � 20Þ þ ð67;032� 0:367879XÞ � 0
0:367897X þ ð67;032� 0:367897XÞ ¼ 7:357580X

67;032

For this to equal eight (the term of the liability), we need
X¼ 72,885. The company should buy £72,885 nominal of 20-year
zero coupon bonds at a cost of £26,813 and hold £40,219 in cash.

(b) At force of interest d per annum, the difference between the value of
the company’s assets and liabilities is

VA � VL ¼ 72;885e�20d þ 40;219� 100;000e�8d

(i) When d¼ 0.03, this is £1,556.
(ii) When d¼ 0.07, this is £1,071.
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9.14 (a) The single premium is 10,000v15 at 8%, i.e., £3,152.42. Let £X be
the nominal amount of 20-year stock purchased. The purchase
price is Xv20 at 8%, i.e., 0.214 548X. For the discounted mean term
of the assets (at 8%) to equal that of the liability, we need (see
Exercise 9.9)

ð0:214548XÞ20þ ð3;152:42� 0:214548XÞ0
3;152:42

¼ 15

from which we obtain X¼ 11,019.98, say 11,020. The company
buys a nominal amount £11,020 of 20-year stock at a cost of
£2,364.32 and retains cash of £788.10.

(b) (i) VA � VL ¼ 788:10þ 11;020v20 � 10;000v15 at 5%
¼ £131:25

say £131 (profit).

(ii) As in (i), but at 10%, i.e., £32.24, say £32 (profit).
(iii) We assume that, for 0� t� 20,

d
�
t
� ¼ lnð1:05Þ þ t

20



ln
�
1:1
�� ln

�
1:05

��
This implies that, if

v
�
t
� ¼ exp

�
�
Z t
0

dðsÞds
�

then v(15)¼ 0.370 268 and v(20)¼ 0.236 690.
Hence,

VA � VL ¼ 788:10þ 11;020vð20Þ � 10;000vð15Þ
¼ 306:26

that is, a loss of £306.

9.15 (a) For brevity, we write d rather than d0.

(i) Aaeda ¼ bBe�db ¼ b
�
S� Aeda

�
0 A ¼ bS

ðaþ bÞeda

Bbe�db ¼ aAeda ¼ a
�
S� Be�db

�
0

aS
ðaþ bÞe�db

(ii) Bbe�db ¼ aAeda ¼ a
�
S� Be�db

�
0 a ¼ Bbe�db

S� Be�db

Then, using this value of a, calculate A as

A ¼
h
S� Be�db

i
e�da
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(iii) Aaeda ¼ bBe�db ¼ b
�
S� Aeda

�
0 b ¼ Aaeda

S� Aeda

Then, using this value of b, calculate B as

B ¼ 
S� Aeda
�
edb

(iv) S� Aeda ¼ Be�db ¼ Aaeda

b
0

�
aþ b

�
eda ¼ bS

Ai.e.,

f
�
a
� ¼ bS

A

where
f
�
x
� ¼ �xþ b

�
edx

Note that, for x� 0, f(x) is an increasing function which tends to
infinity as x tends to infinity. Also, f(0)¼ b< bS/A (since, by
hypothesis, A< S). Hence, there is a unique positive value of x such
that f(x)¼ bS/A.
Having found a, calculate B as

B ¼ Aaeda

be�db

(b)
S� Be�db ¼ Aeda ¼ Bbe�db

a
0 ðaþ bÞe�db ¼ aS

B

i.e., g(b)¼ aS/B, where

g
�
x
� ¼ �aþ x

�
e�dx

If da< 1, the graph of g(x) is as in Figure S.9.1. In this case, the
maximum value of g(x) occurs when x¼ (l/d) e a and is ½de1�da��1.
If da< 1 and

a <
aS
B

<
1

de1�da

i.e., if da< 1 and

ade1�da <
B
S
< 1

there are then two positive values of x for which g(x)¼ aS/B.
When d¼ 0.05, S¼ 1, a¼ 15, and B¼ 0.98, the preceding condi-
tions are satisfied. The solutions are

(i) b¼ 1.489 885 and A¼ 0.042 679;
(ii) b¼ 8.976 051 and A¼ 0.176 843.
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CHAPTER 10 EXERCISES
10.1 The contract is settled in cash, so the settlement would be

V20;000;000� ð0:875� 0:90Þ ¼ �$500;000. This amount would be
paid by Sun Microsystems to the dealer. Sun would convert euros to
dollars at the spot rate of $0.90, receiving V20,000,000�
0.90¼ $18,000,000. The net cash receipt is $17,500,000, which results
in an effective rate of $0.875.

10.2 (a) Assuming no arbitrage, the forward price should be

K ¼ 200� ð1:05Þ3=12 ¼ $202:45:

Because the forward contract offered by the dealer is overpriced,
take the short position in the forward contract and buy the security
now. Doing so will yield an arbitrage profit of $2.55, i.e. borrow
$200 and buy the security. At the end of 3 months, repay $202.45.
At the end of 3 months, deliver the security for $205.00. Arbitrage
profit is then $2.55.

(b) At a price of $198, the contract offered is underpriced relative to
the no-arbitrage forward price of $202.45. Enter the long position
of the forward contract to buy in 3 months at £198. Short the stock
now (i.e. borrow and sell it) and invest the proceeds. Doing so will

FIGURE S.9.1
y¼ g(x) for Solution 9.15
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yield an arbitrage profit of $4.45: i.e., short the security for $200
and invest the proceeds for 3 months ($202.45). At the end of 3
months, buy the security for $198 under the contract and return it.
Arbitrage profit is then $4.45.

10.3 (a) We have S0 ¼ $150, T ¼ 250=365, and i ¼ 0:0525 per annum
(risk free).

The present value of proceeds is

I ¼ $1:25�
�
v30=365 þ v120=365 þ v210=365

	
¼ $3:69

and so the forward price is

K ¼ ð150� 3:69Þ � ð1:0525Þ250=365 ¼ $151:53

(b) We now have St ¼ $115, K ¼ $151:53, t ¼ 100=365,
T � t ¼ 150=365, and i ¼ 0:0525 per annum (risk-free). After
100 days, two dividends remain: the first one in 20 days and
second one in 110 days. The PV of these are

1:25�
�
v20=365 þ v110=365

	
¼ $2:48

and so the value of the long position is

VlðtÞ ¼ $115� $2:48� $151:53v150=365 ¼ �$35:86

A negative value is a gain to the short position.

(c) We have ST ¼ £130 and K ¼ $151:53. The value of the long
contract at expiry is then $130:00� $151:53 ¼ �$21:53. This
represents a gain to the short position.

10.4 We have that T ¼ 100
365

¼ 0:274.

(a) Under discrete compounding, we denote the US interest rate as i ¼
6:3% per annum and the British interest rate as i f ¼ 5:8%. The
futures price is

f0
�
T
� ¼

 
S0�

1þ i f
�T
!
ð1þ iÞT

f0
�
0:274

� ¼ � 1:4390
1:0580:274

�
1:0630:274 ¼ $1:4409

(b) The actual futures price of $1.4650 is higher than the price
computed above; the futures contract is therefore overpriced. To
take advantage, a US arbitrageur needs to buy the foreign currency
(£) and sell the futures contract. First, however, we must determine
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how many units of the currency to buy. Because we need to have 1
unit of currency, including interest, the number of units to buy is

1
1:0580:274

¼ 0:9847

So we buy 0.9847 units, which costs 0.9847� $1.4390¼ $1.417.
We sell the futures at $1.4650 and hold until expiration. During that
time, the accumulation of interest will cause the 0.9847 units of
currency grow to 1 unit. Using the futures contract, at expiration, we
convert this unit at the futures rate of $1.4660. The return per dollar
invested is 1.4650/1.417¼ 1.0339, i.e., 3.39% over 100 days. The
US annual risk-free rate is 6.3%, which is equivalent to a return per
dollar invested of ð1:063Þ0:274 ¼ 1:0169 (i.e., 1.69%) over the
100-day period. Therefore, the return to the arbitrageur from the
transactions described previously exceeds the risk-free return.

10.5 f ¼ S� I � Ke�rðT�tÞ
where
t is the present time;
T is the time of maturity of the forward contract;
r is the continuously compounded risk-free rate of interest for the
interval from t to T;
S is the spot price of the security at time t;
I is the present value, at the risk-free interest rate, of the income
generated by the security during the interval from t to T;
K is the delivery price of the forward contract;
f is the value of a long position in the forward contract.
Here,workingwith£100nominal,S¼ 95,K¼ 98, Te t¼ 1, and r¼ 0.052:

I ¼ 2:5
�
e�0:046�0:5 þ e�0:052�1� ¼ 4:81648

0 f ¼ 95 � 4:81648 � 98e�0:052 ¼ �2:85071

The value of the investor’s short position in a forward contract on £1
million is therefore�

1;000;000
100

�
��f ¼ 10;000� 2:85071

¼ £28;507

10.6 (a) The “no arbitrage” assumption means that neither of the following
applies:
(i) an investor can make a deal that would give him an

immediate profit, with no risk of future loss;
(ii) an investor canmake a deal that has zero initial cost, no risk of

future loss, and a non-zero probability of a future profit.
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(b) In all states of the world, security B pays 80% of A. Therefore, its
price must be 80% of A’s price, or the investor could obtain a better
payoff by purchasing only one security and make risk-free profits
by selling one security short and buying the other. The price of B
must therefore be 16p.

10.7 (a) The current value of the forward price of the old contract is

95� ð1:03Þ5 � 5ð1:03Þ�2 � 6ð1:03Þ�4

whereas the current value of the forward price of a new contract is

145� 5ð1:03Þ�2 � 6ð1:03Þ�4

Hence, the current value of the old forward contract is

145� 95ð1:03Þ5 ¼ £34:87

(b) The current value of the forward price of the old contract is

95ð1:02Þ�12ð1:03Þ5 ¼ 86:8376

whereas the current value of the forward price of a new contract is

145ð1:02Þ�7 ¼ 126:2312

therefore, the current value of the old forward contract is

126:23� 86:84 ¼ £39:39

10.8 Assuming no arbitrage:
Present value of dividends is (in £):

0:5v1=2ðat 5%Þ þ 0:5vðat 6%Þ ¼ 0:5ð0:97590þ 0:94340Þ ¼ 0:95965

Hence, the forward price is F¼ (9�0.95965) �1.06¼ £8.5228.

10.9 The present value of the dividends, I, is

I ¼ 0:5v1=12 þ 0:5v7=12 ¼ 0:5ð0:99594þ 0:97194Þ
¼ 0:98394 calculated at i ¼ 5%

Hence, the forward price is (again calculated at i¼ 5%)

F ¼ ð10� 0:98394Þð1þ iÞ11=12
¼ 9:42845 ¼ £9:43

10.10 The forward price at the outset of the contract was�
94:5� 9v105% � 10v115%

�� ð1:05Þ12 ¼ 149:29
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The forward price that should be offered now is�
143� 9v25% � 10v35%

�� ð1:05Þ4 ¼ 153:39

Hence, the value of the contract now is�
153:39� 149:29

�
v45% ¼ 3:37

Note that this result can also be obtained directly from

143� 94:5� ð1:05Þ8 ¼ 3:38

since the coupons are irrelevant in this calculation.

10.11 Assume no arbitrage.
(a) Buying the forward is exactly the same as buying the bond except

that the forward will not pay coupons and the forward does not
require immediate settlement.
Let the forward price¼ F. The equation of value is

F ¼ 97ð1:06Þ � 3:5� 1:06

ð1:05Þ1

=

2
� 3:5

¼ 102:82� 3:62059� 3:5 ¼ 95:6994

(b) Let the 6-month forward interest rate ¼ f0:5;0:5 ¼ 1:06

ð1:05Þ1

=

2
� 1 ¼

3:4454%
(c) P ¼ 2ð1:05Þ�0:5 þ 102ð1:06Þ�1 ¼ 1:9518þ 96:2264 ¼ 98:1782
(d) Gross redemption yield is i such that

98:1782 ¼ 2ð1þ iÞ�0:5 þ 102ð1þ iÞ�1

Using the formula for solving a quadratic (interpolation will do):
ð1þ iÞ�0:5 ¼ 0:97133. Therefore, iz 6% (in fact, 5.99%).

(e) The answer is very close to 6% (the 1-year spot rate) because the
payments from the bond are so heavily weighted towards the
redemption time in 1 year.

10.12 K ¼ 60e0.06�3/1212 � 2.80e0.06�1/1212 ¼ 60.90678 � 2.81404 ¼ £58.09

10.13 (a) The forward price is the accumulated value of the share less the
accumulated value of the expected dividends:

F ¼ 9.56 (1.03)
9/1212 � 0.2(1.03)

8/1212 � 0.2 (1.03)
2/1212

¼ 9.7743 � 0.20398 � 0.20099

¼ £9.3693
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(b) Although the share will be bought in 9 months, it is not necessary
to take into account the expected share price. The current share
price already makes an allowance for expected movements in the
price, and the investor is simply buying an instrument that is
(more or less) identical to the underlying share but with deferred
payment. As such, under given assumptions, the forward can be
priced from the underlying share.

CHAPTER 11 EXERCISES

11.1 We have S0 ¼ $1:05 and T ¼ 60
365

¼ 0:1644.
(a) K ¼ $0:95.

Call: The maximum value for the call is S0 ¼ $1:05. The lower

bound for the call is S0 � K

ð1þ iÞT ¼ 1:05� 0:95
1:0550:1644

¼ $0:11.

We therefore have the range $0:11 � C0 � $1:05.
Put: The maximum value for the put is

K

ð1þ iÞT ¼ 0:95
1:0550:1644

¼ $0:94. The lower bound for the put is

0:95
1:0550:1644

� 1:05 ¼ �$0:11.

We therefore have the range 0 � p0 � $0:94:
(b) K ¼ $1:10.

Call: The maximum value for the call is S0 ¼ $1:05. The lower

bound for the call is 1:05� 1:10
1:0550:1644

¼ �$0:04.

We therefore have the range $0 � c0 � $1:05.

Put: The maximum value for the put is
1:10

1:0550:1644
¼ $1:09. The

lower bound for the put is
1:10

1:0550:1644
� 1:05 ¼ $0:04.

We therefore have the range $0:04 � p0 � $1:09:
11.2 We can illustrate put-call parity by showing that for the fiduciary call

and protective put the current values and values at expiration are the
same:
Call price, c0 ¼ $6:64
Put price, r0 ¼ $2:75
Exercise price, K ¼ $30:00
Risk free rate (discretely compounding), i ¼ 4% per annum
Time to expiration, T ¼ 219=365 ¼ 0:6
Current stock price, S0 ¼ $33:19
Current bond price, K=ð1þ iÞT ¼ 30=1:040:6 ¼ 29:30
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The values in the table show that the current values and values
at expiration for the fiduciary call and the protective put are the

same. That is, c0 þ K

ð1þ iÞT ¼ p0 þ S0 and put-call parity is

satisfied.
11.3 (a) The payments at the beginning of the swap are as follows:

The British company (domestic party) pays the counterparty £75
million.
The counterparty pays the British company $105 million.

(b) The semi-annual payments are as follows.
The British company (domestic party) pays the counterparty
$105,000,000� 0.06� 180/360¼ $3,150,000.
The counterparty pays the British company £75,000,000 � 0.05 �
180/360¼ £1,875,000.

(c) The payments at the end of the swap are as follows:
The British company (domestic party) pays the counterparty $105
millionþ $3,150,000.
The counterparty pays the British company £75
millionþ £1,875,000.

11.4 (a) We have S0 ¼ $99, T ¼ 0:5, K ¼ 95, and p0 ¼ 5.
(i) pT ¼ maxð0;K � STÞ ¼ maxð0;95� 100Þ ¼ 0

Profit¼ pT � p0 ¼ �5
(ii) pT ¼ maxð0;K � STÞ ¼ maxð0;95� 95Þ ¼ 0

Profit¼ pT � p0 ¼ �5
(iii) pT ¼ maxð0;K � STÞ ¼ maxð0;95� 93Þ ¼ 2

Profit¼ pT � p0 ¼ 2� 5 ¼ �3
(iv) pT ¼ maxð0;K � STÞ ¼ maxð0;95� 90Þ ¼ 5

Profit¼ pT � p0 ¼ 5� 5 ¼ 0
(v) pT ¼ maxð0;K � STÞ ¼ maxð0;95� 85Þ ¼ 10

Profit¼ pT � p0 ¼ 10� 5 ¼ 5

Value at Expiration

Transaction Current Value ST [20 ST [40

Fiduciary call:

Buy call 6.64 0 40 e 30¼ 10
Buy bond 29.30 30 30
Total 35.94 30 40
Protective put:

Buy put 2.75 30 e 20¼ 10 0
Buy stock 33.19 20 40
Total 35.94 30 40
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(b) Breakeven: S�T ¼ K � p0 ¼ 95� 5 ¼ 90: Clearly, this result is
consistent with our solution above where the profit is exactly zero
in (a)(iv), in which the price at expiration is 90.

(c) Maximum profit (to put buyer)¼ K � p0 ¼ 95� 5 ¼ 90. This
profit would be realized in the unlikely scenario of the price of the
underlying falling to zero.

11.5 (a) We have S0 ¼ $77, K ¼ 80, and c0 ¼ 5.
(i) VT ¼ ST �maxð0;ST � KÞ ¼ 70�maxð0;70� 80Þ ¼ 70

Profit¼ VT � V0 ¼ 70� ðS0 � c0Þ ¼ 70� ð77� 6Þ ¼ �1
(ii) VT ¼ ST �maxð0;ST � KÞ ¼ 75�maxð0;75� 80Þ ¼ 70

Profit¼ VT � V0 ¼ 75� ðS0 � c0Þ ¼ 75� ð77� 6Þ ¼ 4
(iii) VT ¼ ST �maxð0;ST � KÞ ¼ 80�maxð0;80� 80Þ ¼ 80

Profit¼ VT � V0 ¼ 80� ðS0 � c0Þ ¼ 80� ð77� 6Þ ¼ 9
(iv) VT ¼ ST �maxð0;ST � KÞ ¼ 85�maxð0;85� 80Þ ¼ 80

Profit¼ VT � V0 ¼ 80� ðS0 � c0Þ ¼ 80� ð77� 6Þ ¼ 9
(b) (i) Maximum profit¼ K � S0 þ c0 ¼ 80� 77þ 6 ¼ 9.

(ii) Maximum loss¼ S0 � c0 ¼ 77� 6 ¼ 71.
(iii) The maximum profit would be realized if the expiration

price of the underlying is at or above the exercise price of $80.
(iv) The maximum loss would be incurred if the underlying price

drops to zero.
(c) Breakeven: S�T ¼ S0 � c0 ¼ 77� 6 ¼ 71

11.6 (a) The position is commonly called a bull spread.
(b) Let K1 be the lower of the two strike prices and K2 be the higher of

the two strike prices.
(i) VT ¼ maxð0;ST � K1Þ �maxð0;ST � K2Þ

¼ maxð0;89� 75Þ �maxð0;89� 85Þ ¼ 14� 4 ¼ 10
Profit¼ VT � V0 ¼ VT � ðc1 � c2Þ ¼ 10� ð10� 2Þ ¼ 2

(ii) VT ¼ maxð0;ST � K1Þ �maxð0;ST � K2Þ
¼ maxð0;78� 75Þ �maxð0;78� 85Þ ¼ 3� 0 ¼ 3
Profit¼ VT � V0 ¼ VT � ðc1 � c2Þ ¼ 3� ð10� 2Þ ¼ �5

(iii) VT ¼ maxð0;ST � K1Þ �maxð0;ST � K2Þ
¼ maxð0;70� 75Þ �maxð0;70� 85Þ ¼ 0� 0 ¼ 0
Profit¼ VT � V0 ¼ VT � ðc1 � c2Þ ¼ 0� ð10� 2Þ ¼ �8

(c) (i) Maximum
profit¼ K2 � K1 � ðc1 � c2Þ ¼ 85� 75� ð10� 2Þ ¼ 2

(ii) Maximum loss¼ c1 � c2 ¼ 10� 2 ¼ 8
(d) Breakeven: S�T ¼ K1 þ ðc1 � c2Þ ¼ 75þ ð10� 2Þ ¼ 83

11.7 Let K1 ¼ 110; K2 ¼ 115; and K3 ¼ 120: Then
V0 ¼ p1 � 2p2 þ p3 ¼ 3:50� 2� 6þ 9 ¼ 0:50.
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(a) (i) VT ¼ maxð0;K1 � STÞ � 2 maxð0;K2 � STÞ þmaxð0;K3�
STÞ ¼ maxð0;110� 106Þ � 2 maxð0;115� 106Þ
þmaxð0;120� 106Þ ¼ 4� 2� 9þ 14 ¼ 0
Profit¼ VT � V0 ¼ 0� 0:50 ¼ �0:50

(ii) VT ¼ maxð0;K1 � STÞ � 2 maxð0;K2 � STÞ þmaxð0;K3�
STÞ ¼ maxð0;110� 110Þ � 2 maxð0;115� 110Þ
þmaxð0;120� 110Þ ¼ 0� 2� 5þ 10 ¼ 0
Profit¼ VT � V0 ¼ 0� 0:50 ¼ �0:50

(iii) VT ¼ maxð0;K1 � STÞ � 2 maxð0;K2 � STÞ þmaxð0;K3�
STÞ ¼ maxð0;110� 115Þ � 2 maxð0;115� 115Þ
þmaxð0;120� 115Þ ¼ 0� 2� 0þ 5 ¼ 5
Profit¼ VT � V0 ¼ 5� 0:50 ¼ 4:50

(iv) VT ¼ maxð0;K1 � STÞ � 2 maxð0;K2 � STÞ þmaxð0;K3�
STÞ ¼ maxð0;110� 120Þ � 2 maxð0;115� 120Þ
þmaxð0;120� 120Þ ¼ 0� 2� 0þ 0 ¼ 0
Profit¼ VT � V0 ¼ 0� 0:50 ¼ �0:50

(v) VT ¼ maxð0;K1 � STÞ � 2 maxð0;K2 � STÞ þmaxð0;K3�
STÞ ¼ maxð0;110� 123Þ � 2 maxð0;115� 123Þ
þmaxð0;120� 123Þ ¼ 4� 2� 9þ 14 ¼ 0
Profit¼ VT � V0 ¼ 0� 0:50 ¼ �0:50

(b) (i) Maximum profit¼ K2 � K1 � ðp1 � 2p2 þ p3Þ ¼ 115� 110
� 0:50 ¼ 4:50. The maximum profit would be realized if
the expiration price of the stock is at the exercise price of $115.

(ii) Maximum loss¼ p1 � 2p2 þ p3 ¼ 0:50: The maximum loss
would be incurred if the expiration price of the stock is at or
below the exercise price of $110, or if the expiration price of
the stock is at or above the exercise price of $120.

(c) Breakeven at S�T ¼ KT þ ðp1 � 2p2 þ p3Þ and also
S�T ¼ 2K2 � K1 � ðp1 � 2p2 þ p3Þ. So, S�T ¼ 110þ 0:50 ¼ 110:50
and also S�T ¼ 2� 115� 110� 0:50 ¼ 119:50:

11.8 (a) (i) VT ¼ ST þmaxð0;K1 � STÞ �maxð0;ST � K2Þ
¼ 92þmaxð0;75� 92Þ �maxð0;92� 90Þ ¼ 92þ 0� 2
¼ 90
Profit¼ VT � V0 ¼ 90� 80 ¼ 10

(ii) VT ¼ ST þmaxð0;K1 � STÞ �maxð0;ST � K2Þ
¼ 90þmaxð0;75� 90Þ �maxð0;90� 90Þ ¼ 90þ 0� 2
¼ 90
Profit¼ VT � V0 ¼ 90� 80 ¼ 10
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(iii) VT ¼ ST þmaxð0;K1 � STÞ �maxð0;ST � K2Þ
¼ 82þmaxð0;75� 82Þ �maxð0;82� 90Þ ¼ 82þ 0� 0
¼ 82

Profit¼ VT � V0 ¼ 82� 80 ¼ 2

(iv) VT ¼ ST þmaxð0;K1 � STÞ �maxð0;ST � K2Þ
¼ 75þmaxð0;75� 75Þ �maxð0;75� 90Þ ¼ 75þ 0� 0
¼ 75
Profit¼ VT � V0 ¼ 75� 80 ¼ �5

(v) VT ¼ ST þmaxð0;K1 � STÞ �maxð0;ST � K2Þ
¼ 70þmaxð0;75� 70Þ �maxð0;70� 90Þ ¼ 70þ 5� 0
¼ 75
Profit¼ VT � V0 ¼ 75� 80 ¼ �5

(b) (i) Maximum profit¼ K2 � S0 ¼ 90� 80 ¼ 10;
(ii) Maximum loss¼�ðK1 � S0Þ ¼ �ð75� 80Þ ¼ 5;
(iii) The maximum profit would be realized if the expiration price

of the stock is at or above the exercise price of $90;
(iv) The maximum loss would be incurred if the expiration price

of the stock is at or below the exercise price of $75.
(c) Breakeven: S�T ¼ 80

11.9 (a) The position is commonly called a (long) straddle.
(b) (i) VT ¼ maxð0;ST � KÞ þmaxð0;K � STÞ

¼ maxð0;35� 25Þ þmaxð0;25� 35Þ ¼ 10þ 0
¼ 10
Profit¼ VT � ðc0 þ p0Þ ¼ 10� ð4þ 1Þ ¼ 5

(ii) VT ¼ maxð0;ST � KÞ þmaxð0;K � STÞ
¼ maxð0;29� 25Þ þmaxð0;25� 29Þ ¼ 4þ 0
¼ 4
Profit¼ VT � ðc0 þ p0Þ ¼ 4� ð4þ 1Þ ¼ �1

(iii) VT ¼ maxð0;ST � KÞ þmaxð0;K � STÞ
¼ maxð0;25� 25Þ þmaxð0;25� 25Þ ¼ 0þ 0
¼ 0
Profit¼ VT � ðc0 þ p0Þ ¼ 0� ð4þ 1Þ ¼ �5

(iv) VT ¼ maxð0;ST � KÞ þmaxð0;K � STÞ
¼ maxð0;20� 25Þ þmaxð0;25� 20Þ ¼ 0þ 5
¼ 5
Profit¼ VT � ðc0 þ p0Þ ¼ 5� ð4þ 1Þ ¼ 0

(v) VT ¼ maxð0;ST � KÞ þmaxð0;K � STÞ
¼ maxð0;15� 25Þ þmaxð0;25� 15Þ ¼ 0þ 10
¼ 10
Profit¼ VT � ðc0 þ p0Þ ¼ 10� ð4þ 1Þ ¼ 5
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(c) (i) Maximum profit is unlimited.
(ii) Maximum loss¼ c0 þ p0 ¼ 4þ 1 ¼ 5

(d) Breakeven: S�T ¼ X 	 ðc0 þ p0Þ ¼ 25	 ð4þ 1Þ ¼ 30;20
11.10 (a) S&M (quotedþ 0.75% over sterling government bonds) has

a poorer credit rating than BIM (quoted þ0.50% over US$
government bonds), as evidenced by the spread over
corresponding 5-year government rates.
To avoid any exchange rate risk on the exchange of interest rate
payments, S&M will need to borrow at the 5-year fixed rate of 6%
per annum in sterling and receive payments at a rate of 6% per
annum fixed for 5 years from the global investment bank as part of
the swap design.
To avoid any exchange rate risk on the exchange of interest rate
payments, BIM will need to borrow at the 5-year fixed rate of
5.25% per annum in US$ and receive payments at a rate of 5.25%
per annum fixed for 5 years from the global investment bank as
part of the swap design.
The difference between the US$ payments by S&M to the global
investment bank and the sterling payments by BIM to the global
investment bank provides the margin for the global investment
bank. However, the global investment bank will probably want to
charge a higher rate of interest to S&M than to BIM to reflect the
poorer credit rating of the former.

(b) In arriving at its fee, the global investment bank would probably
wish to tilt the charges to BIM and S&M to reflect their relative
credit ratings. Thus, the global investment bankmay wish to charge
S&M a somewhat wider margin than BIM.
One possibility would be to charge S&M a US$ 5-year fixed rate of
5.80% (1.05% over 5-year US$ government bonds) and BIM
a sterling 5-year fixed rate of 5.90% (0.95% over 5-year sterling
government bonds).

(c) The global investment bank is left with a residual foreign exchange
risk on each exchange of interest payments between the two
parties.
This risk could be hedged by forward foreign exchange contracts.
The global investment bank is also left with credit risk.
Credit risk could be hedged using credit derivatives.

11.11 (a) Marks should be awarded for the following features:
Same axes and same scalesdone rather than two diagrams;
Common strike price;
2:1 ratio of premiums (suggested on inspection by eye);
General shape of each option’s “hockey stick” diagram. See
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Figures 11.3.1 and 11.3.2 (with modification to include the
option premiums).

(b) Marks should be awarded for the following features:
� Same axes and same scalesdone rather than two diagrams;
� Common strike price of the combined option portfolio;
� Maximum loss of 3 units [implied by 2:1 ratio of premiums for

basic options in (a)] (suggested on inspection by eye);
� “V” shape of diagram. See Figure 11.6.4 (long straddle).

(c) The portfolio of options pays off at maturity when there is a large
move either way in the price of the underlying stock over the life of
the option. Conversely, investors in the portfolio of options will
lose out if there is little or no movement in the price of the
underlying stock by the maturity date of the option.

11.12 (a) The main uses of derivatives are as follows.
� Speculation: Exchange-traded derivatives could be used for

speculation, effectively betting on a strong view of a particular
market movement. The difference between speculation using
options and speculation using the underlying asset is that
buying the underlying asset requires an initial cash outlay equal
to the total value of what is bought, whereas entering into
a future contract or an option contract requires only a fraction
of the initial cash outlay. Thus, a much higher level of leverage
(gearing) can be achieved.

� Arbitrage: Arbitrage involves locking-in a riskless profit by
simultaneously entering into two transactions in two or more
markets. Using various combinations of options and the
underlying instruments, portfolios with the same return but
with different constituent parts can be created. Arbitrage
opportunities can arise when the prices of these different
portfolios get out of alignment and a riskless profit can be
made. In practice, only very small arbitrage opportunities are
observed in prices that are quoted in most financial markets.
Also, transaction costs would probably eliminate the profit for
all but the very large investment houses that face very low
transaction costs.

� Hedging: Hedging allows a fund manager to reduce a risk that
the fund already faces. Hedging using options, for example,
involves taking a long or short position in a number of options
contracts which is the opposite to the position held in the
underlying asset. Conceptually, a loss made in the underlying
asset will be offset by an approximately equal gain on the
options position. This technique is very useful where, say,
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a fund is going to sell its holding in 2 or 3 months and it wishes
to avoid a fall in market values. However, if the market rises,
there will be a loss on the futures position approximately equal
in value to gain on the underlying equities, so the strategy does
close off the opportunity for the fund to participate in any
upward movements in the underlying assets while the hedge is
in place.

� Portfolio management: Options can be used to manage the
reallocation of assets from one market to another. For example,
call options on equity indices can be used to gain exposure to
upside movements in the markets; put options can be used to
remove exposure to downside movements in markets. Calls and
puts can be used to change a fund’s exposure to an asset category
or to change a fund’s exposure within an asset category.

(b) (i) Margin: The amount of money to be maintained depending
on how the market value of the contracts change.

(ii) Initial Margin: The initial payment put down to cover the risk
of the contract.
Variation Margin: If there is no “margin account”, the margin
which is payable or received on a daily basis to mark to
market. Otherwise, the margin required following a margin
call.

(iii) The clearinghouse is removing the credit risk, and it needs
some form of compensation to cover itself for this risk.

(c) (i) Put: The right to sell an underlying asset for a certain price by
a certain date.
Call: The right to buy an underlying asset for a certain price by
a certain date.

(ii) American: Exercised at any date to expiry. European can be
exercised only on expiry date.

(d) Call: The loss on the 3 month is 5p to 80p when breakeven, then
“in the money”; 6 month is 10p loss until 85p.
Put: The 3 month is in profit to 75p and then loss of option; the 6
month is in loss at 80p.

11.13 (a) The value of the promise can be thought as part of a call option
contract. A call option consists of a contract to deliver a share in
return for the payment of an exercise, where the share price exceeds
the exercise price.
The promise made to the employees is the first part of the call
optiondthe promise to deliver a share provided the price exceeds
a certain level. Therefore, the first component of the BlackeScholes
formula gives the value
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Value ¼ S:N:ðd1Þ where d1 ¼

0
B@ ln s=kþ r þ 1 =

2s2

s
ffiffiffi
T

p

1
CAT

¼ 1;000�N

0
B@ ln

�
1
1:5

�
þ 0:04þ 1 =

20:32

0:3

1
CA

¼ Nð�1:0682Þ � 1;000 ¼ £142:70

(b) Limiting the gain under the contract can be represented by
a portfolio of the preceding promise less a call option with exercise
price of £2.
The value of the call option is therefore

1;000ðNðd1Þ � 2e�0:04 Nðd2ÞÞ d1 as above d2 ¼ d1 � s
ffiffiffi
T

p

where
d1 ¼ �2:027
d2 ¼ �2:327

The value of the call option is therefore

1;000� 0:00215 ¼ £2:15

The value of the revised promise is therefore

£142:70� £2:15 ¼ £140:53

(c) (i) The employee has taken a view about the expected growth
in share price. The result is a value that is not consistent
with risk neutral pricing. This means that, if there were
a market in these contracts, the price the employee has
derived is not equal to the price the market would place
on it.

(ii) If the employer was willing to buy such promises at their
suggested price, an arbitrageur would sell off £300 and hedge
the position at £142.70, resulting in substantial risk-free
profits.

11.14 (a) The bank has become a riskier investment; there may be an
additional sector risk if this bank’s performance impacts or infers
a wider contagion. As the bank increases its risk, the expected
return investors seek from the investment should also increase.
However, the investment makes only 1% of portfolio, so although
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the bank has increased in risk, the impact at the total portfolio level
should be minimal.

(b) � Expect the share price to increase.
� Regret aversiondby maintaining existing arrangements, people

minimise the pain associated with feeling of loss.
� Overconfidence in their ability.
� Status Quo biasdlike to keep things the same.
� Good diversifier in overall portfolio.
� Could be part of an index-tracking portfolio.
� Tax considerations.
� Income may be appreciated.

(c) The individual is close to retirement and would expect to be in less
risky investments where capital is more guaranteed. However, it
this depends on exactly when the investor expects to retire.
The holding is a small part of overall portfolio, so it might be
suitable if most other holdings are relatively safe.
If majority of investments are equity, then probably not suitable.

(d) Write options, for example put options for a lower price than
the current share price for which the investor will receive
a premium.
The closer to the current price, the higher the premium they
will receive.

(e) Using example in (d) to answer (e) and (f):
Will keep premium, and current holdings will increase in value
by 30%.

(f) Will make loss on put options and would have to buy
additional shares at agreed price, leading to a higher loss and
increasing exposure to bank. Existing holdings will decrease in
value.

11.15 (a) A swap agreement in which the fixed rate receiver has the right
to terminate the swap on one or more dates prior to its
scheduled maturity. This early termination provision is designed
to protect a party from adverse effects of large changes in fixed
rates.

(b) The pension fund wants to enter into swaps to reduce risk, but the
actual liabilities are subject to refinement, which might mean swap
adjustment.
There is a yield pickup on the swap and, therefore, it is being held
for tactical reasons and not as a long-term investment.

(c) Interest rate swap.
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(d)

(i)

(ii)

(e) PV of fixed rate¼ 4.75/4.61� 6473942¼ 6,670,520
Profit¼ 6,670,520 e 6,473,942¼ £196,578 (or the “rounded”
equivalent).
The fixed rate is higher than the theoretical swap rate, so
assuming the payments reflect the assumed, then the pension
fund will be in the money, i.e., calculation should show a profit,
as they have been paid a higher amount from the bank (via
fixed) than paid out.

PV of notional 140,502,569
PV of floating rate 6,473,942
Theoretical swap rate 4.61%

Period

Number
of Days
in Period

Annual
Forward
Interest

1/2 Year
Interest Rate

1 183 4.00% 2.03% Value: 50,000,000
2 181 4.25% 2.14% Term: 3
3 182 4.50% 2.28% Payment: semi-

annual
arrears

4 182 4.75% 2.40% Days: 360
5 181 5.00% 2.51%
6 183 5.25% 2.67%

PV Discount
PV of
Payments Notional

1 1/[1þ(days/360 �
interest)]

0.9801 996,406 24,910,160

2 1/[1þ(days/360 �
interest) 2 periods]

0.9596 1,025,205 24,122,468

3 etc. 0.9382 1,067,229 23,716,197
4 etc. 0.9162 1,100,102 23,160,035
5 etc. 0.8938 1,123,398 22,467,962
6 etc. 0.8705 1,161,602 22,125,746
Total 5.5584 6,473,942 140,502,569
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(f) The higher interest rates would mean the pension fund would be
paying out more than assumed and, therefore, the profit
assumed would be reduced or turned into a loss (out of the
money).

11.16 (a) (i) European: Right to purchase at set price at set date in future.
American: Right to purchase at set price at any point before
expiry date.

(ii) American because it has the added flexibility.
(b) The figures in Chapter 11 illustrate the basic shape of the payoff in

each case.
(i) Butterfly spread: The investor does not believe a stock will rise

or fall much before expiry; he thinks volatility will be low. He
wants limited risk strategy but also limits profit.

(ii) Straddle: The investor believes the underlying price will
change significantly but does not know which way it will go.
Profit if volatility is high.

(iii) Bear spreads: A bear call spread is a limited profit, limited risk
options trading strategy that can be used when the options
trader is moderately bearish on the underlying security. He
thinks the share price will fall.

(c) O� St þ K, where St is greater than K; otherwise, zero. St ¼ price of
stock, K ¼ exercise price, O is price of option.

(d) The chart would show £50 profit when share price starts at 0 until
the exercise price is £1.50. The investor would then start to
decrease the profit. At £2.00, the investor profit would be £0. At
£2.50, the loss would be £50.

(e) (i) £0.75¼ £50 profit.
(ii) £1.50¼ £50 profit assuming the investor can buy stocks in

market at zero cost.
(iii) £2.15¼ £15 loss assuming the investor can buy stocks at zero

cost. The loss on the purchase of shares is £65, and profit
from the premium is £50.

(f) The initial margin is 0.2� 50p� 100 shares¼ £10. Then the
investor has to post 100% of the movement, which is 5p. The
additional margin is then £5 for the 100 shares, so the total
margin¼ £15.

11.17 The proof of this result is an adaptation of that of the standard call-put
parity. Two (self-financing) portfolios are considered.
� Portfolio A: Buying the call and selling the put at time t. Its value

at time t is Pt � Ct and at time T, it is ST � K in all states of the
universe.
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� Portfolio B: Buying a fraction expð�dðT � tÞÞ of the underlying asset
for St expð�dðT � tÞÞ and borrowing K expð�rðT � tÞÞ at time t. Its
value at time t is then K expð�rðT � tÞÞ � St expð�dðT � tÞÞ. Its
value at maturity is then ST � K by taking into account the dividends
which are paid continuously at rate d.
If we use the absence of arbitrage opportunity, both portfolios
should have the same value at any intermediate time, in particular at
time t. Hence,

Ct � Pt ¼ St expð�dðT � tÞÞ � K expð� rðT � tÞÞ:
Another proof can include the following portfolios:

� Portfolio A: At time t, buying a call option and lending
K expð�rðT � tÞÞ;

� Portfolio B: At time t, buying the put option and buying one share.

11.18 (a) Try s¼ 10%. The BlackeSholes formula gives a price of
p10¼ 44.05.
Try s¼ 40%. The BlackeSholes formula gives a price of
p40¼ 76.05.
Interpolating gives a trial value of
(76.05 � 52.73) / (76.05� 44.05)�10þ (52.73� 44.05) /
(76.05� 44.05)�40¼ 20.2%.
Evaluating gives p20.2¼ 52.96.
Interpolation with p40 give
s ¼ ((76.05� 52.73)�20.2þ (52.73� 52.96)�40) / (76.05 e
52.96)¼ 21.9% (to the nearest 0.5%)
p21.9¼ 54.75.
The actual answer is 20%.

(b) The payoff is
100 �min(1, max(ST� 320,0))¼ 100 � (max(ST� 320,0)�max
(ST� 321,0))
so is 100 times the difference between two call options with the
corresponding strikes. If we use the BlackeScholes formula, the
price of the second call option is 52.06p, and, hence, the value of
the derivative is p¼ 100�(52.73� 52.06)¼ 67p.

11.19 (a) Using put-call parity, 0¼ S� Ke�rT, so K¼ SerT¼ 306.06p.
(b) d1¼ (ln(S/K)þ r þ½s2T) /sOT¼½s,

while d2 ¼ (ln(S/K)þ r�½s2T)/sOT¼�½s.
Therefore, C¼ SF(d1)� Ke�rT F(d2)¼ S�(F(½s)�F(�½s))¼
300(2F(½s)� 1)
so F(½s)¼ 0.52 so s¼ 0.1003¼ 10.0%.

(c) F(d1)¼ 0.52, so the hedge is 5,000� 0.52¼ 2,600 shares
and 600� 2,600 �3¼ £7,200 short in cash.
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CHAPTER 12 EXERCISES
12.1 (a) Let it be the (random) rate of interest in year t. Let S10 be the

accumulation of the unit investment after 10 years:
EðS10Þ ¼ E½ð1þ i1Þð1þ i2Þ.ð1þ i10Þ�
EðS10Þ ¼ E½1þ i1�E½1þ i2�.E½1þ i10� as fitg are independent

E½it � ¼ j

Therefore; E
�
S10
� ¼ ð1þ jÞ10 ¼ 1:0710 ¼ 1:96715

(b) E
�
S210
� ¼ E


½ð1þ i1Þð1þ i2Þ.ð1þ i10Þ�2
�

¼ Eð1þ i1Þ2Eð1þ i2Þ2.Eð1þ i10Þ2 ðusing independenceÞ
¼ E

�
1þ 2i1 þ i21

�
E
�
1þ 2i2 þ i22

�
.E
�
1þ 2i10 þ i210

�
¼ 
E�1þ 2it þ i2t

��10 ¼ �1þ 2jþ s2 þ j2
�10

as E


i2i
� ¼ V ½it � þ E½it �2 ¼ S2 þ j2

Therefore var½Sn� ¼
�
1þ 2jþ S2 þ j2

�10 � ð1þ jÞ20

¼ �1þ 2� 0:07þ 0:016þ 0:072
�10 � ð1:07Þ20 ¼ 0:5761

(c) If 1,000 units had been invested, the expected accumulation would
have been 1,000 times bigger. The variance would have been
1,000,000 times bigger.

12.2 (a) Let S3 ¼ Accumulated fund after 3 years of investment of 1 at time 0

it ¼ Interest rate for year t

Then, the fund after 3 years
¼ 80;000� S3 ¼ 80;000ð1þ i1Þð1þ i2Þð1þ i3Þ

Eði1Þ ¼ 1
3
ð0:04þ 0:06þ 0:08Þ ¼ 0:06

Eði2Þ ¼ 0:75� 0:07þ 0:25� 0:05 ¼ 0:065

Eði3Þ ¼ 0:7� 0:06þ 0:3� 0:04 ¼ 0:054

Then
E½80;000S3� ¼ 80;000 E½S3�
¼ E½80;000ð1þ i1Þð1þ i2Þð1þ i3Þ�
¼ 80;000 Eð1þ i1Þ Eð1þ i2Þ Eð1þ i3Þ

since the it ’s are independent

¼ 80;000� 1:06� 1:065� 1:054 ¼ £95;188:85
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(b)
var½80;000S3� ¼ 80;0002 � var½S3�
where var½S3� ¼ E



S23
�� ðE½S3�Þ2

E


S23
� ¼ E


ð1þ i1Þ2ð1þ i2Þ2ð1þ i3Þ2
�

¼ E

ð1þ i1Þ2

�
:E

ð1þ i2Þ2

�
:E

ð1þ i3Þ2

�
using independence�

1þ 2E½i1� þ E


i21
��
:
�
1þ 2E½i2� þ E



i22
��
:
�
1þ 2E½i3� þ E



i23
��

Now

E
�
i21
� ¼ 1

3

�
0:042 þ 0:062 þ 0:082

� ¼ 0:0038667

E
�
i22
� ¼ 0:75� 0:072 þ 0:25� 0:052 ¼ 0:0043

E
�
i23
� ¼ 0:7� 0:062 þ 0:3� 0:042 ¼ 0:0030

Hence; E


S23
� ¼ ð1þ 2� 0:06þ 0:0038667Þ

�ð1þ 2� 0:065þ 0:0043Þ
�ð1þ 2� 0:054þ 0:003Þ

¼ 1:41631

Hence var½80;000S3� ¼ 80;0002 var½S3�80;0002
�
1:41631

� ð1:18986Þ2�
¼ 3;476;355

(c) Note that 80,000� 1.08� 1.07� 1.06¼ 97,995> 97,000.
But if, in any year, the highest interest rate for the year is not
achieved, then the fund after 3 years falls below £97,000. Hence, the
answer is the probability that the highest interest rate is achieved in
each year

1
3
� 0:75� 0:7 ¼ 0:175

12.3 (a)

Eð1þ iÞ ¼ emþ
1 =

2s2

¼ e0:05þ
1 =

2� 0:004

¼ 1:0533757

Therefore; E½i� ¼ 0:0533757 since Eð1þ iÞ ¼ 1þ EðiÞ

405Chapter 12 Exercises



Let A be the accumulation at the end of 25 years of £3,000 paid
annually in advance for 25 years.
Then

E½A� ¼ 3;000€s20 at rate j ¼ 0:0533757

¼ 3;000

�
ð1þ jÞ25 � 1

	
j

� ð1þ jÞ

¼ 3;000

�
1:053375725 � 1

�
0:0533757

� 1:0533757

¼ £158;036:43

(b) Let the accumulation be S20; then S20 has a log-normal distribution
with parameters 20m and 20s2:

rE½S20� ¼ e20mþ1=2�20s2�
orð1þ jÞ20�

¼ expð20� 0:05þ 10� 0:004Þ ¼ e1:04 ¼ 2:829217

ln S20wN
�
20m; 20s2

�
and so ln S20wNð1;0:08Þ

PrðS20 > 2:829217Þ ¼ Prðln S20 > ln 2:829217Þ

¼ Pr
�
Z >

ln 2:829217� 1ffiffiffiffiffiffiffiffiffiffi
0:08

p
�
where ZwNð0;1Þ

¼ PrðZ > 0:14Þ ¼ 1� Fð0:14Þ
¼ 1� 0:55567

¼ 0:44433; i:e:; 44:4%

12.4 (a) E½i� ¼ 1
3
ð0:03Þ þ 1

3
ð0:06Þ þ 1

3
ð0:09Þ ¼ 0:06 or 6%

If the annual premium was calculated at this mean rate of interest, it
would be 10;000=€s20 0:06 ¼ £256:46:

(b) (i) The expected value of the accumulated profit is
1
3
ðP€s20 0:03 � 10;000Þþ 1

3
ðP€s20 0:06 � 10;000Þ

þ1
3
ðP€s20 0:09 � 10;000Þ

which equals 40.811 25P� 10,000. This will be zero if
P¼ 245.03.
If P¼ 256.46 [as in (a)], the expected value of the accumulated
profit is £466.45.
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(ii) The expected value of the net present value of the policy
immediately before the first premium is paid is

1
3

�
P€a20 0:03 � 10;000v200:03

�þ 1
3

�
P€a20 0:06 � 10;000v200:06

�
þ 1

3

�
P€a20 0:09 � 10;000v200:09

�
which equals 12.477 34P e 3,479.70. This will be zero if
P¼ £278.88.

If P¼ 256.46 [as in (a)], the expected value of the net present
value of the policy is e £279.76.

12.5 (a) (i) We note that, if q denotes the accumulated profit at the
maturity date, then

q ¼ PS10 � 1;000

Hence,

E½q� ¼ PE½S10� � 1;000

¼ Pð1þ E½i�Þ10 � 1;000

Let E½i� ¼ j and var½i� ¼ s2: Then

standard deviation of q¼ P(standard deviation of S10)

¼ P
�
ð1þ jÞ2 þ s2

�10 � ð1þ jÞ20�1 =

2

(ii) Let f be the net present value of the policy immediately after it
is effected. Then

f ¼ P � 1;000ð1þ i1Þ�1ð1þ i2Þ�1.ð1þ i10Þ�1

where it denotes the yield in the tth year. Therefore,

E½f� ¼ P � 1;000E
h
ð1þ i1Þ.ð1þ i10Þ�1

i
Since (by assumption) i1, i2,., i10 are independently and
identically distributed, the last equation implies that

E½f� ¼ P � 1;000
�
E

�
1

1þ i

��10

Also, since P is a constant, the standard deviation of f
¼ 1,000� standard deviation of [(P e f)/1,000]
¼ 1,000� standard deviation of ½ð1þ iiÞ�1.ð1þ i10Þ�1�
Using the fact that, for any random variable X, var [X],¼ E[X2]
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e (E[X])2, we immediately obtain from the last equation:
the standard deviation of f

¼ 1;000

( 
E

"
1

ð1þ iÞ2
#!10

�
�
E

�
1

1þ i

��20
)1 =

2

(b) The reader should verify the following results for each of the given
models:
Model I j¼ E[i]¼ 0.04

s2 ¼ var½i� ¼ 1
3
ð�0:02Þ2 þ 1

3
ð0Þ2 þ 1

3
ð0:02Þ2 ¼ 8

3
10�4

E

�
1

1þ i

�
¼ 1

3

�
1

1:02

�
þ 1
3

�
1

1:04

�
þ 1
3

�
1

1:06

�
¼ 0:961 657 01

Therefore,�
E

�
1

1þ i

��10

¼ 0:677 232 23

E

"
1

ð1þ iÞ2
#

¼ 1
3

�
1

1:02

�2

þ 1
3

�
1

1:04

�2

þ 1
3

�
1

1:06

�2

¼ 0:92 524 048

and so  
E

"
1

ð1þ iÞ2
#!10

¼ 0:459 775 94

Model II j¼ E[i]¼ 0.04

s2 ¼ var½i� ¼ 4
3
10�4

E

�
1

1þ i

�
¼ R0:06

0:02

1
1þ x

25dx ¼ 0:961 657 01

and therefore

�
E

�
1

1þ i

��10

¼ 0:676 397 61

E

"
1

ð1þ iÞ2
#
¼
Z0:06

0:02

1

ð1þ xÞ2 25dx ¼ 0:924 898 26
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and so 
E

"
1

ð1þ iÞ2
#!10

¼ 0:458 078 21

Model III j¼ E[i]¼ 0.04

s2 ¼ var½i� ¼ 2
3
10�4

Note that the probability density function of i is

f ðxÞ ¼
(
2;500ðx� 0:02Þ if 0:02 � x < 0:04

2;500ð0:06� xÞ if 0:04 � x � 0:06

E

�
1

1þ i

�
¼
Z0:06

0:02

1
1þ x

f ðxÞdx ¼ 0:961 597 48

and therefore�
E

�
1

1þ i

��10

¼ 0:67597890

E

"
1

ð1þ iÞ2
#
¼
Z0:06

0:02

1

ð1þ xÞ2 f ðxÞdx ¼ 0:924 728 15

and therefore 
E

"
1

ð1þ iÞ2
#!10

¼ 0:457 236 39

Combining these results with those of (a), we obtain the following
values:

Value of P for Which
the Expected Value
of the Accumulated
Profit is Zero (£)

Standard
Deviation of
Accumulated
Profit (P as in
Previous Column)
(£)

Value of P for Which
the Expected Value of
the Net Present Value
at Outset is Zero (£)

Standard
Deviation of Net
Present Value (£)

Model I 675.56 49.68 677.23 33.65
Model II 675.56 35.12 676.40 23.76
Model III 675.56 24.83 675.98 17.00

409Chapter 12 Exercises



12.6 (a)

j ¼ E½i� ¼ 1
3
ð0:03Þ þ 1

3
ð0:06Þ þ 1

3
ð0:09Þ ¼ 0:06

s2 ¼ var½i� ¼ 1
3
ð�0:03Þ2 þ 1

3
ð0Þ2 þ 1

3
ð0:03Þ2 ¼ 0:0006

(b) Hence, we obtain

E½Sn� ¼ 1:06n

var½Sn� ¼ 1:1242n � 1:062n

This gives the following values:

(c)
E½An� ¼ €Sn 0:06

and we calculate the following values:

(d)

Note that, as n increases, the value of the standard deviation
increases relative to the value of the mean.

12.7 (a) j¼ E[i]¼ 0.3(0.02)þ 0.5(0.04)þ 0.2(0.07)¼ 0.04
s2¼ var [i]¼ 0.3( e 0.02)2þ 0.5(0)2þ 0.2(0.03)2¼ 0.0003
We have
1,000 E[S15]¼ 1,000(1.04)15¼ 1,800.94
1,000O(var[S15])¼ 1,000(1.08 19 15 e 1.0430)1/2¼ 116.28
We carried out 10,000 simulations. Of these, 254 gave an

n 5 10 15 20

E[Sn] 1.338 23 1.790 85 2.396 56 3.207 14
O(var[Sn]) 0.069 19 0.131 02 0.214 89 0.332 28

n O(var[An]) n O(var[An]) n O(var[An])

1 0.024 49 6 0.280 93 11 0.802 84
2 0.056 75 7 0.361 94 12 0.946 24
3 0.098 50 8 0.453 92 13 1.104 76
4 0.149 63 9 0.557 55 14 1.279 48
5 0.210 32 10 0.673 58 15 1.471 55

n 5 10 15

O(var[An])/E [An] 0.0352 0.0482 0.0596
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accumulation of less than £1,600; 468 gave an accumulation greater
than £2,000. Our estimated probabilities and corresponding 95%
confidence intervals are
(i) 0.0254; (0.0223, 0.0285)
(ii) 0.0468; (0.0427, 0.0509)

(b)

100E½A15� ¼ 100€s15 0:04 ¼ 2;082:45

100Oðvar½A15�Þ ¼ 86:87

Note that of the 10,000 simulations, 60 gave an accumulation of
less than £1,900, and 90 gave an accumulation greater than £2,300.
The estimated probabilities and 95% confidence intervals are
therefore

(i) 0.006 (0.0045, 0.0075);
(ii) 0.009 (0.0071, 0.0109).

12.8 (a) Vn¼ (1þ i1)
e1 (1þ i2)

e1 . (1þ in)
e1

Hence,

ln Vn ¼ �lnð1þ i1Þ � lnð1þ i2Þ �/� lnð1þ inÞ:
Since, for each value of t, ln(1þ it) is normally distributed with
mean m and variance s2, each term of the right side of the last
equation is normally distributed with mean �m and variance s2.
Also, the terms are independently distributed. This means that
lnVn is normally distributed with mean �nm and variance ns2, i.e.,
Vn has log-normal distribution with parameters �nm and ns2.

(b) We are given that E[i]¼ 0.08 and var[i]¼ (0$05)2¼ 0.0025. This
implies that m¼ 0.075 890 52 and s2¼ 0.002 141 05.
Let m0 ¼e nm and s02¼ ns2. Then

E½Vn� ¼ exp
�
m0 þ 1

2
s02
�

¼ exp
�
�nmþ 1

2
ns2
�

¼
�
exp
�
�mþ 1

2
s2
��n

and

E

ðVnÞ2

� ¼ exp
�
2m0 þ 2s02

� ¼ exp
��2nmþ 2ns2

�
¼ 
exp��mþ s2

��2n
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The standard deviation of Vn is fE½ðVnÞ2� � ðE½Vn�Þ2g
1 =

2.
Using the last two equations (with m and s2 as calculated previ-
ously), we may readily calculate the following values:

12.9 (a) For i¼ 1, 2, 3, we have

E½Xi� ¼ 1
2

and var½Xi� ¼ 1
12

Therefore,

E½X� ¼ 1
3

X3
i¼1

E½Xi� ¼ 1
2

and var½X� ¼
�
1
3

�2 X3
i¼1

var½Xi� ¼ 1
36

Hence, the standard deviation of X is 1/6.

(b) Exact values for the probabilities are

(i) 9/128x 0.070 313;
(ii) 0.036;

(iii)
2
3
x0:666 667;

(iv) 0.1625.
Readers should compare their estimated values with the preceding
true values.

(c) Exact values of t are

(i) ½ ffiffiffiffiffiffi903
p ��1x0:223 144;

(ii) 1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2=900Þ3
p

x0:869 504;

(iii) The unique real root of the equation
36t3 � 54t2 þ 18t � 1 ¼ 0:

This root is approximately 0.382 380.
Again, readers should compare these values with their estimates.

n 1,000E[Vn] 1,000 O(var[Vn])

5 687.91 71.37
10 473.22 69.62
15 325.53 58.81
20 223.93 46.84
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Appendix 4: Compound Interest Tables

Compound Interest Tables

Constants 1 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.010 000 1 1.010 00 0.990 10 1.000 0 0.990 1 0.990 1 1
i (2) 0.009 975 2 1.020 10 0.980 30 2.010 0 1.970 4 2.950 7 2
i (4) 0.009 963 3 1.030 30 0.970 59 3.030 1 2.941 0 5.862 5 3
i (12) 0.009 954 4 1.040 60 0.960 98 4.060 4 3.902 0 9.706 4 4
d 0.009 950 5 1.051 01 0.951 47 5.101 0 4.853 4 14.463 7 5

(1 + i) 1.010 000 6 1.061 52 0.942 05 6.152 0 5.795 5 20.116 0 6
(1 + i)1/2 1.004 988 7 1.072 14 0.932 72 7.213 5 6.728 2 26.645 0 7
(1 + i)1/4 1.002 491 8 1.082 86 0.923 48 8.285 7 7.651 7 34.032 9 8
(1 + i)1/12 1.000 830 9 1.093 69 0.914 34 9.368 5 8.566 0 42.261 9 9

10 1.104 62 0.905 29 10.462 2 9.471 3 51.314 8 10

v 0.990 099 11 1.115 67 0.896 32 11.566 8 10.367 6 61.174 4 11
v1/2 0.995 037 12 1.126 83 0.887 45 12.682 5 11.255 1 71.823 8 12
v1/4 0.997 516 13 1.138 09 0.878 66 13.809 3 12.133 7 83.246 4 13
v1/12 0.999 171 14 1.149 47 0.869 96 14.947 4 13.003 7 95.425 8 14

15 1.160 97 0.861 35 16.096 9 13.865 1 108.346 1 15

d 0.009 901 16 1.172 58 0.852 82 17.257 9 14.717 9 121.991 2 16
d (2) 0.009 926 17 1.184 30 0.844 38 18.430 4 15.562 3 136.345 6 17
d (4) 0.009 938 18 1.196 15 0.836 02 19.614 7 16.398 3 151.394 0 18
d (12) 0.009 946 19 1.208 11 0.827 74 20.810 9 17.226 0 167.121 0 19

20 1.220 19 0.819 54 22.019 0 18.045 6 183.511 9 20

i/i (2) 1.002 494 21 1.232 39 0.811 43 23.239 2 18.857 0 200.551 9 21
i/i (4) 1.003 742 22 1.244 72 0.803 40 24.471 6 19.660 4 218.226 7 22
i/i (12) 1.004 575 23 1.257 16 0.795 44 25.716 3 20.455 8 236.521 8 23
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(Continued)

Compound Interest Tables

Constants 1 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

24 1.269 73 0.787 57 26.973 5 21.243 4 255.423 4 24
25 1.282 43 0.779 77 28.243 2 22.023 2 274.917 6 25

i/d 1.004 992 26 1.295 26 0.772 05 29.525 6 22.795 2 294.990 9 26
27 1.308 21 0.764 40 30.820 9 23.559 6 315.629 8 27
28 1.321 29 0.756 84 32.129 1 24.316 4 336.821 2 28
29 1.334 50 0.749 34 33.450 4 25.065 8 358.552 1 29
30 1.347 85 0.741 92 34.784 9 25.807 7 380.809 8 30

i/d (2) 1.007 494 31 1.361 33 0.734 58 36.132 7 26.542 3 403.581 7 31
i/d (4) 1.006 242 32 1.374 94 0.727 30 37.494 1 27.269 6 426.855 4 32
i/d (12) 1.005 408 33 1.388 69 0.720 10 38.869 0 27.989 7 450.618 8 33

34 1.402 58 0.712 97 40.257 7 28.702 7 474.859 9 34
35 1.416 60 0.705 91 41.660 3 29.408 6 499.566 9 35

36 1.430 77 0.698 92 43.076 9 30.107 5 524.728 2 36
37 1.445 08 0.692 00 44.507 6 30.799 5 550.332 4 37
38 1.459 53 0.685 15 45.952 7 31.484 7 576.368 2 38
39 1.474 12 0.678 37 47.412 3 32.163 0 602.824 6 39
40 1.488 86 0.671 65 48.886 4 32.834 7 629.690 7 40

41 1.503 75 0.665 00 50.375 2 33.499 7 656.955 9 41
42 1.518 79 0.658 42 51.879 0 34.158 1 684.609 5 42
43 1.533 98 0.651 90 53.397 8 34.810 0 712.641 2 43
44 1.549 32 0.645 45 54.931 8 35.455 5 741.040 8 44
45 1.564 81 0.639 05 56.481 1 36.094 5 769.798 2 45

46 1.580 46 0.632 73 58.045 9 36.727 2 798.903 7 46
47 1.596 26 0.626 46 59.626 3 37.353 7 828.347 5 47
48 1.612 23 0.620 26 61.222 6 37.974 0 858.120 0 48
49 1.628 35 0.614 12 62.834 8 38.588 1 888.211 8 49
50 1.644 63 0.608 04 64.463 2 39.196 1 918.613 7 50
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Compound Interest Tables

Constants 2 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.020 000 1 1.020 00 0.980 39 1.000 0 0.980 4 0.980 4 1
i (2) 0.019 901 2 1.040 40 0.961 17 2.020 0 1.941 6 2.902 7 2
i (4) 0.019 852 3 1.061 21 0.942 32 3.060 4 2.883 9 5.729 7 3
i (12) 0.019 819 4 1.082 43 0.923 85 4.121 6 3.807 7 9.425 1 4
d 0.019 803 5 1.104 08 0.905 73 5.204 0 4.713 5 13.953 7 5

(1 + i) 1.020 000 6 1.126 16 0.887 97 6.308 1 5.601 4 19.281 6 6
(1 + i)1/2 1.009 950 7 1.148 69 0.870 56 7.434 3 6.472 0 25.375 5 7
(1 + i)1/4 1.004 963 8 1.171 66 0.853 49 8.583 0 7.325 5 32.203 4 8
(1 + i)1/12 1.001 652 9 1.195 09 0.836 76 9.754 6 8.162 2 39.734 2 9

10 1.218 99 0.820 35 10.949 7 8.982 6 47.937 7 10

v 0.980 392 11 1.243 37 0.804 26 12.168 7 9.786 8 56.784 6 11
v1/2 0.990 148 12 1.268 24 0.788 49 13.412 1 10.575 3 66.246 5 12
v1/4 0.995 062 13 1.293 61 0.773 03 14.680 3 11.348 4 76.295 9 13
v1/12 0.998 351 14 1.319 48 0.757 88 15.973 9 12.106 2 86.906 2 14

15 1.345 87 0.743 01 17.293 4 12.849 3 98.051 4 15

d 0.019 608 16 1.372 79 0.728 45 18.639 3 13.577 7 109.706 5 16
d (2) 0.019 705 17 1.400 24 0.714 16 20.012 1 14.291 9 121.847 3 17
d (4) 0.019 754 18 1.428 25 0.700 16 21.412 3 14.992 0 134.450 2 18
d (12) 0.019 786 19 1.456 81 0.686 43 22.840 6 15.678 5 147.492 3 19

20 1.485 95 0.672 97 24.297 4 16.351 4 160.951 8 20

i/i (2) 1.004 975 21 1.515 67 0.659 78 25.783 3 17.011 2 174.807 1 21
i/i (4) 1.007 469 22 1.545 98 0.646 84 27.299 0 17.658 0 189.037 5 22
i/i (12) 1.009 134 23 1.576 90 0.634 16 28.845 0 18.292 2 203.623 1 23

24 1.608 44 0.621 72 30.421 9 18.913 9 218.544 4 24
25 1.640 61 0.609 53 32.030 3 19.523 5 233.782 7 25

i/d 1.009 967 26 1.673 42 0.597 58 33.670 9 20.121 0 249.319 8 26
27 1.706 89 0.585 86 35.344 3 20.706 9 265.138 0 27
28 1.741 02 0.574 37 37.051 2 21.281 3 281.220 5 28
29 1.775 84 0.563 11 38.792 2 21.844 4 297.550 8 29
30 1.811 36 0.552 07 40.568 1 22.396 5 314.112 9 30

i/d (2) 1.014 975 31 1.847 59 0.541 25 42.379 4 22.937 7 330.891 5 31
i/d (4) 1.012 469 32 1.884 54 0.530 63 44.227 0 23.468 3 347.871 8 32
i/d (12) 1.010 801 33 1.922 23 0.520 23 46.111 6 23.988 6 365.039 3 33

(Continued)
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(Continued)

Compound Interest Tables

Constants 2 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

34 1.960 68 0.510 03 48.033 8 24.498 6 382.380 3 34
35 1.999 89 0.500 03 49.994 5 24.998 6 399.881 3 35

36 2.039 89 0.490 22 51.994 4 25.488 8 417.529 3 36
37 2.080 69 0.480 61 54.034 3 25.969 5 435.311 9 37
38 2.122 30 0.471 19 56.114 9 26.440 6 453.217 0 38
39 2.164 74 0.461 95 58.237 2 26.902 6 471.233 0 39
40 2.208 04 0.452 89 60.402 0 27.355 5 489.348 6 40

41 2.252 20 0.444 01 62.610 0 27.799 5 507.553 0 41
42 2.297 24 0.435 30 64.862 2 28.234 8 525.835 8 42
43 2.343 19 0.426 77 67.159 5 28.661 6 544.186 9 43
44 2.390 05 0.418 40 69.502 7 29.080 0 562.596 5 44
45 2.437 85 0.410 20 71.892 7 29.490 2 581.055 3 45

46 2.486 61 0.402 15 74.330 6 29.892 3 599.554 4 46
47 2.536 34 0.394 27 76.817 2 30.286 6 618.085 0 47
48 2.587 07 0.386 54 79.353 5 30.673 1 636.638 8 48
49 2.638 81 0.378 96 81.940 6 31.052 1 655.207 8 49
50 2.691 59 0.371 53 84.579 4 31.423 6 673.784 2 50

Compound Interest Tables

Constants 3 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.030 000 1 1.030 00 0.970 87 1.000 0 0.970 9 0.970 9 1
i(2) 0.029 778 2 1.060 90 0.942 60 2.030 0 1.913 5 2.856 1 2
i(4) 0.029 668 3 1.092 73 0.915 14 3.090 9 2.828 6 5.601 5 3
i(12) 0.029 595 4 1.125 51 0.888 49 4.183 6 3.717 1 9.155 4 4
d 0.029 559 5 1.159 27 0.862 61 5.309 1 4.579 7 13.468 5 5

(1 + i) 1.030 000 6 1.194 05 0.837 48 6.468 4 5.417 2 18.493 4 6
(1 + i)1/2 1.014 889 7 1.229 87 0.813 09 7.662 5 6.230 3 24.185 0 7
(1 + i)1/4 1.007 417 8 1.266 77 0.789 41 8.892 3 7.019 7 30.500 3 8
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(Continued)

Compound Interest Tables

Constants 3 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

(1 + i )1/12 1.002 466 9 1.304 77 0.766 42 10.159 1 7.786 1 37.398 1 9
10 1.343 92 0.744 09 11.463 9 8.530 2 44.839 0 10

v 0.970 874 11 1.384 23 0.722 42 12.807 8 9.252 6 52.785 6 11
v1/2 0.985 329 12 1.425 76 0.701 38 14.192 0 9.954 0 61.202 2 12
v1/4 0.992 638 13 1.468 53 0.680 95 15.617 8 10.635 0 70.054 6 13
v1/12 0.997 540 14 1.512 59 0.661 12 17.086 3 11.296 1 79.310 2 14

15 1.557 97 0.64186 18.598 9 11.937 9 88.938 1 15

d 0.029 126 16 1.604 71 0.623 17 20.156 9 12.561 1 98.908 8 16
d (2) 0.029 341 17 1.652 85 0.605 02 21.761 6 13.166 1 109.194 1 17
d (4) 0.029 450 18 1.702 43 0.587 39 23.414 4 13.753 5 119.767 2 18
d (12) 0.029 522 19 1.753 51 0.570 29 25.116 9 14.323 8 130.602 6 19

20 1.806 11 0.553 68 26.870 4 14.877 5 141.676 1 20

i/i (2) 1.007 445 21 1.860 29 0.537 55 28.676 5 15.415 0 152.964 7 21
i/i (4) 1.011 181 22 1.916 10 0.521 89 30.536 8 15.936 9 164.446 3 22
i/i (12) 1.013 677 23 1.973 59 0.506 69 32.452 9 16.443 6 176.100 2 23

24 2.032 79 0.491 93 34.426 5 16.935 5 187.906 6 24
25 2.093 78 0.477 61 36.459 3 17.413 1 199.846 8 25

i/d 1.014 926 26 2.156 59 0.463 69 38.553 0 17.876 8 211.902 8 26
27 2.221 29 0.450 19 40.709 6 18.327 0 224.057 9 27
28 2.287 93 0.437 08 42.930 9 18.764 1 236.296 1 28
29 2.356 57 0.424 35 45.218 9 19.188 5 248.602 1 29
30 2.427 26 0.411 99 47.575 4 19.600 4 260.961 7 30

i/d (2) 1.022 445 31 2.500 08 0.399 99 50.002 7 20.000 4 273.361 3 31
i/d (4) 1.018 681 32 2.575 08 0.388 34 52.502 8 20.388 8 285.788 1 32
i/d (12) 1.016 177 33 2.652 34 0.377 03 55.077 8 20.765 8 298.230 0 33

34 2.731 91 0.366 04 57.730 2 21.131 8 310.675 5 34
35 2.813 86 0.355 38 60.462 1 21.487 2 323.113 9 35

36 2.898 28 0.345 03 63.275 9 21.832 3 335.535 1 36
37 2.985 23 0.334 98 66.174 2 22.167 2 347.929 5 37
38 3.074 78 0.325 23 69.159 4 22.492 5 360.288 1 38
39 3.167 03 0.315 75 72.234 2 22.808 2 372.602 4 39
40 3.262 04 0.306 56 75.401 3 23.114 8 384.864 7 40

(Continued)

417Appendix 4: Compound Interest Tables



(Continued)

Compound Interest Tables

Constants 3 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

41 3.359 90 0.297 63 78.663 3 23.412 4 397.067 5 41
42 3.460 70 0.288 96 82.023 2 23.701 4 409.203 8 42
43 3.564 52 0.280 54 85.483 9 23.981 9 421.267 1 43
44 3.671 45 0.272 37 89.048 4 24.254 3 433.251 5 44
45 3.781 60 0.264 44 92.719 9 24.518 7 445.151 2 45

46 3.895 04 0.256 74 96.501 5 24.775 4 456.961 1 46
47 4.011 90 0.249 26 100.396 5 25.024 7 468.676 2 47
48 4.132 25 0.242 00 104.408 4 25.266 7 480.292 2 48
49 4.256 22 0.234 95 108.540 6 25.501 7 491.804 7 49
50 4.383 91 0.228 11 112.796 9 25.729 8 503.210 1 50

Compound Interest Tables

Constants 4 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.040 000 1 1.040 00 0.961 54 1.000 0 0.961 5 0.961 5 1
i (2) 0.039 608 2 1.081 60 0.924 56 2.040 0 1.886 1 2.810 7 2
i (4) 0.039 414 3 1.124 86 0.889 00 3.121 6 2.775 1 5.477 6 3
i (12) 0.039 285 4 1.169 86 0.854 80 4.246 5 3.629 9 8.896 9 4
d 0.039 221 5 1.216 65 0.821 93 5.416 3 4.451 8 13.006 5 5

(1 + i) 1.040 000 6 1.265 32 0.790 31 6.633 0 5.242 1 17.748 4 6
(1 + i)1/2 1.019 804 7 1.315 93 0.759 92 7.898 3 6.002 1 23.067 8 7
(1 + i)1/4 1.009 853 8 1.368 57 0.730 69 9.214 2 6.732 7 28.913 3 8
(1 + i)1/12 1.003 274 9 1.423 31 0.702 59 10.582 8 7.435 3 35.236 6 9

10 1.480 24 0.675 56 12.006 1 8.110 9 41.992 2 10

v 0.961 538 11 1.539 45 0.649 58 13.486 4 8.760 5 49.137 6 11
v1/2 0.980 581 12 1.601 03 0.624 60 15.025 8 9.385 1 56.632 8 12
v1/4 0.990 243 13 1.665 07 0.600 57 16.626 8 9.985 6 64.440 3 13
v1/12 0.996 737 14 1.731 68 0.577 48 18.291 9 10.563 1 72.524 9 14

15 1.800 94 0.555 26 20.023 6 11.118 4 80.853 9 15

d 0.038 462 16 1.872 98 0.533 91 21.824 5 11.652 3 89.396 4 16
d (2) 0.038 839 17 1.947 90 0.513 37 23.697 5 12.165 7 98.123 8 17
d (4) 0.039 029 18 2.025 82 0.493 63 25.645 4 12.659 3 107.009 1 18
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Compound Interest Tables

Constants 4 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

d(12) 0.039 157 19 2.106 85 0.474 64 27.671 2 13.133 9 116.027 3 19
20 2.191 12 0.456 39 29.778 1 13.590 3 125.155 0 20

i/i (2) 1.009 902 21 2.278 77 0.438 83 31.969 2 14.029 2 134.370 5 21
i/i (4) 1.014 877 22 2.369 92 0.421 96 34.248 0 14.451 1 143.653 5 22
i/i (12) 1.018 204 23 2.464 72 0.405 73 36.617 9 14.856 8 152.985 2 23

24 2.563 30 0.390 12 39.082 6 15.247 0 162.348 2 24
25 2.665 84 0.375 12 41.645 9 15.622 1 171.726 1 25

i/d 1.019 869 26 2.772 47 0.360 69 44.311 7 15.982 8 181.104 0 26
27 2.883 37 0.346 82 47.084 2 16.329 6 190.468 0 27
28 2.998 70 0.333 48 49.967 6 16.663 1 199.805 4 28
29 3.118 65 0.320 65 52.966 3 16.983 7 209.104 3 29
30 3.243 40 0.308 32 56.084 9 17.292 0 218.353 9 30

i/d (2) 1.029 902 31 3.373 13 0.296 46 59.328 3 17.588 5 227.544 1 31
i/d (4) 1.024 877 32 3.508 06 0.285 06 62.701 5 17.873 6 236.666 0 32
i/d (12) 1.021 537 33 3.648 38 0.274 09 66.209 5 18.147 6 245.711 1 33

34 3.794 32 0.263 55 69.857 9 18.411 2 254.671 9 34
35 3.946 09 0.253 42 73.652 2 18.664 6 263.541 4 35

36 4.103 93 0.243 67 77.598 3 18.908 3 272.313 5 36
37 4.268 09 0.234 30 81.702 2 19.142 6 280.982 5 37
38 4.438 81 0.225 29 85.970 3 19.367 9 289.543 3 38
39 4.616 37 0.216 62 90.409 1 19.584 5 297.991 5 39
40 4.801 02 0.208 29 95.025 5 19.792 8 306.323 1 40

41 4.993 06 0.200 28 99.826 5 19.993 1 314.534 5 41
42 5.192 78 0.192 57 104.819 6 20.185 6 322.622 6 42
43 5.400 50 0.185 17 110.012 4 20.370 8 330.584 9 43
44 5.616 52 0.178 05 115.412 9 20.548 8 338.418 9 44
45 5.841 18 0.171 20 121.029 4 20.720 0 346.122 8 45

46 6.074 82 0.164 61 126.870 6 20.884 7 353.695 1 46
47 6.317 82 0.158 28 132.945 4 21.042 9 361.134 3 47
48 6.570 53 0.152 19 139.263 2 21.195 1 368.439 7 48
49 6.833 35 0.146 34 145.833 7 21.341 5 375.610 4 49
50 7.106 68 0.140 71 152.667 1 21.482 2 382.646 0 50
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Compound Interest Tables

Constants 5 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.050 000 1 1.050 00 0.952 38 1.000 0 0.952 4 0.952 4 1
i (2) 0.049 390 2 1.102 50 0.907 03 2.050 0 1.859 4 2.766 4 2
i (4) 0.049 089 3 1.157 62 0.863 84 3.152 5 2.723 2 5.358 0 3
i (12) 0.048 889 4 1.215 51 0.822 70 4.310 1 3.546 0 8.648 8 4
d 0.048 790 5 1.276 28 0.783 53 5.525 6 4.329 5 12.566 4 5

(1 + i) 1.050 000 6 1.340 10 0.746 22 6.801 9 5.075 7 17.043 7 6
(1 + i)1/2 1.024 695 7 1.407 10 0.710 68 8.142 0 5.786 4 22.018 5 7
(1 + i)1/4 1.012 272 8 1.477 46 0.676 84 9.549 1 6.463 2 27.433 2 8
(1 + i)1/12 1.004 074 9 1.551 33 0.644 61 11.026 6 7.107 8 33.234 7 9

10 1.628 89 0.613 91 12.577 9 7.721 7 39.373 8 10

v 0.952 381 11 1.710 34 0.584 68 14.206 8 8.306 4 45.805 3 11
v1/2 0.975 900 12 1.795 86 0.556 84 15.917 1 8.863 3 52.487 3 12
v1/4 0.987 877 13 1.885 65 0.530 32 17.713 0 9.393 6 59.381 5 13
v1/12 0.995 942 14 1.979 93 0.505 07 19.598 6 9.898 6 66.452 4 14

15 2.078 93 0.481 02 21.578 6 10.379 7 73.667 7 15

d 0.047 619 16 2.182 87 0.458 11 23.657 5 10.837 8 80.997 5 16
d (2) 0.048 200 17 2.292 02 0.436 30 25.840 4 11.274 1 88.414 5 17
d (4) 0.048 494 18 2.406 62 0.415 52 28.132 4 11.689 6 95.893 9 18
d (12) 0.048 691 19 2.526 95 0.395 73 30.539 0 12.085 3 103.412 8 19

20 2.653 30 0.376 89 33.066 0 12.462 2 110.950 6 20

i/i (2) 1.012 348 21 2.785 96 0.358 94 35.719 3 12.821 2 118.488 4 21
i/i (4) 1.018 559 22 2.925 26 0.341 85 38.505 2 13.163 0 126.009 1 22
i/i (12) 1.022 715 23 3.071 52 0.325 57 41.430 5 13.488 6 133.497 3 23

24 3.225 10 0.310 07 44.502 0 13.798 6 140.938 9 24
25 3.386 35 0.295 30 47.727 1 14.093 9 148.321 5 25

i/d 1.024 797 26 3.555 67 0.281 24 51.113 5 14.375 2 155.633 7 26
27 3.733 46 0.267 85 54.669 1 14.643 0 162.865 6 27
28 3.920 13 0.255 09 58.402 6 14.898 1 170.008 2 28
29 4.116 14 0.242 95 62.322 7 15.141 1 177.053 7 29
30 4.321 94 0.231 38 66.438 8 15.372 5 183.995 0 30

i/d (2) 1.037 348 31 4.538 04 0.220 36 70.760 8 15.592 8 190.826 1 31
i/d (4) 1.031 059 32 4.764 94 0.209 87 75.298 8 15.802 7 197.541 9 32
i/d (12) 1.026 881 33 5.003 19 0.199 87 80.063 8 16.002 5 204.137 7 33

34 5.253 35 0.190 35 85.067 0 16.192 9 210.609 7 34
35 5.516 02 0.181 29 90.320 3 16.374 2 216.954 9 35
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Compound Interest Tables

Constants 5 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

36 5.791 82 0.172 66 95.836 3 16.546 9 223.170 5 36
37 6.081 41 0.164 44 101.628 1 16.711 3 229.254 7 37
38 6.385 48 0.156 61 107.709 5 16.867 9 235.205 7 38
39 6.704 75 0.149 15 114.095 0 17.017 0 241.022 4 39
40 7.039 99 0.142 05 120.799 8 17.159 1 246.704 3 40

41 7.391 99 0.135 28 127.839 8 17.294 4 252.250 8 41
42 7.761 59 0.128 84 135.231 8 17.423 2 257.662 1 42
43 8.149 67 0.122 70 142.993 3 17.545 9 262.938 4 43
44 8.557 15 0.116 86 151.143 0 17.662 8 268.080 3 44
45 8.985 01 0.111 30 159.700 2 17.774 1 273.088 6 45

46 9.434 26 0.106 00 168.685 2 17.880 1 277.964 5 46
47 9.905 97 0.100 95 178.119 4 17.981 0 282.709 1 47
48 10.401 27 0.096 14 188.025 4 18.077 2 287.323 9 48
49 10.921 33 0.091 56 198.426 7 18.168 7 291.810 5 49
50 11.467 40 0.087 20 209.348 0 18.255 9 296.170 7 50

Compound Interest Tables

Constants 6 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.060 000 1 1.060 00 0.943 40 1.000 0 0.943 4 0.943 4 1
i (2) 0.059 126 2 1.123 60 0.890 00 2.060 0 1.833 4 2.723 4 2
i (4) 0.058 695 3 1.191 02 0.839 62 3.183 6 2.673 0 5.242 2 3
i (12) 0.058 411 4 1.262 40 0.792 09 4.374 6 3.465 1 8.410 6 4
d 0.058 269 5 1.338 23 0.747 26 5.637 1 4.212 4 12.146 9 5

(1 + i) 1.060 000 6 1.418 52 0.704 96 6.975 3 4.917 3 16.376 7 6
(1 + i)1/2 1.029 563 7 1.503 63 0.665 06 8.393 8 5.582 4 21.032 1 7
(1 + i)1/4 1.014 674 8 1.593 85 0.627 41 9.897 5 6.209 8 26.051 4 8
(1 + i)1/12 1.004 868 9 1.689 48 0.591 90 11.491 3 6.801 7 31.378 5 9

10 1.790 85 0.558 39 13.180 8 7.360 1 36.962 4 10
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Compound Interest Tables

Constants 6 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

v 0.943 396 11 1.898 30 0.526 79 14.971 6 7.886 9 42.757 1 11
v1/2 0.971 286 12 2.012 20 0.496 97 16.869 9 8.383 8 48.720 7 12
v1/4 0.985 538 13 2.132 93 0.468 84 18.882 1 8.852 7 54.815 6 13
v1/12 0.995 156 14 2.260 90 0.442 30 21.015 1 9.295 0 61.007 8 14

15 2.396 56 0.417 27 23.276 0 9.7122 67.266 8 15

d 0.056 604 16 2.540 35 0.393 65 25.672 5 10.105 9 73.565 1 16
d (2) 0.057 428 17 2.692 77 0.371 36 28.212 9 10.477 3 79.878 3 17
d (4) 0.057 847 18 2.854 34 0.350 34 30.905 7 10.827 6 86.184 5 18
d (12) 0.058 128 19 3.025 60 0.330 51 33.760 0 11.158 1 92.464 3 19

20 3.207 14 0.311 80 36.785 6 11.469 9 98.700 4 20

i/i (2) 1.014 782 21 3.399 56 0.294 16 39.992 7 11.764 1 104.877 6 21
i/i (4) 1.022 227 22 3.603 54 0.277 51 43.392 3 12.041 6 110.982 7 22
i/i (12) 1.027 211 23 3.819 75 0.261 80 46.995 8 12.303 4 117.004 1 23

24 4.048 93 0.246 98 50.815 6 12.550 4 122.931 6 24
25 4.291 87 0.233 00 54.864 5 12.783 4 128.756 5 25

i/d 1.029 709 26 4.549 38 0.219 81 59.156 4 13.003 2 134.471 6 26
27 4.822 35 0.207 37 63.705 8 13.210 5 140.070 5 27
28 5.111 69 0.195 63 68.528 1 13.406 2 145.548 2 28
29 5.418 39 0.184 56 73.639 8 13.590 7 150.900 3 29
30 5.743 49 0.174 11 79.058 2 13.764 8 156.123 6 30

i/d (2) 1.044 782 31 6.088 10 0.164 25 84.801 7 13.929 1 161.215 5 31
i/d (4) 1.037 227 32 6.453 39 0.154 96 90.889 8 14.084 0 166.174 2 32
i/d (12) 1.032 211 33 6.840 59 0.146 19 97.343 2 14.230 2 170.998 3 33

34 7.251 03 0.137 91 104.183 8 14.368 1 175.687 3 34
35 7.686 09 0.130 11 111.434 8 14.498 2 180.241 0 35

36 8.147 25 0.122 74 119.120 9 14.621 0 184.659 6 36
37 8.636 09 0.115 79 127.268 1 14.736 8 188.944 0 37
38 9.154 25 0.109 24 135.904 2 14.846 0 193.095 1 38
39 9.703 51 0.103 06 145.058 5 14.949 1 197.114 2 39
40 10.285 72 0.097 22 154.762 0 15.046 3 201.003 1 40

41 10.902 86 0.091 72 165.047 7 15.138 0 204.763 6 41
42 11.557 03 0.086 53 175.950 5 15.224 5 208.397 8 42
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Compound Interest Tables

Constants 6 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

43 12.250 45 0.081 63 187.507 6 15.306 2 211.907 8 43
44 12.985 48 0.077 01 199.758 0 15.383 2 215.296 2 44
45 13.764 61 0.072 65 212.743 5 15.455 8 218.565 5 45

46 14.590 49 0.068 54 226.508 1 15.524 4 221.718 2 46
47 15.465 92 0.064 66 241.098 6 15.589 0 224.757 2 47
48 16.393 87 0.061 00 256.564 5 15.650 0 227.685 1 48
49 17.377 50 0.057 55 272.958 4 15.707 6 230.504 8 49
50 18.420 15 0.054 29 290.335 9 15.761 9 233.219 2 50

Compound Interest Tables

Constants 7 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.070 000 1 1.070 00 0.934 58 1.000 0 0.934 6 0.934 6 1
i (2) 0.068 816 2 1.144 90 0.873 44 2.070 0 1.808 0 2.681 5 2
i (4) 0.068 234 3 1.225 04 0.816 30 3.214 9 2.624 3 5.130 4 3
i (12) 0.067 850 4 1.310 80 0.762 90 4.439 9 3.387 2 8.181 9 4
d 0.067 659 5 1.402 55 0.712 99 5.750 7 4.100 2 11.746 9 5

(1 + i) 1.070 000 6 1.500 73 0.666 34 7.153 3 4.766 5 15.744 9 6
(1 + i)1/2 1.034 408 7 1.605 78 0.622 75 8.654 0 5.389 3 20.104 2 7
(1 + i)1/4 1.017 059 8 1.718 19 0.582 01 10.259 8 5.971 3 24.760 2 8
(1 + i)1/12 1.005 654 9 1.838 46 0.543 93 11.978 0 6.515 2 29.655 6 9

10 1.967 15 0.508 35 13.816 4 7.023 6 34.739 1 10

v 0.934 579 11 2.104 85 0.475 09 15.783 6 7.498 7 39.965 2 11
v1/2 0.966 736 12 2.252 19 0.444 01 17.888 5 7.942 7 45.293 3 12
v1/4 0.983 228 13 2.409 85 0.414 96 20.140 6 8.357 7 50.687 8 13
v1/12 0.994 378 14 2.578 53 0.387 82 22.550 5 8.745 5 56.117 3 14

15 2.759 03 0.362 45 25.129 0 9.107 9 61.554 0 15

d 0.065 421 16 2.952 16 0.338 73 27.888 1 9.446 6 66.973 7 16
d (2) 0.066 527 17 3.158 82 0.316 57 30.840 2 9.763 2 72.355 5 17
d (4) 0.067 090 18 3.379 93 0.295 86 33.999 0 10.059 1 77.681 0 18
d (12) 0.067 468 19 3.616 53 0.276 51 37.379 0 10.335 6 82.934 7 19
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Compound Interest Tables

Constants 7 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

20 3.869 68 0.258 42 40.995 5 10.594 0 88.103 1 20

i/i (2) 1.017 204 21 4.140 56 0.241 51 44.865 2 10.835 5 93.174 8 21
i/i (4) 1.025 880 22 4.430 40 0.225 71 49.005 7 11.061 2 98.140 5 22
i/i (12) 1.031 691 23 4.740 53 0.210 95 53.436 1 11.272 2 102.992 3 23

24 5.072 37 0.197 15 58.176 7 11.469 3 107.723 8 24
25 5.427 43 0.184 25 63.249 0 11.653 6 112.330 1 25

i/d 1.034 605 26 5.807 35 0.172 20 68.676 5 11.825 8 116.807 1 26
27 6.213 87 0.160 93 74.483 8 11.986 7 121.152 3 27
28 6.648 84 0.150 40 80.697 7 12.137 1 125.363 5 28
29 7.114 26 0.140 56 87.346 5 12.277 7 129.439 9 29
30 7.612 26 0.131 37 94.460 8 12.409 0 133.380 9 30

i/d (2) 1.052 204 31 8.145 11 0.122 77 102.073 0 12.531 8 137.186 8 31
i/d (4) 1.043 380 32 8.715 27 0.114 74 110.218 2 12.646 6 140.858 5 32
i/d (12) 1.037 525 33 9.325 34 0.107 23 118.933 4 12.753 8 144.397 3 33

34 9.978 11 0.100 22 128.258 8 12.854 0 147.804 7 34
35 10.676 58 0.093 66 138.236 9 12.947 7 151.082 9 35

36 11.423 94 0.087 54 148.913 5 13.035 2 154.234 2 36
37 12.223 62 0.081 81 160.337 4 13.117 0 157.261 2 37
38 13.079 27 0.076 46 172.561 0 13.193 5 160.166 5 38
39 13.994 82 0.071 46 185.640 3 13.264 9 162.953 3 39
40 14.974 46 0.066 78 199.635 1 13.331 7 165.624 5 40

41 16.022 67 0.062 41 214.609 6 13.394 1 168.183 3 41
42 17.144 26 0.058 33 230.632 2 13.452 4 170.633 1 42
43 18.344 35 0.054 51 247.776 5 13.507 0 172.977 2 43
44 19.628 46 0.050 95 266.120 9 13.557 9 175.218 8 44
45 21.002 45 0.047 61 285.749 3 13.605 5 177.361 4 45

46 22.472 62 0.044 50 306.751 8 13.650 0 179.408 4 46
47 24.045 71 0.041 59 329.224 4 13.691 6 181.363 0 47
48 25.728 91 0.038 87 353.270 1 13.730 5 183.228 6 48
49 27.529 93 0.036 32 378.999 0 13.766 8 185.008 5 49
50 29.457 03 0.033 95 406.528 9 13.800 7 186.705 9 50
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Compound Interest Tables

Constants 8 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.080 000 1 1.080 00 0.925 93 1.000 0 0.925 9 0.925 9 1
i (2) 0.078 461 2 1.166 40 0.857 34 2.080 0 1.783 3 2.640 6 2
i (4) 0.077 706 3 1.259 71 0.793 83 3.246 4 2.577 1 5.022 1 3
i (12) 0.077 208 4 1.360 49 0.735 03 4.506 1 3.312 1 7.962 2 4
d 0.076 961 5 1.469 33 0.680 58 5.866 6 3.992 7 11.365 1 5

(1 + i) 1.080 000 6 1.586 87 0.630 17 7.335 9 4.622 9 15.146 2 6
(1 + i)1/2 1.039 230 7 1.713 82 0.583 49 8.922 8 5.206 4 19.230 6 7
(1 + i)1/4 1.019 427 8 1.850 93 0.540 27 10.636 6 5.746 6 23.552 7 8
(1 + i)1/12 1.006 434 9 1.999 00 0.500 25 12.487 6 6.246 9 28.055 0 9

10 2.158 92 0.463 19 14.486 6 6.710 1 32.686 9 10

v 0.925 926 11 2.331 64 0.428 88 16.645 5 7.139 0 37.404 6 11
v1/2 0.962 250 12 2.518 17 0.397 11 18.977 1 7.536 1 42.170 0 12
v1/4 0.980 944 13 2.719 62 0.367 70 21.495 3 7.903 8 46.950 1 13
v1/12 0.993 607 14 2.937 19 0.340 46 24.214 9 8.244 2 51.716 5 14

15 3.172 17 0.315 24 27.152 1 8.559 5 56.445 1 15

d 0.074 074 16 3.425 94 0.291 89 30.324 3 8.851 4 61.115 4 16
d (2) 0.075 499 17 3.700 02 0.270 27 33.750 2 9.121 6 65.710 0 17
d (4) 0.076 225 18 3.996 02 0.250 25 37.450 2 9.371 9 70.214 4 18
d (12) 0.076 715 19 4.315 70 0.231 71 41.446 3 9.603 6 74.617 0 19

20 4.660 96 0.214 55 45.762 0 9.818 1 78.907 9 20

i/i (2) 1.019 615 21 5.033 83 0.198 66 50.422 9 10.016 8 83.079 7 21
i/i (4) 1.029 519 22 5.436 54 0.183 94 55.456 8 10.200 7 87.126 4 22
i/i (12) 1.036 157 23 5.871 46 0.170 32 60.893 3 10.371 1 91.043 7 23

24 6.341 18 0.157 70 66.764 8 10.528 8 94.828 4 24
25 6.848 48 0.146 02 73.105 9 10.674 8 98.478 9 25

i/d 1.039 487 26 7.396 35 0.135 20 79.954 4 10.810 0 101.994 1 26
27 7.988 06 0.125 19 87.350 8 10.935 2 105.374 2 27
28 8.627 11 0.115 91 95.338 8 11.051 1 108.619 8 28
29 9.317 27 0.107 33 103.965 9 11.158 4 111.732 3 29
30 10.062 66 0.099 38 113.283 2 11.257 8 114.713 6 30

i/d (2) 1.059 615 31 10.867 67 0.092 02 123.345 9 11.349 8 117.566 1 31
i/d (4) 1.049 519 32 11.737 08 0.085 20 134.213 5 11.435 0 120.292 5 32
i/d(12) 1.042 824 33 12.676 05 0.078 89 145.950 6 11.513 9 122.895 8 33
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Compound Interest Tables

Constants 8 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

34 13.690 13 0.073 05 158.626 7 11.586 9 125.379 3 34
35 14.785 34 0.067 63 172.316 8 11.654 6 127.746 6 35

36 15.968 17 0.062 62 187.102 1 11.717 2 130.001 0 36
37 17.245 63 0.057 99 203.070 3 11.775 2 132.146 5 37
38 18.625 28 0.053 69 220.315 9 11.828 9 134.186 8 38
39 20.115 30 0.049 71 238.941 2 11.878 6 136.125 6 39
40 21.724 52 0.046 03 259.056 5 11.924 6 137.966 8 40

41 23.462 48 0.042 62 280.781 0 11.967 2 139.714 3 41
42 25.339 48 0.039 46 304.243 5 12.006 7 141.371 8 42
43 27.366 64 0.036 54 329.583 0 12.043 2 142.943 0 43
44 29.555 97 0.033 83 356.949 6 12.077 1 144.431 7 44
45 31.920 45 0.031 33 386.505 6 12.108 4 145.841 5 45

46 34.474 09 0.029 01 418.426 1 12.137 4 147.175 8 46
47 37.232 01 0.026 86 452.900 2 12.164 3 148.438 2 47
48 40.210 57 0.024 87 490.132 2 12.189 1 149.631 9 48
49 43.427 42 0.023 03 530.342 7 12.212 2 150.760 2 49
50 46.901 61 0.021 32 573.770 2 12.233 5 151.826 3 50

Compound Interest Tables

Constants 9 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.090 000 1 1.090 00 0.917 43 1.000 0 0.917 4 0.917 4 1
i (2) 0.088 061 2 1.188 10 0.841 68 2.090 0 1.759 1 2.600 8 2
i (4) 0.087 113 3 1.295 03 0.772 18 3.278 1 2.531 3 4.917 3 3
i (12) 0.086 488 4 1.411 58 0.708 43 4.573 1 3.239 7 7.751 0 4
d 0.086 178 5 1.538 62 0.649 93 5.984 7 3.889 7 11.000 7 5

(1 + i) 1.090 000 6 1.677 10 0.596 27 7.523 3 4.485 9 14.578 3 6
(1 + i)1/2 1.044 031 7 1.828 04 0.547 03 9.200 4 5.033 0 18.407 5 7
(1 + i)1/4 1.021 778 8 1.992 56 0.501 87 11.028 5 5.534 8 22.422 5 8
(1 + i)1/12 1.007 207 9 2.171 89 0.460 43 13.021 0 5.995 2 26.566 3 9

10 2.367 36 0.422 41 15.192 9 6.417 7 30.790 4 10
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Compound Interest Tables

Constants 9 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

v 0.917 431 11 2.580 43 0.387 53 17.560 3 6.805 2 35.053 3 11
v1/2 0.957 826 12 2.812 66 0.355 53 20.140 7 7.160 7 39.319 7 12
v1/4 0.978 686 13 3.065 80 0.326 18 22.953 4 7.486 9 43.560 0 13
v1/12 0.992 844 14 3.341 73 0.299 25 26.019 2 7.786 2 47.749 5 14

15 3.642 48 0.274 54 29.360 9 8.060 7 51.867 6 15

d 0.082 569 16 3.970 31 0.251 87 33.003 4 8.312 6 55.897 5 16
d (2) 0.084 347 17 4.327 63 0.231 07 36.973 7 8.543 6 59.825 7 17
d (4) 0.085 256 18 4.717 12 0.211 99 41.301 3 8.755 6 63.641 6 18
d (12) 0.085 869 19 5.141 66 0.194 49 46.018 5 8.950 1 67.336 9 19

20 5.604 41 0.178 43 51.160 1 9.128 5 70.905 5 20

i/i (2) 1.022 015 21 6.108 81 0.163 70 56.764 5 9.292 2 74.343 2 21
i/i (4) 1.033 144 22 6.658 60 0.150 18 62.873 3 9.442 4 77.647 2 22
i/i (12) 1.040 608 23 7.257 87 0.137 78 69.531 9 9.580 2 80.816 2 23

24 7.911 08 0.126 40 76.789 8 9.706 6 83.849 9 24
25 8.623 08 0.115 97 84.700 9 9.822 6 86.749 1 25

i/d 1.044 354 26 9.399 16 0.106 39 93.324 0 9.929 0 89.515 3 26
27 10.245 08 0.097 61 102.723 1 10.026 6 92.150 7 27
28 11.167 14 0.089 55 112.968 2 10.116 1 94.658 0 28
29 12.172 18 0.082 15 124.135 4 10.198 3 97.040 5 29
30 13.267 68 0.075 37 136.307 5 10.273 7 99.301 7 30

i/d (2) 1.067 015 31 14.461 77 0.069 15 149.575 2 10.342 8 101.445 2 31
i/d (4) 1.055 644 32 15.763 33 0.063 44 164.037 0 10.406 2 103.475 3 32
i/d (12) 1.048 108 33 17.182 03 0.058 20 179.800 3 10.464 4 105.395 9 33

34 18.728 41 0.053 39 196.982 3 10.517 8 107.211 3 34
35 20.413 97 0.048 99 215.710 8 10.566 8 108.925 8 35

36 22.251 23 0.044 94 236.124 7 10.611 8 110.543 7 36
37 24.253 84 0.041 23 258.375 9 10.653 0 112.069 2 37
38 26.436 68 0.037 83 282.629 8 10.690 8 113.506 6 38
39 28.815 98 0.034 70 309.066 5 10.725 5 114.860 0 39
40 31.409 42 0.031 84 337.882 4 10.757 4 116.133 5 40

41 34.236 27 0.029 21 369.291 9 10.786 6 117.331 1 41
42 37.317 53 0.026 80 403.528 1 10.813 4 118.456 6 42
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Compound Interest Tables

Constants 9 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

43 40.676 11 0.024 58 440.845 7 10.838 0 119.513 7 43
44 44.336 96 0.022 55 481.521 8 10.860 5 120.506 1 44
45 48.327 29 0.020 69 525.858 7 10.881 2 121.437 3 45

46 52.676 74 0.018 98 574.186 0 10.900 2 122.310 5 46
47 57.417 65 0.017 42 626.862 8 10.917 6 123.129 1 47
48 62.585 24 0.015 98 684.280 4 10.933 6 123.896 0 48
49 68.217 91 0.014 66 746.865 6 10.948 2 124.614 3 49
50 74.357 52 0.013 45 815.083 6 10.961 7 125.286 7 50

Compound Interest Tables

Constants 10 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.100 000 1 1.100 00 0.909 09 1.000 0 0.909 1 0.909 1 1
i (2) 0.097 618 2 1.210 00 0.826 45 2.100 0 1.735 5 2.562 0 2
i (4) 0.096 455 3 1.331 00 0.751 31 3.310 0 2.486 9 4.815 9 3
i (12) 0.095 690 4 1.464 10 0.683 01 4.641 0 3.169 9 7.548 0 4
d 0.095 310 5 1.610 51 0.620 92 6.105 1 3.790 8 10.652 6 5

(1 + i) 1.100 000 6 1.771 56 0.564 47 7.715 6 4.355 3 14.039 4 6
(1 + i)1/2 1.048 809 7 1.948 72 0.513 16 9.487 2 4.868 4 17.631 5 7
(1 + i)1/4 1.024 114 8 2.143 59 0.466 51 11.435 9 5.334 9 21.363 6 8
(1 + i)1/12 1.007 974 9 2.357 95 0.424 10 13.579 5 5.759 0 25.180 5 9

10 2.593 74 0.385 54 15.937 4 6.144 6 29.035 9 10

v 0.909 091 11 2.853 12 0.350 49 18.531 2 6.495 1 32.891 3 11
v1/2 0.953 463 12 3.138 43 0.318 63 21.384 3 6.813 7 36.714 9 12
v1/4 0.976 454 13 3.452 27 0.289 66 24.522 7 7.103 4 40.480 5 13
v1/12 0.992 089 14 3.797 50 0.263 33 27.975 0 7.366 7 44.167 2 14

15 4.177 25 0.239 39 31.772 5 7.606 1 47.758 1 15

d 0.090 909 16 4.594 97 0.217 63 35.949 7 7.823 7 51.240 1 16
d (2) 0.093 075 17 5.054 47 0.197 84 40.544 7 8.021 6 54.603 5 17
d (4) 0.094 184 18 5.559 92 0.179 86 45.599 2 8.201 4 57.841 0 18
d (12) 0.094 933 19 6.115 91 0.163 51 51.159 1 8.364 9 60.947 6 19

20 6.727 50 0.148 64 57.275 0 8.513 6 63.920 5 20
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Compound Interest Tables

Constants 10 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i/i (2) 1.024 404 21 7.400 25 0.135 13 64.002 5 8.648 7 66.758 2 21
i/i (4) 1.036 756 22 8.140 27 0.122 85 71.402 7 8.771 5 69.460 8 22
i/i (12) 1.045 045 23 8.954 30 0.111 68 79.543 0 8.883 2 72.029 4 23

24 9.849 73 0.101 53 88.497 3 8.984 7 74.466 0 24
25 10.834 71 0.092 30 98.347 1 9.077 0 76.773 4 25

i/d 1.049 206 26 11.918 18 0.083 91 109.181 8 9.160 9 78.955 0 26
27 13.109 99 0.076 28 121.099 9 9.237 2 81.014 5 27
28 14.420 99 0.069 34 134.209 9 9.306 6 82.956 1 28
29 15.863 09 0.063 04 148.630 9 9.369 6 84.784 2 29
30 17.449 40 0.057 31 164.494 0 9.426 9 86.503 5 30

i/d (2) 1.074 404 31 19.194 34 0.052 10 181.943 4 9.479 0 88.118 6 31
i/d (4) 1.061 756 32 21.113 78 0.047 36 201.137 8 9.526 4 89.634 2 32
i/d (12) 1.053 378 33 23.225 15 0.043 06 222.251 5 9.569 4 91.055 0 33

34 25.547 67 0.039 14 245.476 7 9.608 6 92.385 9 34
35 28.102 44 0.035 58 271.024 4 9.644 2 93.631 3 35

36 30.912 68 0.032 35 299.126 8 9.676 5 94.795 9 36
37 34.003 95 0.029 41 330.039 5 9.705 9 95.884 0 37
38 37.404 34 0.026 73 364.043 4 9.732 7 96.899 9 38
39 41.144 78 0.024 30 401.447 8 9.757 0 97.847 8 39
40 45.259 26 0.022 09 442.592 6 9.779 1 98.731 6 40

41 49.785 18 0.020 09 487.851 8 9.799 1 99.555 1 41
42 54.763 70 0.018 26 537.637 0 9.817 4 100.322 1 42
43 60.240 07 0.016 60 592.400 7 9.834 0 101.035 9 43
44 66.264 08 0.015 09 652.640 8 9.849 1 101.699 9 44
45 72.890 48 0.013 72 718.904 8 9.862 8 102.317 2 45

46 80.179 53 0.012 47 791.795 3 9.875 3 102.891 0 46
47 88.197 49 0.011 34 871.974 9 9.886 6 103.423 8 47
48 97.017 23 0.010 31 960.172 3 9.896 9 103.918 6 48
49 106.718 96 0.009 37 1057.189 6 9.906 3 104.377 8 49
50 117.390 85 0.008 52 1163.908 5 9.914 8 104.803 7 50
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Compound Interest Tables

Constants 11 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.110 000 1 1.110 00 0.900 90 1.000 0 0.900 9 0.900 9 1
i (2) 0.107 131 2 1.232 10 0.811 62 2.110 0 1.712 5 2.524 1 2
i (4) 0.105 733 3 1.367 63 0.731 19 3.342 1 2.443 7 4.717 7 3
i (12) 0.104 815 4 1.518 07 0.658 73 4.709 7 3.102 4 7.352 6 4
d 0.104 360 5 1.685 06 0.593 45 6.227 8 3.695 9 10.319 9 5

(1 + i) 1.110 000 6 1.870 41 0.534 64 7.912 9 4.230 5 13.527 7 6
(1 + i)1/2 1.053 565 7 2.076 16 0.481 66 9.783 3 4.712 2 16.899 4 7
(1 + i)1/4 1.026 433 8 2.304 54 0.433 93 11.859 4 5.146 1 20.370 8 8
(1 + i)1/12 1.008 735 9 2.558 04 0.390 92 14.164 0 5.537 0 23.889 1 9

10 2.839 42 0.352 18 16.722 0 5.889 2 27.410 9 10

v 0.900 901 11 3.151 76 0.317 28 19.561 4 6.206 5 30.901 1 11
v1/2 0.949 158 12 3.498 45 0.285 84 22.713 2 6.492 4 34.331 1 12
v1/4 0.974 247 13 3.883 28 0.257 51 26.211 6 6.749 9 37.678 8 13
v1/12 0.991 341 14 4.310 44 0.231 99 30.094 9 6.981 9 40.926 8 14

15 4.784 59 0.209 00 34.405 4 7.190 9 44.061 8 15

d 0.099 099 16 5.310 89 0.188 29 39.189 9 7.379 2 47.074 5 16
d (2) 0.101 684 17 5.895 09 0.169 63 44.500 8 7.548 8 49.958 2 17
d (4) 0.103 010 18 6.543 55 0.152 82 50.395 9 7.701 6 52.709 0 18
d (12) 0.103 908 19 7.263 34 0.137 68 56.939 5 7.839 3 55.324 9 19

20 8.062 31 0.124 03 64.202 8 7.963 3 57.805 6 20

i/i (2) 1.026 783 21 8.949 17 0.111 74 72.265 1 8.075 1 60.152 2 21
i/i (4) 1.040 353 22 9.933 57 0.100 67 81.214 3 8.175 7 62.366 9 22
i/i (12) 1.049 467 23 11.026 27 0.090 69 91.147 9 8.266 4 64.452 8 23

24 12.239 16 0.081 70 102.174 2 8.348 1 66.413 7 24
25 13.585 46 0.073 61 114.413 3 8.421 7 68.253 9 25

i/d 1.054 044 26 15.079 86 0.066 31 127.998 8 8.488 1 69.978 1 26
27 16.738 65 0.059 74 143.078 6 8.547 8 71.591 1 27
28 18.579 90 0.053 82 159.817 3 8.601 6 73.098 1 28
29 20.623 69 0.048 49 178.397 2 8.650 1 74.504 3 29
30 22.892 30 0.043 68 199.020 9 8.693 8 75.814 8 30

i/d (2) 1.081 783 31 25.410 45 0.039 35 221.913 2 8.733 1 77.034 7 31
i/d (4) 1.067 853 32 28.205 60 0.035 45 247.323 6 8.768 6 78.169 3 32
i/d (12) 1.058 634 33 31.308 21 0.031 94 275.529 2 8.800 5 79.223 3 33

34 34.752 12 0.028 78 306.837 4 8.829 3 80.201 7 34
35 38.574 85 0.025 92 341.589 6 8.855 2 81.109 0 35
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Compound Interest Tables

Constants 11 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

36 42.818 08 0.023 35 380.164 4 8.878 6 81.949 8 36
37 47.528 07 0.021 04 422.982 5 8.899 6 82.728 2 37
38 52.756 16 0.018 96 470.510 6 8.918 6 83.448 5 38
39 58.559 34 0.017 08 523.266 7 8.935 7 84.114 5 39
40 65.000 87 0.015 38 581.826 1 8.951 1 84.729 9 40

41 72.150 96 0.013 86 646.826 9 8.964 9 85.298 2 41
42 80.087 57 0.012 49 718.977 9 8.977 4 85.822 6 42
43 88.897 20 0.011 25 799.065 5 8.988 6 86.306 3 43
44 98.675 89 0.010 13 887.962 7 8.998 8 86.752 2 44
45 109.530 24 0.009 13 986.638 6 9.007 9 87.163 0 45

46 121.578 57 0.008 23 1096.168 8 9.016 1 87.541 4 46
47 134.952 21 0.007 41 1217.747 4 9.023 5 87.889 7 47
48 149.796 95 0.006 68 1352.699 6 9.030 2 88.210 1 48
49 166.274 62 0.006 01 1502.496 5 9.036 2 88.504 8 49
50 184.564 83 0.005 42 1668.771 2 9.041 7 88.775 7 50

Compound Interest Tables

Constants 12 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.120 000 1 1.120 00 0.892 86 1.000 0 0.892 9 0.892 9 1
i (2) 0.116 601 2 1.254 40 0.797 19 2.120 0 1.690 1 2.487 2 2
i (4) 0.114 949 3 1.404 93 0.711 78 3.374 4 2.401 8 4.622 6 3
i (12) 0.113 866 4 1.573 52 0.635 52 4.779 3 3.037 3 7.164 7 4
d 0.113 329 5 1.762 34 0.567 43 6.352 8 3.604 8 10.001 8 5

(1 + i) 1.120 000 6 1.973 82 0.506 63 8.115 2 4.111 4 13.041 6 6
(1 + i)1/2 1.058 301 7 2.210 68 0.452 35 10.089 0 4.563 8 16.208 0 7
(1 + i)1/4 1.028 737 8 2.475 96 0.403 88 12.299 7 4.967 6 19.439 1 8
(1 + i)1/12 1.009 489 9 2.773 08 0.360 61 14.775 7 5.328 2 22.684 6 9

10 3.105 85 0.321 97 17.548 7 5.650 2 25.904 3 10

v 0.892 857 11 3.478 55 0.287 48 20.654 6 5.937 7 29.066 5 11
v1/2 0.944 911 12 3.895 98 0.256 68 24.133 1 6.194 4 32.146 7 12
v1/4 0.972 065 13 4.363 49 0.229 17 28.029 1 6.423 5 35.125 9 13
v1/12 0.990 600 14 4.887 11 0.204 62 32.392 6 6.628 2 37.990 6 14

15 5.473 57 0.182 70 37.279 7 6.810 9 40.731 0 15
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Compound Interest Tables

Constants 12 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

d 0.107 143 16 6.130 39 0.163 12 42.753 3 6.974 0 43.341 0 16
d (2) 0.110 178 17 6.866 04 0.145 64 48.883 7 7.119 6 45.816 9 17
d (4) 0.111 738 18 7.689 97 0.130 04 55.749 7 7.249 7 48.157 6 18
d (12) 0.112 795 19 8.612 76 0.116 11 63.439 7 7.365 8 50.363 7 19

20 9.646 29 0.103 67 72.052 4 7.469 4 52.437 0 20

i/i(2) 1.029 150 21 10.803 85 0.092 56 81.698 7 7.562 0 54.380 8 21
i/i(4) 1.043 938 22 12.100 31 0.082 64 92.502 6 7.644 6 56.198 9 22
i/i(12) 1.053 875 23 13.552 35 0.073 79 104.602 9 7.718 4 57.896 0 23

24 15.178 63 0.065 88 118.155 2 7.784 3 59.477 2 24
25 17.000 06 0.058 82 133.333 9 7.843 1 60.947 8 25

i/d 1.058 867 26 19.040 07 0.052 52 150.333 9 7.895 7 62.313 3 26
27 21.324 88 0.046 89 169.374 0 7.942 6 63.579 4 27
28 23.883 87 0.041 87 190.698 9 7.984 4 64.751 8 28
29 26.749 93 0.037 38 214.582 8 8.021 8 65.835 9 29
30 29.959 92 0.033 38 241.332 7 8.055 2 66.837 2 30

i/d (2) 1.089 150 31 33.555 11 0.029 80 271.292 6 8.085 0 67.761 1 31
i/d (4) 1.073 938 32 37.581 73 0.026 61 304.847 7 8.111 6 68.612 6 32
i/d (12) 1.063 875 33 42.091 53 0.023 76 342.429 4 8.135 4 69.396 6 33

34 47.142 52 0.021 21 384.521 0 8.156 6 70.117 8 34
35 52.799 62 0.018 94 431.663 5 8.175 5 70.780 7 35

36 59.135 57 0.016 91 484.463 1 8.192 4 71.389 4 36
37 66.231 84 0.015 10 543.598 7 8.207 5 71.948 1 37
38 74.179 66 0.013 48 609.830 5 8.221 0 72.460 4 38
39 83.081 22 0.012 04 684.010 2 8.233 0 72.929 8 39
40 93.050 97 0.010 75 767.091 4 8.243 8 73.359 6 40

41 104.217 09 0.009 60 860.142 4 8.253 4 73.753 1 41
42 116.723 14 0.008 57 964.359 5 8.261 9 74.112 9 42
43 130.729 91 0.007 65 1081.082 6 8.269 6 74.441 8 43
44 146.417 50 0.006 83 1211.812 5 8.276 4 74.742 3 44
45 163.987 60 0.006 10 1358.230 0 8.282 5 75.016 7 45

46 183.666 12 0.005 44 1522.217 6 8.288 0 75.267 2 46
47 205.706 05 0.004 86 1705.883 8 8.292 8 75.495 7 47
48 230.390 78 0.004 34 1911.589 8 8.297 2 75.704 0 48
49 258.037 67 0.003 88 2141.980 6 8.301 0 75.893 9 49
50 289.002 19 0.003 46 2400.018 2 8.304 5 76.066 9 50
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Compound Interest Tables

Constants 13 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.130 000 1 1.130 00 0.884 96 1.000 0 0.885 0 0.885 0 1
i (2) 0.126 029 2 1.276 90 0.783 15 2.130 0 1.668 1 2.451 2 2
i (4) 0.124 104 3 1.442 90 0.693 05 3.406 9 2.361 2 4.530 4 3
i (12) 0.122 842 4 1.630 47 0.613 32 4.849 8 2.974 5 6.983 7 4
d 0.122 218 5 1.842 44 0.542 76 6.480 3 3.517 2 9.697 5 5

(1 + i) 1.130 000 6 2.081 95 0.480 32 8.322 7 3.997 5 12.579 4 6
(1 + i)1/2 1.063 015 7 2.352 61 0.425 06 10.404 7 4.422 6 15.554 8 7
(1 + i)1/4 1.031 026 8 2.658 44 0.376 16 12.757 3 4.798 8 18.564 1 8
(1 + i)1/12 1.010 237 9 3.004 04 0.332 88 15.415 7 5.131 7 21.560 1 9

10 3.394 57 0.294 59 18.419 7 5.426 2 24.505 9 10

v 0.884 956 11 3.835 86 0.260 70 21.814 3 5.686 9 27.373 6 11
v1/2 0.940 721 12 4.334 52 0.230 71 25.650 2 5.917 6 30.142 1 12
v1/4 0.969 908 13 4.898 01 0.204 16 29.984 7 6.121 8 32.796 2 13
v1/12 0.989 867 14 5.534 75 0.180 68 34.882 7 6.302 5 35.325 7 14

15 6.254 27 0.159 89 40.417 5 6.462 4 37.724 1 15

d 0.115 044 16 7.067 33 0.141 50 46.671 7 6.603 9 39.988 0 16
d (2) 0.118 558 17 7.986 08 0.125 22 53.739 1 6.729 1 42.116 7 17
d (4) 0.120 369 18 9.024 27 0.110 81 61.725 1 6.839 9 44.111 3 18
d (12) 0.121 597 19 10.197 42 0.098 06 70.749 4 6.938 0 45.974 5 19

20 11.523 09 0.086 78 80.946 8 7.024 8 47.710 2 20

i/i (2) 1.031 507 21 13.021 09 0.076 80 92.469 9 7.101 6 49.322 9 21
i/i (4) 1.047 509 22 14.713 83 0.067 96 105.491 0 7.169 5 50.818 1 22
i/i (12) 1.058 269 23 16.626 63 0.060 14 120.204 8 7.229 7 52.201 5 23

24 18.788 09 0.053 23 136.831 5 7.282 9 53.478 9 24
25 21.230 54 0.047 10 155.619 6 7.330 0 54.656 4 25

i/d 1.063 676 26 23.990 51 0.041 68 176.850 1 7.371 7 55.740 2 26
27 27.109 28 0.036 89 200.840 6 7.408 6 56.736 1 27
28 30.633 49 0.032 64 227.949 9 7.441 2 57.650 2 28
29 34.615 84 0.028 89 258.583 4 7.470 1 58.487 9 29
30 39.115 90 0.025 57 293.199 2 7.495 7 59.254 9 30

i/d (2) 1.096 507 31 44.200 96 0.022 62 332.315 1 7.518 3 59.956 2 31
i/d (4) 1.080 009 32 49.947 09 0.020 02 376.516 1 7.538 3 60.596 9 32
i/d (12) 1.069 102 33 56.440 21 0.017 72 426.463 2 7.556 0 61.181 6 33
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Compound Interest Tables

Constants 13 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

34 63.777 44 0.015 68 482.903 4 7.571 7 61.714 7 34
35 72.068 51 0.013 88 546.680 8 7.585 6 62.200 4 35

36 81.437 41 0.012 28 618.749 3 7.597 9 62.642 4 36
37 92.024 28 0.010 87 700.186 7 7.608 7 63.044 5 37
38 103.987 43 0.009 62 792.211 0 7.618 3 63.409 9 38
39 117.505 80 0.008 51 896.198 4 7.626 8 63.741 8 39
40 132.781 55 0.007 53 1013.704 2 7.634 4 64.043 1 40

41 150.043 15 0.006 66 1146.485 8 7.641 0 64.316 3 41
42 169.548 76 0.005 90 1296.528 9 7.646 9 64.564 0 42
43 191.590 10 0.005 22 1466.077 7 7.652 2 64.788 5 43
44 216.496 82 0.004 62 1657.667 8 7.656 8 64.991 7 44
45 244.641 40 0.004 09 1874.164 6 7.660 9 65.175 6 45

46 276.444 78 0.003 62 2118.806 0 7.664 5 65.342 0 46
47 312.382 61 0.003 20 2395.250 8 7.667 7 65.492 5 47
48 352.992 34 0.002 83 2707.633 4 7.670 5 65.628 5 48
49 398.881 35 0.002 51 3060.625 8 7.673 0 65.751 3 49
50 450.735 93 0.002 22 3459.507 1 7.675 2 65.862 3 50

Compound Interest Tables

Constants 14 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.140 000 1 1.140 00 0.877 19 1.000 0 0.877 2 0.877 2 1
i (2) 0.135 416 2 1.299 60 0.769 47 2.140 0 1.646 7 2.416 1 2
i (4) 0.133 198 3 1.481 54 0.674 97 3.439 6 2.321 6 4.441 0 3
i (12) 0.131 746 4 1.688 96 0.592 08 4.921 1 2.913 7 6.809 4 4
d 0.131 028 5 1.925 41 0.519 37 6.610 1 3.433 1 9.406 2 5

(1 + i) 1.140 000 6 2.194 97 0.455 59 8.535 5 3.888 7 12.139 7 6
(1 + i)1/2 1.067 708 7 2.502 27 0.399 64 10.730 5 4.288 3 14.937 2 7
(1 + i)1/4 1.033 299 8 2.852 59 0.350 56 13.232 8 4.638 9 17.741 7 8
(1 + i)1/12 1.010 979 9 3.251 95 0.307 51 16.085 3 4.946 4 20.509 2 9

10 3.707 22 0.269 74 19.337 3 5.216 1 23.206 7 10
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Compound Interest Tables

Constants 14 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

v 0.877 193 11 4.226 23 0.236 62 23.044 5 5.452 7 25.809 5 11
v1/2 0.936 586 12 4.817 90 0.207 56 27.270 7 5.660 3 28.300 2 12
v1/4 0.967 774 13 5.492 41 0.182 07 32.088 7 5.842 4 30.667 1 13
v1/12 0.989 140 14 6.261 35 0.159 71 37.581 1 6.002 1 32.903 0 14

15 7.137 94 0.140 10 43.842 4 6.142 2 35.004 5 15

d 0.122 807 16 8.137 25 0.122 89 50.980 4 6.265 1 36.970 7 16
d (2) 0.126 828 17 9.276 46 0.107 80 59.117 6 6.372 9 38.803 3 17
d (4) 0.128 905 18 10.575 17 0.094 56 68.394 1 6.467 4 40.505 4 18
d (12) 0.130 316 19 12.055 69 0.082 95 78.969 2 6.550 4 42.081 4 19

20 13.743 49 0.072 76 91.024 9 6.623 1 43.536 7 20

i/i (2) 1.033 854 21 15.667 58 0.063 83 104.768 4 6.687 0 44.877 0 21
i/i (4) 1.051 067 22 17.861 04 0.055 99 120.436 0 6.742 9 46.108 8 22
i/i (12) 1.062 649 23 20.361 58 0.049 11 138.297 0 6.792 1 47.238 3 23

24 23.212 21 0.043 08 158.658 6 6.835 1 48.272 3 24
25 26.461 92 0.037 79 181.870 8 6.872 9 49.217 0 25

i/d 1.068 472 26 30.166 58 0.033 15 208.332 7 6.906 1 50.078 9 26
27 34.389 91 0.029 08 238.499 3 6.935 2 50.864 0 27
28 39.204 49 0.025 51 272.889 2 6.960 7 51.578 2 28
29 44.693 12 0.022 37 312.093 7 6.983 0 52.227 1 29
30 50.950 16 0.019 63 356.786 8 7.002 7 52.815 9 30

i/d (2) 1.103 854 31 58.083 18 0.017 22 407.737 0 7.019 9 53.349 6 31
i/d (4) 1.086 067 32 66.214 83 0.015 10 465.820 2 7.035 0 53.832 9 32
i/d (12) 1.074 316 33 75.484 90 0.013 25 532.035 0 7.048 2 54.270 1 33

34 86.052 79 0.011 62 607.519 9 7.059 9 54.665 2 34
35 98.100 18 0.010 19 693.572 7 7.070 0 55.022 0 35

36 111.834 20 0.008 94 791.672 9 7.079 0 55.343 9 36
37 127.490 99 0.007 84 903.507 1 7.086 8 55.634 1 37
38 145.339 73 0.006 88 1030.998 1 7.093 7 55.895 5 38
39 165.687 29 0.006 04 1176.337 8 7.099 7 56.130 9 39
40 188.883 51 0.005 29 1342.025 1 7.105 0 56.342 7 40

41 215.327 21 0.004 64 1530.908 6 7.109 7 56.533 1 41
42 245.473 01 0.004 07 1746.235 8 7.113 8 56.704 2 42
43 279.839 24 0.003 57 1991.708 8 7.117 3 56.857 9 43

(Continued)
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(Continued)

Compound Interest Tables

Constants 14 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

44 319.016 73 0.003 13 2271.548 1 7.120 5 56.995 8 44
45 363.679 07 0.002 75 2590.564 8 7.123 2 57.119 5 45

46 414.594 14 0.002 41 2954.243 9 7.125 6 57.230 5 46
47 472.637 32 0.002 12 3368.838 0 7.127 7 57.329 9 47
48 538.806 55 0.001 86 3841.475 3 7.129 6 57.419 0 48
49 614.239 46 0.001 63 4380.281 9 7.131 2 57.498 8 49
50 700.232 99 0.001 43 4994.521 3 7.132 7 57.570 2 50

Compound Interest Tables

Constants 15 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.150 000 1 1.150 00 0.869 57 1.000 0 0.869 6 0.869 6 1
i (2) 0.144 761 2 1.322 50 0.756 14 2.150 0 1.625 7 2.381 9 2
i (4) 0.142 232 3 1.520 87 0.657 52 3.472 5 2.283 2 4.354 4 3
i (12) 0.140 579 4 1.749 01 0.571 75 4.993 4 2.855 0 6.641 4 4
d 0.139 762 5 2.011 36 0.497 18 6.742 4 3.352 2 9.127 3 5

(1 + i) 1.150 000 6 2.313 06 0.432 33 8.753 7 3.784 5 11.721 3 6
(1 + i)1/2 1.072 381 7 2.660 02 0.375 94 11.066 8 4.160 4 14.352 8 7
(1 + i)1/4 1.035 558 8 3.059 02 0.326 90 13.726 8 4.487 3 16.968 0 8
(1 + i)1/12 1.011 715 9 3.517 88 0.284 26 16.785 8 4.771 6 19.526 4 9

10 4.045 56 0.247 18 20.303 7 5.018 8 21.998 2 10

v 0.869 565 11 4.652 39 0.214 94 24.349 3 5.233 7 24.362 6 11
v1/2 0.932 505 12 5.350 25 0.186 91 29.001 7 5.420 6 26.605 5 12
v1/4 0.965 663 13 6.152 79 0.162 53 34.351 9 5.583 1 28.718 4 13
v1/12 0.988 421 14 7.075 71 0.141 33 40.504 7 5.724 5 30.697 0 14

15 8.137 06 0.122 89 47.580 4 5.847 4 32.540 4 15

d 0.130 435 16 9.357 62 0.106 86 55.717 5 5.954 2 34.250 2 16
d (2) 0.134 990 17 10.761 26 0.092 93 65.075 1 6.047 2 35.830 0 17
d (4) 0.137 348 18 12.375 45 0.080 81 75.836 4 6.128 0 37.284 5 18
d (12) 0.138 951 19 14.231 77 0.070 27 88.211 8 6.198 2 38.619 5 19

20 16.366 54 0.061 10 102.443 6 6.259 3 39.841 5 20
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Compound Interest Tables

Constants 15 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i/i (2) 1.036 190 21 18.821 52 0.053 13 118.810 1 6.312 5 40.957 2 21
i/i (4) 1.054 613 22 21.644 75 0.046 20 137.631 6 6.358 7 41.973 7 22
i/i (12) 1.067 016 23 24.891 46 0.040 17 159.276 4 6.398 8 42.897 7 23

24 28.625 18 0.034 93 184.167 8 6.433 8 43.736 1 24
25 32.918 95 0.030 38 212.793 0 6.464 1 44.495 5 25

i/d 1.073 254 26 37.856 80 0.026 42 245.712 0 6.490 6 45.182 3 26
27 43.535 31 0.022 97 283.568 8 6.513 5 45.802 5 27
28 50.065 61 0.019 97 327.104 1 6.533 5 46.361 8 28
29 57.575 45 0.017 37 377.169 7 6.550 9 46.865 5 29
30 66.211 77 0.015 10 434.745 1 6.566 0 47.318 6 30

i/d (2) 1.111 190 31 76.143 54 0.013 13 500.956 9 6.579 1 47.725 7 31
i/d (4) 1.092 113 32 87.565 07 0.011 42 577.100 5 6.590 5 48.091 1 32
i/d (12) 1.079 516 33 100.699 83 0.009 93 664.665 5 6.600 5 48.418 8 33

34 115.804 80 0.008 64 765.365 4 6.609 1 48.712 4 34
35 133.175 52 0.007 51 881.170 2 6.616 6 48.975 2 35

36 153.151 85 0.006 53 1014.345 7 6.623 1 49.210 3 36
37 176.124 63 0.005 68 1167.497 5 6.628 8 49.420 4 37
38 202.543 32 0.004 94 1343.622 2 6.633 8 49.608 0 38
39 232.924 82 0.004 29 1546.165 5 6.638 0 49.775 4 39
40 267.863 55 0.003 73 1779.090 3 6.641 8 49.924 8 40

41 308.043 08 0.003 25 2046.953 9 6.645 0 50.057 9 41
42 354.249 54 0.002 82 2354.996 9 6.647 8 50.176 4 42
43 407.386 97 0.002 45 2709.246 5 6.650 3 50.282 0 43
44 468.495 02 0.00213 3116.633 4 6.652 4 50.375 9 44
45 538.769 27 0.001 86 3585.128 5 6.654 3 50.459 4 45

46 619.584 66 0.001 61 4123.897 7 6.655 9 50.533 7 46
47 712.522 36 0.001 40 4743.482 4 6.657 3 50.599 6 47
48 819.400 71 0.001 22 5456.004 7 6.658 5 50.658 2 48
49 942.310 82 0.001 06 6275.405 5 6.659 6 50.710 2 49
50 1083.657 44 0.000 92 7217.716 3 6.660 5 50.756 3 50
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Compound Interest Tables

Constants 20 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.200 000 1 1.200 00 0.833 33 1.000 0 0.833 3 0.833 3 1
i (2) 0.190 890 2 1.440 00 0.694 44 2.200 0 1.527 8 2.222 2 2
i (4) 0.186 541 3 1.728 00 0.578 70 3.640 0 2.106 5 3.958 3 3
i (12) 0.183 714 4 2.073 60 0.482 25 5.368 0 2.588 7 5.887 3 4
d 0.182 322 5 2.488 32 0.401 88 7.441 6 2.990 6 7.896 7 5

(1 + i) 1.200 000 6 2.985 98 0.334 90 9.929 9 3.325 5 9.906 1 6
(1 + i)1/2 1.095 445 7 3.583 18 0.279 08 12.915 9 3.604 6 11.859 7 7
(1 + i)1/4 1.046 635 8 4.299 82 0.232 57 16.499 1 3.837 2 13.720 2 8
(1 + i)1/12 1.015 309 9 5.159 78 0.193 81 20.798 9 4.031 0 15.464 5 9

10 6.191 74 0.161 51 25.958 7 4.192 5 17.079 6 10

v 0.833 333 11 7.430 08 0.134 59 32.150 4 4.327 1 18.560 0 11
v1/2 0.912 871 12 8.916 10 0.112 16 39.580 5 4.439 2 19.905 9 12
v1/4 0.955 443 13 10.699 32 0.093 46 48.496 6 4.532 7 21.120 9 13
v1/12 0.984 921 14 12.839 18 0.077 89 59.195 9 4.610 6 22.211 3 14

15 15.407 02 0.064 91 72.035 1 4.675 5 23.184 9 15

d 0.166 667 16 18.488 43 0.054 09 87.442 1 4.729 6 24.050 3 16
d (2) 0.174 258 17 22.186 11 0.045 07 105.930 6 4.774 6 24.816 6 17
d (4) 0.178 229 18 26.623 33 0.037 56 128.116 7 4.812 2 25.492 7 18
d (12) 0.180 943 19 31.948 00 0.031 30 154.740 0 4.843 5 26.087 4 19

20 38.337 60 0.026 08 186.688 0 4.869 6 26.609 1 20

i/i (2) 1.047 723 21 46.005 12 0.021 74 225.025 6 4.891 3 27.065 5 21
i/i (4) 1.072 153 22 55.206 14 0.018 11 271.030 7 4.909 4 27.464 1 22
i/i (12) 1.088 651 23 66.247 37 0.015 09 326.236 9 4.924 5 27.811 2 23

24 79.496 85 0.012 58 392.484 2 4.937 1 28.113 1 24
25 95.396 22 0.010 48 471.981 1 4.947 6 28.375 2 25

i/d 1.096 963

i/d (2) 1.147 723
i/d (4) 1.122 153
i/d (12) 1.105 317
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Compound Interest Tables

Constants 25 Per Cent

Function Value n (1 + i)n vn sn an ðIaÞn n

i 0.250 000 1 1.250 00 0.800 00 1.000 0 0.800 0 0.800 0 1
i (2) 0.236 068 2 1.562 50 0.640 00 2.250 0 1.440 0 2.080 0 2
i (4) 0.229 485 3 1.953 13 0.512 00 3.812 5 1.952 0 3.616 0 3
i (12) 0.225 231 4 2.441 41 0.409 60 5.765 6 2.361 6 5.254 4 4
d 0.223 144 5 3.051 76 0.327 68 8.207 0 2.689 3 6.892 8 5

(1 + i) 1.250 000 6 3.814 70 0.262 14 11.258 8 2.951 4 8.465 7 6
(1 + i)1/2 1.118 034 7 4.768 37 0.209 72 15.073 5 3.161 1 9.933 7 7
(1 + i)1/4 1.057 371 8 5.960 46 0.167 77 19.841 9 3.328 9 11.275 8 8
(1 + i)1/12 1.018 769 9 7.450 58 0.134 22 25.802 3 3.463 1 12.483 8 9

10 9.313 23 0.107 37 33.252 9 3.570 5 13.557 5 10

v 0.800 000 11 11.641 53 0.085 90 42.566 1 3.656 4 14.502 4 11
v1/2 0.894 427 12 14.551 92 0.068 72 54.207 7 3.725 1 15.327 1 12
v1/4 0.945 742 13 18.189 89 0.054 98 68.759 6 3.780 1 16.041 8 13
v1/12 0.981 577 14 22.737 37 0.043 98 86.949 5 3.824 1 16.657 5 14

15 28.421 71 0.035 18 109.686 8 3.859 3 17.185 3 15

d 0.200 000 16 35.527 14 0.028 15 138.108 5 3.887 4 17.635 6 16
d (2) 0.211 146 17 44.408 92 0.022 52 173.635 7 3.909 9 18.018 4 17
d (4) 0.217 034 18 55.511 15 0.018 01 218.044 6 3.927 9 18.342 7 18
d (12) 0.221 082 19 69.388 94 0.014 41 273.555 8 3.942 4 18.616 5 19

20 86.736 17 0.011 53 342.944 7 3.953 9 18.847 1 20

i/i (2) 1.059 017 21 108.420 22 0.009 22 429.680 9 3.963 1 19.040 8 21
i/i (4) 1.089 396 22 135.525 27 0.007 38 538.101 1 3.970 5 19.203 1 22
i/i (12) 1.109 971 23 169.406 59 0.005 90 673.626 4 3.976 4 19.338 9 23

24 211.758 24 0.004 72 843.032 9 3.981 1 19.452 2 24
25 264.697 80 0.003 78 1054.791 2 3.984 9 19.546 7 25

i/d 1.120 355

i/d (2) 1.184 017
i/d (4) 1.151 896
i/d (12) 1.130 804
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Additional Reading

Reading around and ahead of a subject is always recommended. Although this
book can be considered as self-contained, we provide a list of potential addi-
tional reading here. Some texts are intended to give an alternative perspective
on the material presented in this book, and some texts are intended as further
reading.

The subject of mathematical finance/financial mathematics is ever growing, and
this short list is certainty not intended to be exhaustive.

Baxter, M., Rennie, A., 1996. Financial Calculus: An Introduction to Derivative Pricing. Cambridge
University Press, Cambridge.
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Pearson, London.
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Wiley & Sons, Chichester.
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Index

Note: Page numbers with “f” denote figures; “t” tables; and “b” boxes.

A
absolutely matched business, 193
acceptance-rejection method, 293
accrued interest, 124
accumulation, 5, 12, 20e21, 25, 46
of annual payable pthly, 66e70
factors, 15e16, 30

American options, 239e241, 267
annual payable pthly
accumulation of, 66e70
for non-integer value of n, 72e74
present value of, 66e70

annual percentage rate of charge (APR), 85e87, 89
annual rates of return
dependent, 297e299
independent, 280e285

annuity(ies), 8, 35
annuity-certain, 44e49
accumulated value of, 46
immediate, 44e45
present value of, 44e46

annuity-due, 45e46
continuously payable, 50e51
deferred, 49e50, 49f
increasing, 52e53
level annuity, loan repayment schedule for,

81e83, 82t
payable at intervals of time R, where R > 1, 70e71
pthly annuity, loan repayment schedule for,

83e85

valuation through equivalent payments, 70f
varying, 52e56

APR. See annual percentage rate of charge
arbitrage, 217e219, 253, 397
opportunity, 217

arbitrageurs, 217e218
asset(s)
asset-proceeds, 193
matching of, 192e194
price volatility, 250e251
related, 126e128
ordinary shares, 126
preference shares, 126e128
property investment, 128

at-the-money, 242

B
bear markets, 256
bear spread, 257, 259f, 402
ratio, 258

Bermudan option, 239e240
binominal model, 251e252
bisection method, 314
BlackeScholes equation, 251e252
BlackeScholes model, 249e253, 268
bond(s), 125
futures, 212e213

borrower, 1, 9
borrowing, interest rates for, 101e102
BoxeMuller algorithm, 293e294
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box spreads, 259e263
Brownian motion, 301e303, 302f
geometric, 302

bull market, 258
bull spread, 258, 260f
ratio, 258

butterfly spreads, 266, 402
buyer, 211e212

C
call option, 239, 242, 245e246, 267
call spread. See bull spread
Canary options, 239e240
capital, 1, 9
asset pricing model, 251e252
defined, 1
gain, 29e30
gains tax, 122, 161e176
loan with allowance for, valuing, 161e164
offsetting capital losses against, 171
optional redemption dates, 169e170
tax rate variation, impact of, 166e167
varying redemption price, impact of, 166e167
yield of, 167

loss, 29e30
See also principal

cash flow, 11
convexity of, 197
of deferred annuities, 49f
net, 38e39
present values of, 22e24
continuously payable cash flows, 22e24
discrete cash flows, 22, 23f

valuing, 25e27, 31
certificates of deposit, 125
clearinghouse, 214, 231
collars, 255e256, 257f
commodity futures, 212
common stocks. See ordinary shares
compound interest, 4e6, 9
functions, 35e78

compound options, 239e240
consistency principle, 16, 30, 179
consumer credit legislation, 85e88

annual percentage rate of charge, 85e87
flat rates of interest, 87e88

continuously compounded spot rate, 181
continuously payable annuities, 50e51
continuously payable cash flows, 22e24
continuous rate of dividend payment, 252, 268
continuous time forward rates, 181
continuous time spot rates, 181
contract
forward, 217
future, 211e213, 216

convexity of cash flow, 197
coupon rate, 121
credit risk, 214, 231, 238e239
cum dividend, 127
cumulative preference shares, 126e127
currency futures, 213
currency swap, 237e239, 267

D
debentures, 125
deep-in-the-money, 242
deep-out-of-the-money, 242
deferred annuities, 49e50, 49f
dependent annual rates of return, 297e299
deposit, certificates of, 125
derivatives, 211e276, 397
discounted cash flow, 223
of ordinary shares, 126, 127b

discounted mean term of project, 184e185, 204
discounted payback period (DPP), 102e103, 111
discounted present value, 20e21, 25, 30
discounting period, 177
discrete cash flows, 22, 23f
discrete time forward rates, 181
discrete time spot, 181
dividend, 126
cum, 127
ex, 127
payment, continuous rate of, 252, 268
yield, 222
security with known, forward price calculation
for, 224e226

DPP. See discounted payback period
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duration
effective, 187, 204
Macauley, 184, 204

E
effective duration, 187, 204
efficient market, 250
equation of value, 35e36, 38e44, 40b, 41f, 97,

310e311
equivalent payments, 63f
annuity valuation through, 70f

Eurobonds, 125
European options, 239e241, 244e249, 267
call options, 245e246
put-call parity, 247e249, 268
put options, 246e247
theoretical bounds on, 245e249

ex dividend, 127
expectations theory, 183
expiry date, 219, 239e240, 267

F
final redemption date, 142
Finance Act 1965, 161
financial futures, 212
financial leverage, 253
fixed-interest, 8e9
government bonds, 124
securities, 121e125, 222
certificates of deposit, 125
debentures, 125
defined, 121
Eurobonds, 125
fixed-interest government bonds, 124
government bills, 124
issued by local authorities, 124
issued by nationalized industries, 124
issued by public boards, 124
municipalities, loans issued by, 124
overseas governments, loans issued by, 124
overseas provinces, loans issued by, 124
unsecured loan stocks, 125
volatility of, 188e192, 189f

flat rates of interest, 11, 87e89

flat redemption yield, 130
force of interest, 17e20, 30, 39
forward contracts, 217, 231
payoff function for, 220f
prior to maturity, calculation of, 226e230

forward(s)
force of interest, 182
position
long, 211e212, 219e220, 231
short, 211e212, 220, 230e231

price calculation, 219e226, 231
for non-income-paying security, 221e222
for security with fixed cash income, 222e223
for security with known dividend yield,
224e226

rate, 177e182
continuous time, 181
discrete time, 181
instantaneous, 182
relationship with spot rate, 181e182

synthetic, 255
full immunization, 200e204, 201f
futures contracts, 211e213, 231
bond futures, 212e213
commodity futures, 212
currency futures, 213
financial futures, 212
short interest rate futures, 213
stock index futures, 213
uses of, 216

G
Garman-Kolhagen pricing formulae, 252
geometric Brownian motion, 302
gilt-edged stocks. See fixed-interest government

bonds
government bills, 124
gross redemption yield, 129e130

H
hedging, 216, 230, 253, 397
dynamic, 231
static, 231

holder option, 239, 243, 267
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I
immunization, 177e210
full, 200e204, 201f
Redington’s theory of, 194e200

income tax, 122
increasing annuity, 52e53
independent annual rates of return, 280e285
series of annual investments, moment of,

283e285
single investment, moment of, 281e282

independent uniform model, 298e299
index-linked stocks, 124, 149e155
inflation
defined, 149
effects on project appraisal, 105e108

instantaneous forward rate, 182
interest, 1e2, 9
accumulated, 5
compound, 4e6, 9
defined, 1
income, 27e29, 28f
payable pthly, 61e66
practical illustrations of, 6e9
rate quantities, 35e38
rate swap, 235e237, 267
simple, 2e4, 9

internal rate of return (IRR), 97e98, 111
in-the-money, 242
intrinsic value of option, 245
inverse transform method, 291e293, 292f,

294f
investment performance measurement,

108e111
IRR. See internal rate of return
issue price, 121

L
law of one price, 218, 231
lender, 1, 9
lending, interest rates for, 101e102
level annuity, loan repayment schedule for, 81e83,

82t
liabilities, matching of, 192e194
linked internal rate of return, 109, 111

liquidity preference theory, 183
loan(s)
with allowance for capital gains tax, valuing,

161e164
issued by municipalities, 124
issued by overseas governments, 124
issued by overseas provinces, 124
mortgage, 8
perpetual, 132
stocks, unsecured, 125

loan repayment schedules, 79e94
consumer credit legislation, 85e88
annual percentage rate of charge, 85e87
flat rates of interest, 87e88

general, 79e81
for level annuity, 81e83, 82t
prospective approach of, 80e81, 89
for pthly annuity, 83e85
retrospective approach of, 80, 89

local authorities, securities issued by, 124
log-normal distribution, 285, 304
long forward position, 211e212, 219e220,

231

M
Macauley duration, 184, 204
maintenance margin, 214e215
Makeham’s formula, 132e135, 144e146, 155,

163e164, 172
margin(s), 214e215
call, 214e215
initial, 214e215
maintenance, 214e215
payments, 231
risk, 214, 231, 238e239
variation, 214e215

markets
bear, 256
bull, 258
marking to, 214e215
segmentation theory, 184

marking to market, 214e215
Martingale approach, 251e252
matching of assets and liabilities, 192e194

446 Index



maturity date. See expiry date
modified market price, 226
modified regula falsi method. See secant method
moneyness, 241e242
money-weighted rate of return, 109e111
mortgage loans, 8
municipalities, loans issued by, 124

N
nationalized industries, securities issued by,

124
net cash flow, 38e39, 95e96
net liability-outgo, 192e193
net present value (NPV), 24e25
defined, 97
of project, 97e99, 111

NewtoneRaphson method, 315, 316f
no-arbitrage assumption, 217e218, 231, 245
nominal amount, 121
nominal rate of discount converted pthly,

63, 74
nominal rate of interest, 11, 13e15
convertible pthly, 13e14, 30, 63, 74
payable pthly, 13e14
with pthly rests, 13e14

non-income-paying security, forward price
calculation for, 221e222

non-linear equations, solution of, 313
notional stock, 212e213
NPV. See net present value
n-year par yield, 179e181, 204
n-year spot rate, 177, 204

O
offsetting capital losses against capital gains,

171
optional redemption dates, 122, 141e144
capital gains tax, 169e170

options, 239e240
American, 239e241, 267
Bermudan, 239e240
call, 239, 242, 267
Canary, 239e240
compound, 239e240

European, 239e241, 244e249, 267
call options, 245e246
put-call parity, 247e249, 268
put options, 246e247
theoretical bounds on, 245e249

holder, 239, 243, 267
intrinsic value of, 245
payoff, 240e244, 241f, 242f
premium, 245
pricing, 244e249, 268
profit, 240e244
put, 239, 246e247, 253, 267
shout, 239e240
time value of, 245
vanilla, 239e240
written, 239, 267

ordinary shares, 126
out-of-the-money, 242
overseas governments, loans issued by, 124
overseas provinces, loans issued by, 124
over the counter, 217, 231, 235e236

P
payback periods, 102e105, 111
discounted, 102e103, 111

paylater strategy, 248
payoff
function for forward contracts, 220f
options, 240e244, 241f, 242f, 268

perpetuities, 47, 132
payable pthly, 69
perpetuity-due, 69

polar algorithm, 293, 295e297
portfolio management, 398
position diagram, 243e244, 243f
for bear spread, 259f
for bull spread, 260f
for collars, 257f
for long butterfly spread, 266f
for long/short straddles, 265f
for long/short strangles, 266f
for ratio call spread, 263f

preference shares, 126e128
cumulative, 126e127
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present value, 20e21
of annuity-certain, 44e45
of annual payable pthly, 66e70
of cash flows, 22e24
continuously payable cash flows, 22e24
discrete cash flows, 22, 23f

discounted, 20e21, 25, 30
expected, 56e57
net, 24e25, 97e99, 111
n-year annuity paid in arrears, 45e46

principal, 1, 9
See also capital

profit diagram. See position diagram
project appraisal, 95e120
borrowing, interest rates for, 101e102
inflation effects on, 105e108
investment performance measurement,

108e111
lending, interest rates for, 101e102
net cash flows, 95e96
net present value, 97e99
payback periods, 102e105
two investment projects, comparison of, 99e100,

100f
yields, 97e99

property investment, 128
protective put strategy, 253, 256
pseudo-random numbers, 285e288, 304
pthly annuity, loan repayment schedule for,

83e85
public boards, securities issued by, 124
put-call parity, 247e249, 268
put option, 239, 246e247, 253, 267
put spread. See bear spread
puttable swap, 239

R
random number generation, 291e297
BoxeMuller algorithm, 294
inverse transform method, 291e293, 292f,

294f
polar algorithm, 293, 295e297

rate of commercial discount, 3e4
rate of interest, 11e34, 36

effective, 11, 30
flat, 11
nominal rate of, 11, 13e15, 63, 74

rate of return
annual
dependent, 297e299
independent, 280e285

internal, 97e98, 111
linked, 109, 111
money-weighted, 109e111
time-weighted, 109e111

ratio spreads, 258e259, 263f
real investment returns, 149e155
redeemable above par (redeemable at a premium),

122e123
redeemable at par, 122e123
redeemable below par (redeemable at a discount),

122e123
redemption, 278
date, 122
final, 142
optional, 122, 141e144, 169e170

price, 122e123
single-premium capital redemption policies,

278
yield, 130
curve, 177
term effects on, 139e141

Redington’s theory of immunization,
194e200

related assets, 126e128
ordinary shares, 126
preference shares, 126e128
property investment, 128

replicating portfolios, 218, 231, 245
risk-free force of interest, 219
risk-free trading profit, 217
risk premium, 1, 57
running redemption yield. See flat redemption

yield

S
secant method, 315, 315
securities
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with fixed cash income, forward price calculation
for, 222e223

fixed-interest, 121e125, 222
certificates of deposit, 125
debentures, 125
defined, 121
Eurobonds, 125
fixed-interest government bonds, 124
government bills, 124
issued by local authorities, 124
issued by nationalized industries, 124
issued by public boards, 124
municipalities, loans issued by, 124
overseas governments, loans issued by, 124
overseas provinces, loans issued by, 124
unsecured loan stocks, 125
volatility of, 188e192,
189f

with known dividend yield, forward price
calculation for, 224e226

Makeham’s formula, 132e135
non-income-paying security, forward price

calculation for, 221e222
optional redemption dates, 141e144
perpetuities, 132
prices and yields, 129e131
related assets, 126e128
ordinary shares, 126
preference shares, 126e128
property investment, 128

two interest dates, valuation between, 144e146
valuation of, 121e160
yield to redemption, term effects on, 130,

139e141
seller, 211e212
shares
ordinary, 126
preference, 126e128
cumulative, 126e127

short forward position, 211e212, 220, 231
eliminating risk of, 230e231

short interest rate futures, 213
short selling, 230
shout options, 239e240

simple discount, 3e4
simple interest, 2e4, 9, 12
simulation technique, 252e253, 278, 285e291,

304
single-premium capital redemption policies,

278
speculation, 216
speculation, 253, 397
spot rate, 177e182
continuously compounded, 181
continuous time, 181
discrete time, 181
relationship with forward rate, 181e182

spreads, 257e258
bear, 257, 259f, 402
box, 259e263
bull, 258, 260f
butterfly, 402
ratio, 258e259

stochastic interest rate model, 277e308
Brownian motion, applications of, 301e303,

302f
examples of, 277e279
independent annual rates of return, 280e285
series of annual investments, moment of,
283e285

single investment, moment of, 281e282
log-normal distribution, 285
random number generation, 291e297
BoxeMuller algorithm,
294

inverse transform method, 291e293, 292f,
294f

polar algorithm, 295e297
simulation technique, 285e291

stocks
common, 126
index-linked, 124
notional, 212e213
stock index futures, 213
unsecured loan, 125

straddles, 263e264, 265f, 402
long, 263e264
short, 263e264
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strangles, 264e265, 266f
long, 264
short, 265

swaps, 235e239, 267
currency, 237e239, 267
defined, 235
interest rate, 235, 267
puttable, 239

synthetic forwards, 255

T
taxation, 29e30
term structure of interest rates,

15, 177e210
expectations theory, 183
liquidity preference theory, 183
market segmentation theory, 184
theory of, 183e184

term to redemption, 177
time value of option, 245
time-weighted rate of return, 109e111
trading strategies, 253e266
butterfly spreads, 266
collars, 255e256, 257f
simple option trades, 253
spreads, 257e263
straddles, 263e264
strangles, 264e265
synthetic forwards, 255

two interest dates, valuation between, 144e146
two investment projects, comparison of, 99e100,

100f

U
uncertain payments, 35, 56e57
uncertainty, 277
undated, 122, 142
unsecured loan stocks, 125

V
vanilla options, 239e240
variation margin, 214e215
varying annuities, 52e56
volatility, 186e187, 204
asset price, 250e251
of fixed-interest securities, 188e192, 189f

W
written option, 239, 267

Y
yield(s), 8, 97e99
of capital gains tax, 167
dividend, 222
equation, 39
flat/running, 128, 130
gross, 129e130
to redemption, 97e98, 130, 139e141
of securities, 129e131

Z
zero-coupon bond, 177e178

450 Index


	An Introduction to the Mathematics of Finance
	Copyright
	Dedication
	Preface
	1. Introduction
	1.1 The Concept of Interest
	1.2 Simple Interest
	1.3 Compound Interest
	1.4 Some Practical Illustrations
	Summary

	2. Theory of Interest Rates
	2.1 The Rate of Interest
	2.2 Nominal Rates of Interest
	2.3 Accumulation Factors
	2.4 The Force of Interest
	2.5 Present Values
	2.6 Present Values of Cash Flows
	2.6 Discrete Cash Flows
	2.6 Continuously Payable Cash Flows �倀愀礀洀攀渀琀 匀琀爀攀愀洀猀

	2.7 Valuing Cash Flows
	2.8 Interest Income
	2.9 Capital Gains and Losses, and Taxation
	Summary
	Exercises

	3. The Basic Compound Interest Functions
	3.1 Interest Rate Quantities
	3.2 The Equation of Value
	3.3 Annuities-certain: Present Values and Accumulations
	3.4 Deferred Annuities
	3.5 Continuously Payable Annuities
	3.6 Varying Annuities
	3.7 Uncertain Payments
	Summary
	Exercises

	4. Further Compound Interest Functions
	4.1 INTEREST PAYABLE PTHLY
	4.2 ANNUITIES PAYABLE PTHLY: PRESENT VALUES AND ACCUMULATIONS
	4.3 ANNUITIES PAYABLE AT INTERVALS OF TIME R, WHERE R ﹥ 1
	4.4 DEFINITION OF AN�倀 FOR NON-INTEGER VALUES OF N
	SUMMARY
	EXERCISES

	5. Loan Repayment Schedules
	5.1 The General Loan Schedule
	5.2 The Loan Schedule for a Level Annuity
	5.3 The Loan Schedule for a pthly Annuity
	5.4 Consumer Credit Legislation
	5.4 Annual Percentage Rate �䄀倀刀
	5.4 Flat Rates of Interest

	Summary
	Exercises

	6. Project Appraisal and Investment Performance
	6.1 Net Cash Flows
	6.2 Net Present Values and Yields
	6.3 The Comparison of Two Investment Projects
	6.4 Different Interest Rates for Lending and Borrowing
	6.5 Payback Periods
	6.6 The Effects of Inflation
	6.7 Measurement of Investment Fund Performance
	Summary
	Exercises

	7. The Valuation of Securities
	7.1 Fixed-Interest Securities
	7.1 Fixed-interest Government Bonds
	7.1 Government Bills
	7.1 Securities Issued by Local Authorities, Public Boards, and Nationalized Industries
	7.1 Loans Issued by Overseas Governments
	7.1 Loans Issued by Overseas Provinces, Municipalities, Etc.
	7.1 Debentures
	7.1 Unsecured Loan Stocks
	7.1 Eurobonds
	7.1 Certificates of Deposit

	7.2 Related Assets
	7.2 Ordinary Shares
	7.2 Preference Shares
	7.2 Property Investment

	7.3 Prices and Yields
	7.4 Perpetuities
	7.5 Makeham’s Formula
	7.6 The Effect of the Term to Redemption on the Yield
	7.7 Optional Redemption Dates
	7.8 Valuation between Two Interest Dates: More Complicated Examples
	7.9 Real Returns and Index-linked Stocks
	Summary
	Exercises

	8. Capital Gains Tax
	8.1 Valuing a Loan with Allowance for Capital Gains Tax
	8.2 Capital Gains Tax When the Redemption Price or the Rate of Tax Is Not Constant
	8.3 Finding the Yield When There Is Capital Gains Tax
	8.4 Optional Redemption Dates
	8.5 Offsetting Capital Losses Against Capital Gains
	Summary
	Exercises

	9. Term Structures and Immunization
	9.1 Spot and Forward Rates
	9.2 Theories of the Term Structure of Interest Rates
	9.2 Liquidity Preference Theory
	9.2 Expectations Theory
	9.2 Market Segmentation Theory

	9.3 The Discounted Mean Term of a Project
	9.4 Volatility
	9.5 The Volatility of Particular Fixed-interest Securities
	9.6 The Matching of Assets and Liabilities
	9.7 Redington’s Theory of Immunization
	9.8 Full Immunization
	Summary
	Exercises

	10. An Introduction to Derivative Pricing: Forwards and Futures
	10.1 Futures Contracts
	10.1 Bond Futures
	10.1 Short Interest Rate Futures
	10.1 Stock Index Futures
	10.1 Currency Futures

	10.2 Margins and Clearinghouses
	10.3 Uses of Futures
	10.4 Forwards
	10.5 Arbitrage
	10.6 Calculating the Forward Price
	10.6 Calculating the Forward Price for a Non-income-paying Security
	10.6 Calculating the Forward Price for a Security with Fixed Cash Income
	10.6 Calculating the Forward Price for a Security with Known Dividend Yield

	10.7 Calculating the Value of a Forward Contract Prior to Maturity
	10.8 Eliminating the Risk to the Short Position
	Summary
	Exercises

	11. Further Derivatives: Swaps and Options
	11.1 Swaps
	11.2 Options
	11.3 Option Payoff and Profit
	11.4 An Introduction to European Option Pricing
	11.4 Theoretical Bounds on Option Prices
	European Call Options
	European Put Options
	Put-Call Parity


	11.5 The Black–Scholes Model
	11.6 Trading Strategies Involving European Options
	11.6 Simple Option Trades
	11.6 Synthetic Forwards
	11.6 Collars
	11.6 Spreads
	11.6 Ratio Spreads
	11.6 Box Spreads
	11.6 Straddles
	11.6 Strangles
	11.6 Butterfly Spreads

	Summary
	Exercises

	12. An Introduction to Stochastic Interest Rate Models
	12.1 Introductory Examples
	12.2 Independent Annual Rates of Return
	12.2 Moments of Sn
	12.2 Moments of An

	12.3 The Log-Normal Distribution
	12.4 Simulation Techniques
	12.5 Random Number Generation
	12.5 Inverse Transform Method
	12.5 The Box–Muller Algorithm
	12.5 The Polar Algorithm

	12.6 Dependent Annual Rates of Return
	12.7 An Introduction to the Application of Brownian Motion
	Summary
	Exercises

	Appendix 1: Theorem Proofs
	Proof of Theorem 2.4.1
	Theorem
	Proof

	Proof of Theorem 3.2.1
	Theorem
	Proof


	Appendix 2: The Solution of Non-linear Equations
	Bisection Method
	Secant Method �䄀氀猀漀 䬀渀漀眀渀 愀猀 琀栀攀 䴀漀搀椀昀椀攀搀 刀攀最甀氀愀 䘀愀氀猀椀 䴀攀琀栀漀搀
	Newton–Raphson Method
	Exercises
	Solutions

	Appendix 3: Solutions to Exercises
	Chapter 2 Exercises
	Chapter 3 Exercises
	Chapter 4 Exercises
	Chapter 5 Exercises
	Chapter 6 Exercises
	Chapter 7 Exercises
	Chapter 8 Exercises
	Chapter 9 Exercises
	Chapter 10 Exercises
	Chapter 11 Exercises
	Chapter 12 Exercises

	Appendix 4: Compound Interest Tables
	Additional Reading
	Index
	A
	B
	C
	D
	E
	F
	G
	H
	I
	L
	M
	N
	O
	P
	R
	S
	T
	U
	V
	W
	Y
	Z


